Stochastic Processes — Additional Problems, list 111

1. Let k, 0, 0 and = be positive constants. Consider the stochastic differential
equation
dXt = KZ(Q —1In Xt)Xtdt + O',thdBt7

with the initial condition Xy = z. Find an explicit formula for the strong solution.

2. Let ¢ : R — R be strictly positive and continuous function on R. Consider a

Feller-Dynkin process, whose generator, when restricted to f € C%(R), is given by
1

Af(@) = e(@)f" (@)

(a) Show that if a < x < b and 7 = inf {¢ : X; € {a,b}}, then
b — p—
Eﬂ_:/ 2 (xAz—a)(b—xV2) &

c(z) b—a
(b) Show that if 7 = inf{¢ : X; = a}, then for > a we have

<1
E.7 < oo if and only if / —— dz < o0.
o o)

3. Let X = (X)¢>0 be the Cauchy process, i.e.,
1° we have Xy = 0 almost surely;
2° X has independent increments;
3° for any 0 < s < t, the variable X; — X has the Cauchy distribution with
parameter ¢t — s, i.e., with density
1 t—s
7 (t—s)2+x2

4° The trajectories of X are cadlag almost surely.

g(z) = z €R.

Prove that X is a homogeneous Markov process and compute its generator.

4. For § > 0, define the square of §-dimensional Bessel process X as the unique
strong solution of the equation

t
Xt:Q/ VX, dB, +6t,  t>0.
0

Prove that 7 = inf{t : X; =1} and (sup,<, Xt)il have the same distribution.

Hint: search for scale-invariance properties of X.

Remark. Note that if § is an integer, then X has the same law as (| By|?);>0, where
B is the 0-dimensional Brownian motion.



