Stochastic Processes, Exercises - 4

1. Let (X,,)n>0 be a homogeneous discrete Markov chain on E with a transition
matrix P. For a given state 0 € E, let Ty = inf{n > 1 : X,, = 0} be the return
time to 0. Prove that

To
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defines an invariant measure on E.

2. Let (X;);>0 be a homogeneous continuous Markov chain on E with a trans-
ition kernel P. For a given state 0 € E, let Ry = inf{t > 0 : X; = 0, X, #
0 for some s € (0,t)} be the return time to 0. Prove that

Ro
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defines an invariant measure on E.

3. For a standard Brownian motion B, let 7 = inf{t > 0 : B; = 5}. Compute
P(B, 15 > 5) and EB2_,.

4. Let N be a Poisson process with intensity A and let X; = (—1)™t. Compute
P(X; =1, and X; = —1 for some ¢ € (0,1)).

5. For the Wiener family ((B:)i>0, (Pz)zer), derive

P, ( inf B(u) < O) and P, (B(t) >y, inf B(u)> 0) .
we0,¢] uel0,t]

6. Let f, g : R — R be bounded integrable Borel functions with [, g(z)dz # 0.

Show that .
. Jo f(Bydt [, f(x)dz
1m T == .
Tooo [ToB)dt  Jag(z)dw

7. Let ((Bt)tzo, (]P’z)zeR) be a homogeneous Wiener family. Moreover, let 7 :=
inf{t > 0 : B, = 0}, and define BY := B, ;. Show that ((Bf)tzo, (Pm)I€R+) is a
homogeneous Markov family and find its transition function.



