Optimal Control, Homework I.

Deadline: 30.11.2023. In the solutions, please make use of the theory
of optimal control.

1. Prove that for any nonincreasing sequence (x,),>o of positive
numbers we have the inequality

0 2

Z T > 4z

X
n=0 n+1

and the constant 4 is the best possible.

2. Prove that for any nonnegative numbers aq, as, ..., ay satisfying
r=a+ay+...+ay <1 we have
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3. Consider the problem
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where Xy =1, u,, € [0,1] and
Xm: m,1+ume,1+£m, m:1,2,...,N.

Here (£,,)Y_, is a sequence of independent random variables such that
for any m, &,, has exponential distribution with parameter 1/X,, ;.
Compute the above supremum and identify the optimal controls.

4. Consider the optimal control problem
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where the process (X,,),>0 satisfies Xy = 1 and
Xm = (Xono1 — um)m, m=1,2,....
Here u,, € [0, X,,,—1] and (&,,,)m>1 is a sequence of independent, identi-

cally distributed random variables, P(§,, = 0) = 3/4, P(§, = 1) = 1/4.
Compute the above supremum and identify the optimal controls.



