
Stochastic Processes, Exercises - 10

1. Let T > 0, f ∈ Cb(Rd), g ∈ Cb([0, T ]×Rd) and ρ ∈ R. Let u : [0, T ]×Rd → R
be the bounded solution of

∂u

∂t
= ρu+

1

2
∆u+ g, t ≥ 0,

with the initial condition u(0, x) = f(x). Give the probabilistic and analytic repre-
sentation and prove that the solution is unique. Show that the problem is monotone:
if f1 ≤ f2, then u1 ≤ u2.

2. For a > 0 de�ne the hitting time τa = inf{t ≥ 0 : Bt = a}. Using the
Feynman-Kac formula, compute explicitly u(x) = Ex

[
e−λτa

]
for x ≤ a and λ > 0.

3. Let (Bt)t≥0 be a standard Brownian motion and consider

dXt = −Xt dt+
√

1 +X2
t dBt, X0 = x.

a) Find the in�nitesimal generator L.

b) Show that Mt = X2
t −

∫ t

0

(1−X2
s ) ds, t ≥ 0, is a martingale.

c) Compute ExX
2
t , by solving an appropriate di�erential equation.

d) For a > 0, let τa = inf{t ≥ 0 : |Xt| ≥ a} and de�ne u(x) = Exτa. Show that
u is the bounded solution to the di�erential equation

−xu′(x) +
1 + x2

2
u′′(x) = −1, |x| < a,

with boundary conditions u(−a) = u(a) = 0.

e) Solve the above boundary value problem.

4. Show that the solution u(t, x) of the initial value problem
∂u

∂t
=

1

2
β2x2 ∂

2u

∂x2
+ αx

∂u

∂x
for t > 0, x ∈ R,

u(0, x) = f(x),

where f ∈ C2
c (R) is given, can be expressed as follows:

u(t, x) = E
[
f

(
x exp

{
βBt +

(
α− 1

2
β2

)
t

})]
=

1√
2πt

∫
R
f

(
x exp

{
βy +

(
α− 1

2
β2

)
t

})
exp

(
−y2

2t

)
dy.

Prove that if f1 ≤ f2, then the corresponding solutions u1, u2 satisfy u1 ≤ u2.

5. Using the Feynmann-Kac formula, prove that

E0

[
exp

(
−λ

∫ t

0

B2
s ds

)]
=

1√
cosh(

√
2λ t)

.


