CHAPTER 1

Markov processes

1. General theory

We start with some basic definitions and notation, which will be used in our
later considerations. Let T be the time set: in general, it is an arbitrary partially
ordered set, but throughout we will study two important examples:

-T=27Z4y=0,1,2,... (discrete time);
-T=R; =[0,00), T =R or T = [a,b] (continuous time).
Let (2, F,P) be a fixed probability space and let (E, &) be a given measure space.

Definition 1.1. A stochastic process with state space (E, &) is a collection X =
(X¢)ter of random variables X, : Q@ — E. A filtration generated by X is the family
(Fi)ier = (0(Xs : s €T, s < t))teT of sub-o-fields of F. For each w € €, the
function ¢ — Xy (w) is called a trajectory (or sample-path, or realization) of X.

Definition 1.2. Let X = (X;):er be a stochastic process taking values in a mea-
surable space (E, ). We say that X is a Markov process if for all t € T and h > 0
such that ¢t + h € T, and for all T € &£, we have

P(Xipn € T | FY) =P(Xen €T | X)) as.

Equivalently, for all ¢ € T', h > 0 such that ¢t + h € T, and all measurable functions
f: E — R such that E|f(X;yp)| < 0o, we have

E(f(Xern) | Fi) = E(f(Xern) | Xe)  as.

There are many equivalent formulations of Markov property: let us present
here three of them. The proof is left as an easy exercise.

Proposition 1.3. Let X = (X;)ier be a stochastic process taking values in a mea-
surable space (F,E). Then X is a Markov process if and only if one of the following
three conditions holds.

(i) For allt € T, Ae F3, = o(X, : s€T, s >t) and B € F{* we have
P(ANB| X:) =P(A| X)) P(B| X:) a.s.
(i1) For allt € T and A € fgt, we have
P(A|FX)=P(A| X;) a.s.

(iii) For allt € T, h > 0 such that t+h € T, and s1 < s9 < +-+ < s, =t with
sj €T, we have

P(Xyen €T | Xoy,o o, Xo ) =P(Xpsn €T | X)) as.
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2 1. MARKOV PROCESSES

Here is a more general definition of a Markov process relative to a filtration.

Definition 1.4. Let X = (X}):er be a stochastic process with values in (E, £) and
let (Fi)ier be a filtration. Then X is a Markov process with respect to (Fi)ier, if

- the process (X¢)ier is (Ft)ter-adapted (i.e., for each ¢, X; is Fi-measurable),
-for allt € T and h > 0 such that t +h € T, and for all " € £, we have

P(Xiyn €T | F) =P(Xppn €T | Xy)  as.

One verifies easily that if X is a Markov process relative to some (F;)er, then
it is automatically Markovian with respect to its natural filtration (i.e., satisfies the
condition in Definition 1.2).

Markov processes can be classified according to the properties of the nature of
time and the properties of their state space. We distinguish the following classes:

i) discrete time, finite state space (discrete-space Markov chains);
ii) discrete time, countable state space (discrete-space Markov chains);

(

(

(iii) discrete time, general state space (Markov chains);

(iv) continuous time, countable state space (continuous Markov chains);
(

v) continuous time, general state space (Markov process).

The case (i) is elementary and can be studied by means of an elementary linear
algebra. The case (ii) is much more interesting, and introduces new concepts such
as recurrence and transience. The case (iii) is a further complication (but not to
a much extent), there are new issues arising due to ergodicity problems. The case
(iv) is close to the case (ii): many continuous Markov chains are obtained from
discrete time, discrete case Markov processes where each unit of time is replaced
by an exponentially distributed random time, whose parameter depends on the
position in space. However, it should be emphasized that fundamentally new issues
can arise if these parameters are unbounded. The case (v) is really new, and poses
challenging new problems that require some serious tools from functional analysis.
A key new problem here is how to describe such a process in simple terms.

We return to the description of the background. The next foundational concept
is the following.

Definition 1.5. A family of functions (Ps¢(x,T"))s ter,s<t,zcE,rec is called a Mar-
kovian transition function (or Markovian transition kernel) if the following four
properties hold:

(i) For all s,t € T, s < t, and © € E, P, (z,-) is a measure on (E,E) with
Ps,t<m7E) S 17

(ii) For all s,t € T, s <t, and I' € &, the mapping = — P, ;(z,T") is measurable
from (E,€) to (R,B(R));

(iii) For all se T, all z € F, and all T € &,

Pe,s(xvr) = 51(F)a

where ¢, is the Dirac measure at x.

(iv) For all s,t,u e T, s<t<u,and all x € E, T € £,

Pyu(,T) = / Prou(y,T) Poy(a, dy).
E
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The condition (iv) is referred to as the Chapman-Kolmogorov equation.

Definition 1.6. Let (P;(-,-)) be a Markovian transition function. It is a transition
function for a Markov process X = (X;)ier, ifforall s, t €T, s <tand T € &,

(1.1) P(X, €T | X,) = Poy(X,,T) as.
Equivalently, for all s, t € T, s <t and all f: F — R satisfying E|f(X})| < oo,

(1.2) E[f(Xt)|XS]:/Ef(x)P&t(Xs,da:) as.

Let us distinguish two special cases.

L. Suppose that F is at most countable (i.e., X is a continuous Markov chain).
Then the transition function is uniquely determined by the transition matrices

(Ps,t)s<t = (pij(s,1))s<t,z, yeE> pij(s,t) = Ps4(i,{j}).

Specifically, we have Ps ;(z,I') = ZyEF Dzy(s,t). The Chapman-Kolmogorov equa-
tion is equivalent to saying that for all s, ¢, u as previously and z, z € F,

pzz(sa U) = Z pmy(sa t)pyz (ta u)
yeE
That is, in the language of matrices, we have Ps ,, = Ps 1 P} .

IL. Let (E,&) = (R4, B(R?)) for some d > 1. A family (psi(,-))s, teT, s<t is a
transition density, if for all s,t € T, s < t, and any I' € £ we have

P i(x,T) = /ps,t(w,y)dy-
T

In this setting, the Chapman-Kolmogorov equation is equivalent to saying that for
all s, ¢, u as before and all x € E we have

Psu(z,2) = / Dst (2, Y)Y, 2)dy for almost all z € E.
E

Definition 1.7. We say that a transition function is homogeneous if Ps ; = Psyp t+n
for all s, ¢, h. In this case, P, (z,T) = P,_s(z,T'), where the function P,(z,T),
te T,z e E,T € & satisfies the following conditions:

(i) For all t € T and = € E, Py(x,-) is a measure on (E, &), with Pi(x, E) < 1;

(ii) For all t € T and T' € £, the mapping x — P;(x,T) is measurable from (F, &)
to (R, B(R));

(iii) For all z € E and I' € &, we have Py(z,I') = 6,(T).

(iv) For all s, t € T and z € E, T € £, we have

Poyi(z,T) = /EPs(y,F) Py(z, dy).

A Markov process is called homogeneous if it has a homogeneous transition function.

Definition 1.8. Suppose that 0 € T C [0,00). Then the initial distribution of a
process X = (X;)ier is the law of Xj.
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2. Continuous time Markov chains

2.1. Definition, examples. Throughout this section, we assume that (X;):>0
is a time-homogeneous continuous Markov chain on some countable space E. In
this setup, the Markov property can be equivalently restated as follows: for any
0<ty <t <ty <...<t,and any g, 41, 12, ..., in € F,

]P)(th == Zn | th71 == in717 “ee 7Xt0 == ZO) == P(th = Zn | th71 == Z'nfl)
= Pin_yin (tn — tn—1)-
The transition kernel P, = (p;;(t))i, jer, t > 0, satisfies the following properties:

(i) For all t > 0 and any i € E' we have . pp;;(t) < 1.

(ii) For all 4,j € E we have p;;(0) = 0; ;. (That is, Py = 1.)

(iii) For all s, t > 0 and any i, j € E, we have

pij(s +1) = Z ik (8)pr; ().
keE
(That is, we have the semigroup property P, = PsP;.)

The distribution of the variable X; can be identified with the column vector
w(t) = {pi(t) }iep, where p;(t) = P(Xy = i). It is obtained from the initial distri-
bution p(0) by

P(X, =j) =Y P(X; = j|Xo = i)P(Xo = i) = Y 1i(0)pi;(t),
i€E =
or u(t)T = p(0)T P, in vectorial notation. Furthermore, for all 0 =ty < t; < t3 <
... <t and all states iy, io, ..., i We have

k
P(Xy, = i1, Xoy = o, oo, Xy =ig) = Z 140 (0) - Hpij,lij (tj —tj—1)-
= j=1

Example 2.1. Let A > 0 be a positive parameter. A Poisson process with intensity
A is a process N = (Ny);>¢ satisfying the following requirements:

1° Ny = 0 almost surely;

2° N has independent increments: for any ¢y < t; < ts < ... < t,, the random
variables N;,, Ny, — Niy, Ny — Niyy ..., Np, — Ny, are independent.

3° for any 0 < s < t, the variable N; — Ny has the distribution Pois(A(t — s)).

4° almost surely, N has right-continuous trajectories with left limits.

Formally, the above definition works also for A = 0 (then we have N = 0). Poisson
process is a homogeneous Markov chain. Indeed, for any 0 <ty <t; <te <...<t,
and any states ig, i1, i2, ..., i, we have, by the independence of increments,

P(Ny, = in | Noy_y = in-1, Noy_y = in2, -+, Noy = i)
= P(Ni, = Moy, =i = i1 | Now oy =1, Noy oy = 2, o Nig = o)
= P(Ntn — Nt"71 =ip — Z'nfl)

- }P’(Ntn Ny =in—in1 | Ne = in_l) - P(Ntn =i | Ny, = in_l).
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Furthermore, the above verification immediately gives the transition probabilities

e—A(tn—tn_l)_ ()‘(tn — tn—l))in_in_l
(i — in—1)!

Since the dependence on t,_; and ¢, is through t¢,, — t,—1, IV is homogeneous and

AT e
pyt) =1 G B2
0 if j <.

Pyt (in—1,0n) = P(Ne, =Ny, = in—in_1) =

Remark 2.2. There is an alternative definition, which is actually more natural from

the viewpoint of our further considerations. Let &1, &2, ..., be a sequence of i.i.d.
random variables with expontial distribution Exp(A). Let Tp = 0, T, = >.7_; &k,
n =1, 2, ..., be the associated clock process. Then

o0
Nt = Z ]l{T,LSt}7 t Z O,
n=1

is a Poisson process with intensity .

Example 2.3. The example above can be generalized to the setting in which the
states 0, 1, 2, ... are assigned with different intensities. Suppose that &1, &, ... are
independent random variables such that &, ~ Exp(\,,), where (A,),,>1 is a bounded
sequence of nonnegative numbers. Let (7),),>0 and N = (IV;);>0 be as in Remark
2.2 above. Then N is a homogeneous continuous Markov chain. One can consider
also unbounded sequences (Ay,)n>1, but this might result in an explosion of the
process N: see below.

Example 2.4. Let {Y,,},>0 be a discrete-time homogeneous Markov chain with
countable state space F and transition matrix I'. Let IV be an independent process
as in Example 2.3 above. The process {X (¢)}:>0 with values in E, defined by

(1.3) X(t) =Yy,

is a homogeneous continuous Markov chain. The Poisson process NV is called the
clock, and the chain {Y}, },,>0 is called the subordinated chain or embedded chain. In
the case when N is a Poisson process (i.e., comes from Example 2.1), X is referred
to as the uniform Markov chain.

2.2. Infinitesimal generator. We need to introduce further notions.
Definition 2.5. A transition function P is called
- honest (regular), if equality holds in (i): >°; ppi;(t) =1foralli€ E, ¢t > 0.

- standard, if we have lim P, = I entrywise: for any 4, j € E, lim p;;(t) = ;5.
t—0 t—0
Remark 2.6. There are non-standard transition kernels, e.g. let E = {1, 2},

Poz((l) (1)) and Pt:(

) for ¢ > 0.

N N[
N N[
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From now on, we will restrict ourselves to standard transition kernels, which, as
we will show now, have nice differentiability properties. Let us first record, without
a proof, the following elementary fact.

Lemma 2.7. Let ¢ : (0,00) — [0,00) be a function satisfying

(s +t) < @(s)+ (t) for all s,t > 0;

et =0
t t
Then the limit ltifg # = q exists (it may be +00). Furthermore, ¢ = sup %)
>0

Equipped with the above lemma, we can now establish the following key result.

Theorem 2.8. Let P be a standard transition kernel. For any state i, the limit
def

(2.12) g % g L= 2alh)

h.LO h 6 [0700]7

exists. Furthermore, for any pair of distinct states i, j, there ewists

(1.4) s 2 P [0, 00),

That is, the function t — p;;(t) is differentiable at t = 0 and we have p;j(O) = qij
(where qi; = —q; ).

Proof. It is convenient to split the reasoning into a few steps.

Step 1. First we show that for any i € E and any ¢ > 0 we have p;;(t) > 0. To
this end, note that we can choose n so that p;;(t/n) > 0 (since P is standard). It
remains to note that p;;(t) > [p:;i(¢/n)]™, by the Markov property.

Step 2. Define p(t) = —logp;i(t). By the previous step, ¢ is well-defined;
furthermore, since p;;(s +t) > pii(s)pii(t) and py;(t) — 1 as t — 0, the function ¢
satisfies the hypotheses of the previous lemma. Thus, the limit

t
q; = lim 7(,0( )
tl0 ¢
exists and equals sup,.q ¢(t)/t. Now, if ¢; = 0, then o(t)/t = 0 for all £ > 0, so
pii(t) =1 for all t > 0, and hence
1—p.
tim 2P g
t—0 t
and we are finished. Otherwise, suppose that ¢; > 0. By continuity of ¢, there is
0 > 0 such that ¢(¢) > 0 for ¢t € (0,0). Then
1 —pu(t) 1—e 20 I ©(t)

150 t 150 o(t) 50 ¢ =G

Step 3. Now, fix arbitrary distinct states i, j. Take ¢ € (%, 1) and 6 > 0 such
that p;;(t), pj;(t) > ¢ for all t € [0,6). Finally, pick » > 0 and n € N such that
0 < nh < 6. We will establish the auxiliary bound

(1.5) pij(nh) > ¢(2¢ — 1) - npy;(h).
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To this end, consider finite discrete chain Yy = Xy, k=0, 1, 2, ..., n and let
Ak: {YO:ia Yl 7&]7 Y2 #j,“-aYk—Z %j; Yk—l :i; Yk :j, Yn:]},
By={Yo=i, Vi #5, Y2 # )i Yi2 #J, Ve =i}

for k =1,2,...,n. Then A;, Ay, ..., A, are pairwise disjoint and (J;_; Ay
{Xo =i, Xpr, = j}. Furthermore, we have P(A;) = P(By)pi;(h)p;;i(n — k)h)
cpi;j (h)P(By) by Markov property. Consequently,

VN

(1.6) pij(nh) =P(Y, =j | Yo =1i) > > P(A[Yy = 1) > cpi;(h) Y P(By|Yo = i)
k=1 k=1

Now we write

P(By|Yp = i) = P(Vy = i|Yp = )

=Y PV =i Y1 # 4, Yo # G Yoo # 5. Ye = j, Vi =Yy =)
/=1

and observe that
P(Yo =i Ya #5,Y2 # e, Yoot #5,Ye =, Vi = ilYo = i)
=P(Yo =i Vi # Yo £y Yoor # Yo = jIYo = 1) P(YVe = ilY; = j)
<= oP(Yo=i,Yi £, Ya A j o Yoo £ 5, Ye = jlYo = i),

since P(Y, = i|Y; =j) <1 —-P(Y;, = j|Ye = j) <1 —c. This gives

P(By|Yo = 1) = P(Yr = i[Yo =)

k—1
>e— (=) Y P(Yo=i,Yi £, Ya £ e, Yeor #,Ye = jlYo = i)
=1
>2c—1.
Plugging this into (1.6), we get (1.5).

Step 4. Finally, fix ¢t € (0,6) and let n = [t/h]. The bound (1.5) can be
rewritten in the form

piy(h) . 1 py(lt/h|h)
h  ~e¢(2c—1) [t/h|h
Letting h — 0, we obtain

) pij(h) L py(t)
1 <
1H£f0up h  —cc—-1) t

in particular, the upper limit is finite. Since ¢ was chosen arbitrarily, this yields

(R 1 Lt
lim sup pii (1) < lim inf 2% ®)
110 h c(2¢—1) o

< o0

But ¢ can be chosen arbitrarily close to 1; this proves that the upper and the lower
limits coincide (and are finite). This is the claim. O

Recall the notation ¢; = —g;.
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Definition 2.9. The matrix Q = (¢;j): jer is called the g-matriz (or infinitesimal
matriz, infinitesimal generator) of P. In compact notation, we have

P T
@=lm—

entrywise; that is, ) is the derivative at zero of the matrix function ¢ — P;.

Example 2.10. The g-matrix of the Poisson process with intensity A is given by
-2 A0 0 0

0 =X X 0 0
Q=10 0o -x x o0
0 0 0 —Xx A

For the more general process from Example 2.3, we have

A A 0 0 0
0 X X 0 0
Q= 0 0 X A 0
0 0 0 X M\

Definition 2.11. A state ¢ € E is said to be
- stable, if ¢; < +o0;
- instantaneous, if ¢; = 4o0;
- absorbing if ¢; = 0 (equivalently, if p;;(¢t) =1 for all ¢ > 0).
- conservative if ¢; = Zj# ij-

The transition function P = (P;)¢>0, and the matrix @, are called stable if all states
1 € E are stable; they are called conservative, if all states are conservative.

The reason for the introduction of the conservation property comes from the
following result.

Proposition 2.12. Let P be a standard transition function. Then for any i € F,
Z Tij < qi-
i
Proof. Fix i € E and let A be a finite subset of E \ {i}. Observe that
1—piu(h 1 1
# = Ezpij(h) = > pig(h)
J#i jeA
for all h > 0. Letting h — 0 we get
Z %ij < Gi-
jeA

Since A is arbitrary, the result follows. (|
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Remark 2.13. Directly from Theorem 2.8, if a state ¢ is stable, then
P(Xiyp=1i| Xe =1i)=1—q;h+ o(h), h —0,
and for j # i,
P(Xysn =7 | Xy =14) = qijh + o(h), h — 0.

A very general class of Markov chains, namely regular jump Markov chains,
are stable and conservative.

Definition 2.14. A stochastic process X = (X;);>o taking its values in the (not
necessarily countable) state space F is called a jump process if for almost all w €
and all ¢ > 0, there exists (¢, w) > 0 such that

Xirs(w) = Xi(w) for all s € [0,e(t,w)].

It is called a regular jump process if, in addition, for almost all w € €, the set A(w)
of discontinuities of the function t — X;(w) is o-discrete, that is, for all ¢ > 0,

|A(w) N[0, ]| < 0.

A continuous Markov chain which is a (regular) jump process is called a (regular)
jump Markov chain.

Observe that for a jump process (not necessarily regular), there exists a se-
quence of times (7,)n>0 such that 0 = 70 < 74 < 72 < 73 < ... and a sequence
(Y)n>0 such that

Xt:Yn if’TnSt<Tn+1.
This describes X on the interval [0,7o), Where 7o = lim, o 7, is the explo-

sion time. If the process is regular, then 7., = oo almost surely and X is right-
continuous.

Example 2.15. A continuous-time birth-and-death process is a homogeneous jump
Markov chain taking its values in Z,, with the infinitesimal generator

—Xo Ao 0 0 0
11 —()\1 + ,u1) Al 0 0
Q=1 0 2 —(A2 + p2) A2 0

0 0 3 —(A3+p3) A3
The parameters \; and p; are the birth and death parameters, respectively: we have
P(Xypn =i+ 1| X, =14) = A\h+ o(h),
P(Xpn =i—1| Xy =1) = pilysiyh + o(h)
and
P(Xepn =i | Xy =i) =1 — (X + pilgis1y)h + o(h).

The next result describes precisely the structure of jump Markov chains. In
particular, it shows, in a sense, that the construction in Example 2.4 is canonical.
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Theorem 2.16. Let X = (X;);>0 be a regular jump Markov chain, with g-matriz
Q, the transition times sequence (T,)n>0, ond the embedded process (Y,,)n>0. Then

(a) X is stable and conservative.

(b) (Yn)n>o0 is a discrete-time homogeneous Markov chain with state space E® =
EU{A} and transition matriz I = [v; j]; jepa given by

1, ifie E and q; =0,

= 17 WA e
Ta.A A {0, ifi € E and ¢; > 0,

and if ¢; > 0 and j # 1, then ~;; = %.

(c) Given (Y,)n>0, the sequence (7,41 — Tn)n>0 is independent, and for all n > 0
and all a € Ry,
P(Tn_H -1, >alY, = z) = %

The proof of this result is rather technical and will be omitted. In particular,
the theorem above shows that the g-matrix uniquely determines the distribution of
the regular jump Markov chain. That is, we have the following.

Corollary 2.17. Two regular jump Markov chains with the same infinitesimal gen-
erator have the same transition semigroup.

Corollary 2.18 (Excursions). Fiz a state i € E and consider the return times by
Réz) =0 and, forn > 1,

n—19

R :inf{t > Rff)_l : Xy =1 and X # 1 for some s € (R(i) t]}

Then ((Xt) R;ﬁ_l — Rgf)) . is an i.i.d. collection of pieces of path.

RY <t<R{)

2.3. Kolmogorov’s Differential Systems. We have seen above that a stan-
dard transition kernel leads to an infinitesimal generator ). There is a natural
question whether the semigroup can be extracted from ). We consider two cases,
corresponding to finite and infinite spaces.

Case I: Finite state spaces. By the semigroup property, we have ,
Piip— P Py—1 Py—1
h h h

for all £ > 0 and all A > 0. Consequently, if the passage to the limit above is allowed
(which is the case when the state space E is finite), we obtain the differential system

(1.7)

:Pt

Py

d
(1.8) %Pt = PQ =QF,

where (@ is the infinitesimal generator. The equation
d
dt
can be written explicitly as follows: for all 4,5 € F,

d
i (t) = —aqipi; (t) + Z QikPrj (),
ki

(1.9) b =QF,
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where the summation is over all k € F with k # i. This system is referred to as
Kolmogorov’s backward equations. The forward differential system is

d
1.1 —P, =P,
(1.10) PTG @,

that is, for all 4,5 € F,

d
%pij(t) = —pi;(t)g; + Z Pik (1) qr;-

ke E,k#j
It follows from the theory of ordinary differential equations that the solution of
(1.9) or (1.10), with the initial condition Py = I, is

(1.11) P, =@t = i (@)

n!

n=0

Case II: Infinite state spaces. When the state space is not finite, difficulties
may arise in the passage to the limit i | 0 in (1.7), because of the possibly infinite
sums involved. However, for the backward system, there is a positive result.

Theorem 2.19. If the semigroup P is standard, stable and conservative, Kol-
mogorov’s backward differential system (1.9) is satisfied.

Proof. Let us identify F with Z. We start with

pij(t +h) —pii(t)  pii(h) =1 pir(h)
(1.12) . == pi(t) + Z —, Pri(t)
k#i
and hence, by Fatou’s lemma,
o pik(h)
(1.13) llr}lllilonf g Tpkj(t) > ; QikPrj(t).

On the other hand, for N > 1,

Z pik}fh)]?kj (t) < Z kafh)ij(t) + Z L‘k}fh)

ki k<N, ki k>N
B pir(h) 1 —pii(h) pir(h)
RPNy LUk e Pl
k<N, ki k<N ki

and therefore

. ik (I
hmsupzpk}f )ij(t)ﬁ Z qikPrj(t) + qi + Z Qik-

hi0 k<N, ki k<N, ki

Letting NV — oo and using the conservation property, we get

. pik(h
hmsupE k}E )pkj(t) < g Qikprj(t),
o i ki

which combined with (1.13) gives

. pik(h
1}51012 }E )pkj(t) = Z(h‘kpkj(t)'
ki k#i

It remains to let A — 0 in (1.12) to get the assertion. O
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For the forward system, the result is considerably less general.

Theorem 2.20. Suppose that a standard semigroup P is stable and conservative.
Assume in addition that for all states i and all t > 0,

(1.14) > pi(t)ar < o
keE
Then Kolmogorov’s forward differential system (1.10) is satisfied.
Proof. For j # k we have
pri(h) _ 1 = prw(h)
h = h
Now we write the first equality in (1.7) in the form

< G-

pij(t+ h}z —pij(t) _ pij(t)pjj(i;) -1, Zpik(t)pkjh(h)
k#j

It remains to let h — 0 and apply Lebesgue’s dominated convergence theorem. [J

Remark 2.21. Condition (1.14) is trivially satisfied when sup;c 5 ¢; < oc.

Example 2.22 (M/M/1 queue). Suppose that customers arrive at a single-server
service station in accordance with a Poisson process with intensity A. Upon arrival,
each customer goes directly into service if the server is free; if not, then the customer
joins the queue and waits for his/her turn. When the server finishes serving a
customer, he/she leaves the system and the next customer in line, if any, enters the
service (that is, the service follows the order of the arrival of customers: first-in-
queue, first-out-of-queue, FIFO). The successive service times are assumed to be
independent random variables following the exponential distribution Exp(u).

Let X; denote the number of customers in the system at time ¢, where the
system refers to the line plus the service area: for instance, X; = 2 means there
is one customer in service and one waiting in line. A transition can only occur
at customer arrival or departure times, and departures occur whenever a service
is completed. At an arrival time, X; jumps up by 1, and at a departure time X,
jumps down by 1. Therefore, this is an example of a birth-and-death process, with
the intensity matrix

- A 0 0 0
g —(A+p) A 0 0
Q=10 I —(A+p) A 0
0 0 " ~A+p) A

By Theorem 2.16, the embedded chain has the transition matrix

o 1 0 0 0
£ 0 2 0 0

A . A N
= 0 pwr 0 pwn (3 ,
K A
0 0 Atp 0 A+p

0 it is an asymmetric random walk over nonnegative integers, with reflection at 0.
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It turns out that this model, though simple, leads to complicated transition
kernels. Suppose we want to compute explicitly the probability p;;(t) for given 7, j
and t. The Kolmogorov forward equations

d
i (t) = Zpik(t)ij
k>0
_ ) =Apoo(t) + ppor (t) ifi=7=0,
ppi-1(t) = (A + p)pij () + Apija () if j > 1.
can be explicitly solved with the use of moment generating functions. The formula
for p;;(t) is

e Ol p B2 1y (at) + p T TP I (at) + (L= p)p* > p P (at) |
j=ktit2

where p = \/p, a = 2pup*/? and

oo /2 k+2m
O Y

is the modified Bessel function of the first kind of order k. For A = p, we have
p =1, a = 2p and the formula simplifies to

e~ (Atw) (I‘k,i‘(Z,ut) + I\k+i+1|(2ﬂt))a

still involving Bessel functions.

2.4. Recurrence and Invariant Measures. Throughout this subsection,
we assume that X = (X;);>0 is a regular jump Markov chain with a transition
function P = (P})t>0, ¢-matrix @ and the embedded Markov chain Y = (Y;,)n>0
with a transition matrix I'.

Definition 2.23. (a) The process X is said to be irreducible, if the embedded
Markov chain Y is irreducible.

(b) The state i € E is called recurrent, if it is recurrent for the embedded Markov
chain Y. Otherwise, it is called a transient state.

(c) The vector v = {v;}icg with nonnegative entries is an invariant measure, if
vP,=v forallt>0.

If the invariant measure is a probability distribution, it is called an invariant dis-
tribution, stationary distribution or steady-state distribution.

Remark 2.24. If the initial distribution p of X is stationary, then for any ¢ the
law of Xt is ‘LLPt = W.

Theorem 2.25. Let X = (X,);>0 be a regular jump Markov chain and suppose that
the embedded chain (Y,)n>o0 is irreducible and recurrent. Then X has an invariant
measure v, which is unique up to multiplicative factors and satisfies 0 < v; < oo
for all j € E. Furthermore, a stationary distribution exists for X if and only if

Zui < 00,

i€k
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in which case the stationary distribution is ™ = {Vj/ZiGE uj} .
JjeE

Proof. We will use the theory of discrete-time Markov chains. Since Y is irre-

ducible and recurrent, there is a unique invariant measure p for Y (up to multi-

plicative constants), i.e., there is a unique vector (u;);er satisfying pu(I' — I) = 0

and 0 < p; < oo for all j. Furthermore, one might take

pi=E | y,=y | Yo=k|,

where k is an arbitrary state and Tl(k) is the first return to k of the embedded
chain. Since X is recurrent, no states are absorbing: ¢; > 0 for all j, and hence by
Theorem 2.16, the j-th row of I' — I coincides with the j-th row of the matrix Q/g;.
Thus, the equation p(I' — I) = 0 is equivalent to ¥Q = 0, with v; = u;/qg; for all
j. Note that 0 < v; < oo for all j. Clearly, this measure will induce a stationary
distribution if its total mass if finite.

It remains to address the fact that v is an invariant measure for X; we will
prove this only in the case when ZjeE v;j < 0o. Arguing as in the proof of backward
Kolmogorov equations, we show that (vP;) = vP] = vQP; = 0. Consequently, we
get vP, = vPy = v and the invariance follows. (Il

Remark 2.26. As the above proof shows, the invariant measure v can be defined
by two different approaches:

- Solving for v@Q = 0;
- Letting v; = p;/q; for all j, where p is stationary for Y.

There is a third formula, referring to the regenerative structure of continuous
Markov chains:

RV
(1.15) v;=E / Lix,=pdt | Xo=1i|, jEE,
0

where ¢ is an arbitrary state and Rgi) is the first return to ¢ of X. For different
starting states, the formula (1.15) might produce different measures v (proportional
to each other).

Example 2.27. (i) Let N be the Poisson process with intensity A. The associated
g-matrix is

A A 0 0 0

0 -A X 0 0
Q=10 0 -x X o0
0 0 0 -\ X\

and the only solution to the equation v@Q = 0 is the zero measure v.
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(ii) Let X be a pure-birth process on Z, with the ¢ matrix

0 0 0

0 -A A 0 0

@ 0 0 A A 0
0 0 0 -A A

Then the solutions to u@ = 0 are the constant multiples of the counting measure.

Definition 2.28. The recurrent, irreducible regular jump Markov chain X is called
ergodic, if a stationary distribution exists for X.

Corollary 2.29. Suppose that X is recurrent and irreducible. Then the following
are equivalent:

- The expected cycle lengths are finite: for each 1,

(1.16) m; == E(RY| Xy = i) < oo.
- The equation vA = 0 has a probability distribution as a solution.
- X s ergodic.

Proof. By (1.15) we have ER&” = Z vj, for some nonzero measure v satisfying

JEE
vQ = 0. Thus the first two conditions in the statement are equivalent. The
equivalence of the second and the third condition is evident. (I

Remark 2.30. In the literature, the states i € F satisfying (1.16) are called t-
positive recurrent.

Remark 2.31. If X is ergodic, there is a nice formula for its stationary distribution
v. Fix an arbitrary starting state ¢ and apply (1.15) to obtain

R
(117) CiVj = E [/0 1{Xt:j}dt ‘ Xo = Z‘|

for some positive ¢;. Summing over all j, we get ¢; = ¢; ), v = E[Rgi) | Xo=i] =

m;. Furthermore,
R{” 1
civ; = E / 1{X,,=i}dt | Xo=1t| = —,
0 ;

7

since the integral - the time spent at ¢ - is exponentially distributed with parameter
q;. This yields the formula

Plugging this back into (1.17) gives

R .
E / Lix,_jpdt | Xo =i| = —
[ - Tt Xo 1 Py

We conclude with a version of the ergodic theorem for continuous Markov
chains.
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Theorem 2.32. Let X = (X;)i>0 be an ergodic jump Markov chain with the sta-
tionary distribution v.

(i) For any i we have the convergence
tli)rgop”(t) =Vj, jEE.
(ii) If a function f : E — R satisfies ), g |f(i)|vs < oo, then for any initial

distribution p we have

¢
lim %/0 f(Xs) ds = Z f(@v;  almost surely.

t—o0
i€S

In particular, setting f = xyiy, we see that the fraction of time spent in state i
converges almost surely to v;.

Proof. This follows from the corresponding statement from discrete-time setting.
O



