
Stochastic Processes, Exercises - 7

1. Find the strong solution to the stochastic di�erential equation

dXt = (µ− αXt)dt+ σdBt, X0 = x.

2. For a �xed a, b ∈ R consider the stochastic di�erential equation

dYt = − Yt

1− t
dt+ dBt, 0 ≤ t < 1, Y0 = 0.

Solve this equation and prove that Y is the Brownian bridge.

3. Consider the di�erential equation

dXt = 3X
1/3
t dt+ 3X

2/3
t dBt, X0 = 0,

a) Show that it has in�nitely many strong solutions of the form

Xθ
t =

{
0 0 ≤ t < βθ

B3
t βθ ≤ t < ∞

where 0 ≤ θ < ∞ and βθ = inf{s ≥ θ : Bs = 0}.
b) Suppose that ξ is a Bernoulli random variable independent of B, assume that

σ(ξ) ⊂ F0 and let, for t ≥ 0,

Xt =

{
0 if ξ = 0,

B3
t if ξ = 1.

Prove that this is a weak solution, and it is not a strong solution.

4. Let X be an Itô di�usion dXt = b(Xt)dt+ σ(Xt)dBt, t ≥ 0, such that b and
σ are bounded on bounded sets. Prove that there exists a non-decreasing process
(Lt)t≥0, measurable with respect to FX , such that

|Xt| = |X0|+
∫ t

0

sgn(Xs)dXs + Lt, t ≥ 0.

Prove that if σ is even, then L is measurable with respect to F |X|. Show that if σ

is bounded away from zero, then
∫ t

0
1{Xs=0}ds = 0.

5. Prove that the equation

dXt = −
1{Xt ̸=0}

2Xt
dt+ dBt, X0 = 0,

does not have weak solutions.

6. (i) Show that the di�erential equation

dXt = X2
t dt, X0 = 1,

has a unique strong solution that explodes almost surely in �nite time.

(ii) Show that the di�erential equation

dXt = X2
t dt+X

3/2
t dBt, X0 = 1,

has a unique strong solution that does not explode.

7. Assume that b, σ : R+ × R → R are measurable and bounded functions.
Moreover, suppose there exist a constant L > 0 and a strictly increasing function
ρ : R+ → R+ with

∫ ε

0
ρ−2(x)dx = +∞ for any ε > 0 such that

|b(t, x)− b(t, y)| ≤ L|x− y|, |σ(t, x)− σ(t, y)| ≤ ρ(|x− y|)
for all x, y ∈ R, t ∈ [0, T ]. Prove that the solution of the equation

dXt = b(t,Xt) dt+ σ(t,Xt) dBt, X0 = x, t ∈ [0, T ],

is unique in the pathwise sense.


