
Stochastic Processes, Exercises - 6

1. Let B = (B(1), B(2), . . . , B(n)) be an n-dimensional Brownian motion started
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2. Let B be a one-dimensional Brownian motion. For any t ≥ 0, let

gt = sup
{
s ≤ t : Bs = 0

}
be the last zero of B before t.

(i) Show that the process Xt = t − gt, t ≥ 0, is a time-homogeneous Markov
process on R+. Prove that if f : R+ → R is a continuous function vanishing at
in�nity, whose �rst derivative is uniformly continuous, then the generator of X acts
on f by

Af(x) =

f ′(x) +
f(0)− f(x)

2x
if x > 0,

1

2
f ′(0+) if x = 0.

(ii) Prove that the process Yt = t− 2gt, t ≥ 0, is a martingale.

(iii) Let τ = inf{t ≥ 0 : t− gt = 1}. Prove that Eτ = 2.

3. Verify that the given processes solve the corresponding stochastic di�erential
equations.

(i) The process Xt = eBt solves
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1
2Xt dt+Xt dBt, X0 = 1.
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dBt, X0 = (0, 0).

(iv) Let B = (B(1), B(2)) be a two-dimensional Brownian motion. Then the

process X = (X(1), X(2)) = (tB
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dBt, X0 = (0, 0).

(v) The process Xt = B2
t solves

dXt = dt+ 2
√
XtdB̃t,

where B̃t =
∫ t

0
sgn(Bs)dBs.


