CHAPTER 1

Optimal Control in Deterministic Case

Our starting point is the discussion on the special, deterministic case of the
theory of optimal stochastic control. We start with the analysis of discrete-time
systems.

1. Discrete-time systems, finite horizon

The main tool used in this case is the so-called dynamic programming, an algo-
rithm which enables to solve a certain class of problems, by an induction argument
which reduces them to simpler sub-problems. Or, to put it in the reverse direction,
the approach allows to tackle difficult problems by solving simpler ones first and
relating these solutions to the harder context by intrinsic recurrence relations. It
plays an important role in computer science, as it can be used to construct effective
algorithms of polynomial complexity. Furthermore, the method is utilized in opti-
mal planning problems (e.g. in problems of the optimal distribution of resources
available, the theory of inventory management, replacement of equipment, etc.).

The basic idea can be formulated as follows. Suppose that a given system S,
taking values in some set FE, is controlled with a procedure which consists of N
steps, where N is a fixed positive integer. At the beginning, the system is in some
state zo € E. At the m-th step of the procedure, there is a possibility of applying
a class of controls, each of which transforms the state x,,_; € E obtained through
the previous operations into some new state x,, € E. Formally, if u,, denotes the
control applied at m-th step, then we have the identity

(11) Tm :fm(xmflaum)

for some f,, (the “transition function associated with m-th step”). An important
feature of the method is the absence of after-effects, i.e. the controls selected for
a given step may only affect the state of the system at that moment. We also
emphasize that the class of controls applicable at m-th step may depend on the
value of z,,_1: we have u,, € U(z,,—1) for some function U. As the result of the
whole procedure w1, us, ..., uy, the system is converted from the state x( into the
final state . Now, given the initial state zo and a fixed objective function

N
(12) JN(*anulqua s 7UN) = Z gm(xm—la um) + T(xN),

m=1
there are two aspects worth investigating:
e to identify the controls uj, u}, ..., u} (if exist), which yield the optimal
performance, i.e., such that we have

N * % * N
IV (o, ul,us, . uy) = sup JU (xo,up,ug, .. uN).
UL, U2, UN
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2 1. OPTIMAL CONTROL IN DETERMINISTIC CASE

e to compute the explicit value sup,,, ,, .. IN (2o, u1, U2, ..., UN).

Sometimes, depending on the context, we might be interesting in the analysis
of only one of the above aspects: we will illustrate this on some later examples.

Conventional methods of tackling such problems are often either inapplicable,
or involve lengthy and elaborate calculations. Dynamic programming allows to
solve the above problem by the following recursive formula.

THEOREM 1.1. Under the above notation, define measurable functions By,
Bn_-1, ..., By on E by By(z) = r(x) and the Bellman equation

(1.3) Bu_i(xz)= sup (gn(z,u) + Bn(fulz,u))), n=N,N-1,..., 1
ueU(x)
Then for any strategy uy, uz, ..., uy we have J™ (xo,u1,us, ..., un) < Bo(wo).

Furthermore, if for any n and any x € E there is a control G = iy, (x) for which
anl(x) = gn(l',ﬁ) + Bn(fn(xvﬁ)))v
then the optimal strategy is given by u’ = Gp(rp—1), n=1,2,..., N.

PRrOOF. Consider the subsystem which starts at time n and then evolves ac-
cording to (1.1) form =n+1,n+2, ..., N. Introduce the truncated functional

N
J’,Ilv(xna Un+1, Un+2,- - - ,UN) - Z g’m(an—la u?n) + T'(Z'N)
m=n+1
Then, as we will show inductively, we have JN (., Uns1, Unt2, - - un) < By ().
Indeed, we have JY (zn) = r(xx) = By(zn) and the induction step follows from
JfrJLV—l('r’rL—la Un, Un+1, s 7UN)
= gn(Tn-1,un) + Jrjzv(fn(xn—la Up), Unt1s- - UN)

S gn(mnfhun) + Bn(fn(xnflvun)) S anl(xn71)~

Plugging n = 1, we get the first part of the assertion. To get the second part, note
that for the above special controls uf, u3, ..., uy, all the above inequalities become
equalities. [l

Several helpful comments are in order.

I. It is worth to rewrite the proof of J™(xq,u1,us,...,unx) < Bo(zo) in the
form
By(zo) > g1(xo,u1) + Bi(z1)
> g1(zo,ur) + g2(21, uz) B2(z2)

n
2.2 Z gm(Tm—1,um) + By (zn) = IV (20, ur, u2, ..., un).

m=1

I1. It follows from the above proof that the Bellman sequence admits the al-
ternative definition
B, (z) = sup {J,év(mn,un+1,un+27...,UN)’.Tn :m}
Un+1,Un+2;---UN
forn=20,1,2,..., N. Thus in particular By(z¢) is the desired optimal value of
the function JV. As we will see later, writing down the above abstract formula for
B,, is a convenient start for the analysis.



1. DISCRETE-TIME SYSTEMS, FINITE HORIZON 3

III. The above argumentation leads to the following optimality principle: given
g, if there is an optimal strategy u?, uj, ..., uy for JV, then

- for any n, the strategy uy, 1, w5, ..., ujy must be optimal for the functional
IN (T, Uns1, Ung2, - - -, un) (where x,, comes from zg by applying u, uj, ..., ul);

- for any n, the strategy uj, u3, ..., u) must be optimal for the functional

I (@, ut, Uz, -y Uy) = Z Gm(Tm—1, Um) + Bp(Tn).

m=1

IV. The above discussion concerns the case in which we are interested in the
largest value of JV. Sometimes one wants to minimize J”: then all the argumen-
tation works, we only need to replace suprema by infima in appropriate places.

V. The form of the Bellman equation (1.3) is strictly connected to the addi-
tive form of the functional. As we shall see later, the general approach extends
to the case of other functionals, for which the associated Bellman equations look
differently.

The above statements give a transparent method of handling the problem. We
solve the system (1.3) of functional equations, obtaining By(zo), the value of the
optimal performance under the assumption that the system is initially in the state
xo. We also identify the optimal controls uj, u3, ..., uj: these are the parameters
for which the suprema in (1.3) are attained. Specifically, having determined By, By,
..., Bxn (called the Bellman sequence in the sequel), we find u} by the requirement

Bo(wo) = g1(wo, ui) + Bi(f1(zo,u7)).

Let z1 = f1(xo,u]) be the position of the system after the optimal first move. Then
we get the control u3 from the equation

Bi(z1) = ga(w1,u3) + Ba(fa(21,u3)),

and so on. Summarizing, the approach rests on solving the initial problem by
embedding it into a class of similar sub-problems, the collection of which can be
treated, as a whole, by means of the recursive formulas. We should point out,
however, that still, in many cases, the analysis of the obtained setting can be
technically involved and require plenty of laborious computations.

In what follows, we will see the above reasoning in various disguises. We have
purposefully restrained ourselves from the discussion concerning the state space or
the class of feasible controls; this would probably complicate the above presentation,
as these objects can be multidimensional or change from step to step. Sometimes

it will be convenient to enumerate the steps by numbers 1, 2, ..., N instead of
0, 1, ..., N. Moreover, in many cases it will be more natural to work with the
reversed sequence By, By_1, ..., By instead of By, B, ..., By (then the lower

index indicates the number of steps up to the termination of the process). However,
the main idea remains essentially unchanged.

Instead of exploring further the abstract description, we continue with the
analysis of several examples which will serve as an illustration of the above concepts.
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1.1. A warm up. Consider an investor, whose capital at n-th day is equal
to x,, m=0,1,2, ..., N. At m-th day, the investor consumes u,, of the capital
and invests the remaining part; the interest rate is equal to v > 1. That is, the
sequence (z,)_, is governed by the equation

Tm = V(Tm—1 — Um), m=1,2,..., N,
where u,, < x,,_1 for each m. Suppose that the purpose of the investor is to

maximize the functional J(zg,u1,us,...,uy) = Zgzl Up. This can be easily
solved by the above approach. Introduce the Bellman sequence

N
Bn(x):sup{ Z Uy - mn:x}.

m=n+1

We have By (x) = 0 and the Bellman equation gives

By_1(x) = sgp {u+By(y(z —u))} =supu ==z

u<x u<

(This is perfectly intuitive: “there is no tomorrow”; so the investor spends all the
money). Furthermore,

Bn_a(z) = sup {u+ Byn_1(y(z — u))} = sup {u—i—v(ac — u)} =z

u<x u<xz

(with supremum attained at zero),

By_s(z) = sup {u+ By-2(y(w — u)) } = sup {u+7*(z —u)} ="

u<z u<x
(with supremum attained at zero), etc.: for any n = 0, 1,2, ..., N — 1 we have
B, (z) = vN~""!'z and the appropriate control is equal to zero. This implies

that the investor should save the money for the last day, and then spend all the
capital. This answer is obvious: keeping the capital unchanged maximizes the profit
obtained via the interest rate.

1.2. Towards analytic applications. For a fixed N, we will compute the
quantity

ai a9 an
sup + +o4—
apt+ar ai+az anN-1+an

where the supremum is taken over all positive numbers ag, a1, as, ..., ay. This
problem can be studied with the use of optimal control: consider the strategy uq,
U, ..., uy given by u, = a,. Then the sequence zy, =1, T2, ..., Ty given by

Zn = a, consists of positive numbers and satisfies (1.1) with f,,(z,u) = u. Our goal
is to maximize the functional

N
U,
JN($0,U1,U2,...,UN): Z m

)
Tm—1 T+ Um
m=1

which is of the form (1.2), with g, (z,u) = u/(x + uv) and r(z) = 0. The Bellman
sequence is given by

a a a
Bn(o:)sup{ ntl 4 i +...+N|znx},
Tp +Gnt1 Apy1 + Any2 an—1+an
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where x > 0 and the supremum is taken over all positive numbers a,4+1, anyta, - .,
ap. By the Bellman equation, we see that for any « > 0 we have By (x) =0,

Bn_i(z) = Sup {gn(z,u) + Bn(fn(z,u))}

:sup{ “ +BN(u)}:sup 4 =1,

u>0 T+ U u>0T + U

U
Bn_ = 1>=2
N 1(u)} ili%{erqu } ’

By_a(z) = sup {

uw>0 T+ u

and so on,

Bo(z) = sup{

u>0

+Bl(u)}zsup{ “ +N—1}:N.

T+ u w>0 (T +u

This gives the answer to the problem: the supremum is equal to N. Note that the
optimal controls do not exist.

1.3. A probabilistic inequality. Next, we will prove that for any N > 1

and any numbers aj, ag, ..., ay € [0,1] we have
(I-a)(l—ag)...1—an)>1—a; —as—...—an.
The first step is to rewrite the inequality in the form
—a;—ag—...—ay—(1—a;)(1—ag)...(1—an) < -1
This fits perfectly into the above scheme. We consider the strategy (u1,us,...,un) =
(a1,as,...,ay) and define the sequence xg, 21, 3, ..., x by g = 1 and

Tp = Tp—1- (1 - a7b)~

Then the sequence takes values in [0, 1] and satisfies the evolution equation (1.1)
with f,(z,u) = (1 — u). We need to maximize the functional

N
J(xo,u1, Uz, ..., uN) = Z (—tm) — TN,
m=1
which is of the form (1.2) with g¢,,(z,u) = —u and r(z) = —z. By the above

discussion, we introduce the Bellman sequence by

N
Bn(x):sup{ Z (—um)—mN|xn:x}, x € [0,1],

m=n+1
where the supremum is taken over all u,11, Upi2, .., uy € [0,1]. By the very
definition, we have By (z) = —x and, by the Bellman equation,
By_1(z) = sup (— u+ By (z(l — u))) = sup (u(z—1)—2z)=—xu,
u€[0,1] u€[0,1]

where the supremum is attained for v = 0. The remaining functions By_2, By_3,
..., By are computed identically: we have By(z) = B1(z) = ... = By(x) = —x for
all n and therefore

J(xo,ul, U, .. . ,’U,N) S Bo(xo) = —1,

which is the claim. Note that equality holds if and only if all the controls are zero:
a1 =as=...=ay = 0.
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1.4. Modified approach: AM-GM inequality. Now we will show how
dynamic programming yields one of the most fundamental inequalities.

THEOREM 1.2. For any positive integer N and any nonnegative numbers aq,
as, ..., ay we have
ar+ag+...+an
N
Equality holds if and only if a1y = as = ... = ap.

/N

Z (a1a2 . CI,N)

ProoOF. Although the inequality fits into the scheme developed above (see
Remark 1.3 below), it is instructive to discuss a slightly different approach. As
previously, we start with rephrasing the desired claim into the problem of the
optimization of some value function. This can be done as follows. Fix a nonnegative
number x and consider the quantity

sup{alag...aN tay, as, ..., any > 0, a1+a2+...+aN:x}.

We need to show that for any z, the above supremum does not exceed (x/N)N.
Note that this problem is not of the form discussed at the beginning, since the
functional does not have the additive form. However, the general methodology
of “decomposing” the problem into simpler, similar sub-problems, which are then
connected via induction argument, applies. Again, the controls are the numbers
ai, ag, ..., ay. The sequence zg, z1, 2, ..., xn is given by x¢y = x and

Ty = Tp_1 — Gy, n=12,..., N,

so that x,, = a@n41 + Gnt2 + ...+ an. The Bellman sequence is given by

B, (z) = sup {an+1an+2...a1v‘xn zm}, n=0,1,2,...,N—1.

The dynamic approach rests on writing the system of equations which govern the
evolution of the Bellman sequence. By the very definition, we have By_;(z) = z,

and the version of Bellman equation is the following: for any n =0, 1, ..., N — 2
and any x > 0 we have
(1.4) Bn(z) = sup {Bpyi(z—1t)-t}.
te[0,xz]
Indeed, if ay11, @nto, ..., an are arbitrary nonnegative numbers summing up to x

and we denote t = ap41 € [0, z], then

Ap4+10n4+2 ... AN = t- Apn4+20p4+3...0N < Bn+1(l‘ — t) . t,
by the definition of B, 1 and the fact that a2+ apy3+...+ay =z —t. Taking
the supremum over all a, 41, any2, ..., any as above, gives the inequality “<” in
(1.4). To get the reverse, we fix ¢ € [0, 2] and nonnegative numbers a, 2, Gnt3, - - -
ay summing up to x —t. Then t + apq2 + anys + ...+ an = z, so the definition
of B,, yields
b Gpy20nt3...an < By(z).

Now, taking the supremum over a2, an+3, --., ay as above gives tB,11(x —1t) <
B, (z), and since t € [0, x] was arbitrary, the identity (1.4) follows.

It remains to solve the recurrence. In general, this might be quite involved, but
here the conjecture for the formula for B, is directly encoded in the problem:

(1.5) By (w) = (x/(N —n))¥ 7"



1. DISCRETE-TIME SYSTEMS, FINITE HORIZON 7

This conjecture is easily confirmed by induction. Let us briefly present the cal-
culations, as they will be useful in the identification of the optimal controls. For
n = N — 1 the hypothesis is true. Assuming the validity for a fixed n + 1 €
{2,3,..., N — 1}, we derive that the expression

T —t N—n—1
Bpi(z—t) t=(——"" 1,
-0t ()

considered as a function of ¢, attains its maximum for ¢ = x/(N — n) (only).
Furthermore, this maximal value is equal to (z/(N —n))™¥ =", This yields (1.5) and
the claim follows.

The above calculations encode, for any fixed x > 0, the optimal controls aj,
al, ..., ay for By(z). To see this, assume that x > 0 (for = 0 there is nothing to
prove). We go back to the above proof of (1.4). We have

Bo(z) = sup {Bi(z—t)-t},
te(0,xz]

and the supremum is attained for the unique choice ¢ = x/N. This necessarily
implies that aj must be equal to /N and a5 + a5+ ... +aly = (N —1)z/N. To
get a’, we make use of the following version of the optimality principle. We have

T\ x
afag...a}k\,:Bl(x):Bg(fo>-N:BQ<x7N>~aT,

or, equivalently (recall that we have assumed x > 0)

* ok * z
as03...aN = B (33— N)
This brings us to the same position as above, with the length of the unknown
extremal sequence decreased by 1 (and the required sum « replaced by = — x/N).
Repeating the arguments, we show that a5 = (r —2/N)/(N —1) = /N, a} + aj +
...+ay =z —2z/N, and the numbers a3, a}, ..., al, satisfy

2
asay ...ay = Bs (m—]\f),

and so on. The procedure can be carried out until we get all the values of a}, a3,
.., ajy: one easily checks by induction that aj = a5 = ... = a}y = z/N is the
extremal sequence we have searched for. ([l

REMARK 1.3. There is an alternative approach to the AM-GM estimate. Con-
sider the sequence x¢g = 1, x1 = a1 and

nn

T =1yt

“Tp_1 - Qn, n=12,..., N.

Then we have x,, = n"ajas...a, and the inequality is equivalent to showing that
the functional

—aq fagf...faN+:17}\{N

is nonpositive. This fits into the scheme developed above.
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1.5. A higher-dimensional DP problem. We turn to the case in which
Bellman functions depend on more than one variable.

THEOREM 1.4. For any nonnegative numbers a1, as, ..., an, by, ba, ..., by
we have

(1.6) (a1 + bl)(ag + bg) . (aN + bN) > ((alag . G,N)l/N + (blbg . bN)l/N)N.

ProOF. We may assume that all numbers a; and b; are non-zero (otherwise,
the claim is obvious). For any z, y > 0, consider the function

B, (z,y) = inf {(a1 +b1)(ag +ba) ... (an + bn)},

where the infimum is taken over all sequences ai, as, ..., an, b1, ba, ..., b, of
positive numbers such that aias...a, = = and b1by...b, = y. Clearly, we have
Bi(z,y) =  + y, and Bellman equation becomes

(L.7) Busi(z.y) = int {<s - )Bo(a/s, y/t>},

where the infimum is taken over all s, ¢ > 0. One easily shows by induction that the
solution to this recurrence is given by B, (z,y) = (z'/" + y/™)", and the infimum
in (1.7) is attained for s, t such that y/x = (t/s)""!. This establishes the desired

inequality; furthermore, we obtain that the optimal controls af, a3, ..., a¥, b3, b3,
..., by satisfy
* ok * * 1/(7L+1)
ajal...a a
L f“z(f“) . mn=1,2,...,N—1,
bibs ... by by 1
i.e., the equality in (1.6) is attained if and only if a1 /b1 = a2 /by = ... = an/by. O

2. Discrete system, infinite horizon

Now we turn our attention to the case in which we are interested in the control
evolving in an infinite number of sets. There are essentially two types of approaches,
it is best to present them on a concrete example.

THEOREM 1.5. Prove that for an infinite sequence (a,)>2, C Ry we have

o0 o0 on
an

| | an < Yt

n=1 n=1

provided the product makes sense.

PROOF, THE FIRST APPROACH. The idea is to make use of the method for the
finite horizon, and then let the horizon go to infinity. More precisely, for any N > 1,
introduce the Bellman functions By : Ry — R by

N 2’IL
aTL
BN(QJ):SUp{alag...aN : ZQT :CIL‘}.

n=1

We have B;(z) = v/2z and the Bellman equation reads

By (z) = sup {aBN1 (x - 6;2N> } ,
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where the supremum is taken over all a such that a2" /2N < z. This recurrence
is not difficult to solve: after some lengthy, but rather straightforward calculations

we compute that
3Hiteton
By (z) = ( a )
N —\1T1 1 :
5 + 1 + “ee + 27N

It remains to perform a limiting argument: for any sequence (ay),>1 as in the

statement, we have
N o
aias...ay < By <Z 21) .

n=1
This becomes the desired estimate in the limit. O

Sometimes the first approach fails. It happens quite often that the Bellman
sequence is extremely difficult (or impossible) to compute explicitly, however, its
limit version can be handled efficiently. Here are the details.

PROOF, THE SECOND APPROACH. We introduce the single Bellman function
B :R; — R given by

oo o0 2"7'
B(m):sup{Han: a;n:x}.
n=1

n=1

Now the key is that the Bellman equation becomes a functional equation for B.
Take any sequence (ay)n>1 and note that

) )
[Ian=ai]]an
n=1 n=2
[e’e] on [e'e) on [e's) on
G _ 0y _ﬂJrlZ(“nH)
n n n
n=1 2 2 n=2 2 2 2 n=1 2

Therefore, we see that

B(xz)= sup {a~\/B(T—a2)}.
a€l0,v/2x)

Now the analysis splits into two steps. First we need to solve the above equation,
and then check rigorously that it does yield the desired estimate.

I. Search for B. Note that the above equation does not have unique solution:
for example, B = 0 satisfies it. To find the formula for B, or rather guess it, we look
at the abstract definition. Note that the supremum in the definition of B is taken
over all sequences (a,)n,>1 with > 7, GQL = z. If we multiply a,, by A'/2", then
the total sum multiplies by A (and hence it is equal to Az). On the other hand, the
product multiplies by A/2+1/4+- = X\ and hence we must have B(\z) = A\B(z).
This implies that B should be a linear function: B(x) = cz. Let us go back to the
Bellman equation:

cx = sup ay/c(2x — a?).
a

We easily check that the supremum is attained for a = /x, so ¢ = 1. This gives us
the candidate for the Bellman function: B(x) = x.
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II. Verification. From the above construction, we know that B(x) = x satisfies
the Bellman equation. Therefore, for any sequence (a,)n>1,

0 2" a2 4 8
Z 1+—+—+
Pt 48

8 16 32
> ag\/B<a23+aZ+a§+ )

aS a16 a§2
:(Llagi/B(QS +%+ 5 +>

and so on; after a finite (say, V) number of steps, the sequence (a,,) stabilizes at 1,
so the arguments inside B become equal to 1. We thus obtain

0o on

a2
Z gn = 0102 -+ AN,

n=

which is the desired claim. (|
We conclude with another instructive example.

THEOREM 1.6. For any sequence a1, az, ..., a, of numbers belonging to [0, 1],

we have
H 1—ax) <1—Zak+ <Zak>

PrOOF. We rewrite the inequality in the form
HZ (1 —ar)
1= an+3 5 (k= 1ak)

and write down the associated Bellman function

xnzzl(l_ak)
B(xz,y) =su 2 (>
() p{l—(y+22_1ak)+é(y+22—1ak) }

the supremum taken over all n. We want to show that B(1,0) < 1.

The next step is to write the Bellman equation. We see that picking a; makes
x go to (1 —a1) and y go to y + a1: hence

B(z,y) = sup B(x(1 — a),y + a).
a>0

S <1

Now, as previously, we need to find the solution of this equation, and we start
with guessing. By the very definition of B, we have B(x,y) = zB(1,y) =: z¢(y).
Furthermore, if we plug a = 0, the supremum is attained: therefore,

d
~eBaw,9) + Byl,y) = 2 BG( - a)y+a) <0,
a=0
In the language of ¢, this means —z¢(y) + z¢'(y) < 0, or ¢'(y) < ¢(y). Assume
equality: we obtain p(y) = Ke¥. Thus we have constructed the candidate B(z,y) =
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Kxe¥. Tt is easy to check that it satisfies the Bellman equation: xze¥ > x(1—a)e¥™®
is equivalent to e=* > 1 — a. Now, if we put K = 1, then B(1,0) = 1; furthermore,
we have B(z,y) > z/(1 — y + y?/2) (a simple verification). Therefore,

1=DB(1,0) > B(1 —aj,a1) > B((1 —a1)(1 — a3),a1 + az) >
[Ty (1 —ar)

>B((1—ay)...(1—an),a1+...+an) > 5-

(=)t Y T et H )

O

This gives the desired claim.
We will continue the discussion on the case of infinite horizon in the next

section.
3. Problems
1. Prove the AM-GM inequality following the approach from Remark 1.3.
2. Prove that for any n > 1 and any real numbers a, aso, ..., a, we have
2 4 8 2n
aj ay  ag a, 1
aias an_2—|—4+8+ +2n+2n

3. Show that for any n > 2 and any positive numbers a1, aso, ..., a, we have

n

1 . n
Z > min < 1, .
14 ag 1+ (aray...a,) /"

k=1
4. Write down the abstract Bellman functions for the problems below and

identify the corresponding Bellman equations.
a) For any positive numbers a1, as, ..., ay we have

(1 + a1)(1 + a2) - (1 + aN) > (1 + (a1a2 N .aN)l/N)N.

b) For any real numbers ay, ag, ..., ay we have

n n 1 1/2 n 1/2
(a1+a2+.-.+ak>§<2n_zk> (Zﬁ) |
k=1

Z k k=1

k=1
c) Prove that if ay < a2 <...<a, and by < by < ... < by, then

(a1+a2+...—|—an)(b1+b2—|—...—|—bn)<n(a1b1+a2b2+...+anb )
., &y > 0 satisfy 1 + @2 + ...+, < 3, then

d) Prove that if 1, xs, ..
1
(1—x1)(1—x2)...(1—xn)2§.
e) Prove that for any ay, ag, ..., ay > 0 with
1 1 1
—4+—+4...+—=N
ai 2 an
we have ) 5 N
a3 a3 N 1 1
4+ =4+, . +=—2>1+4= —.
R R R R B e T
"'7aNab17

f) For any positive integer N and any nonnegative numbers a1, as,

ba, ..., by, we have
N N

n(b, — 1)(araz. .. an)l/” + N(aias ... aN)l/N < Z anby.
n=1

n=1
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g) Let 1 < p < oo. Then for any positive numbers aj, ag, ... and A, Ao, ...
we have the inequality

[ee] oo
A A A P P
Son, (MR ) (L2
P Mot A p-1) =
h) For any positive numbers a1, as, . ..,

i ay +ag+...+a, p< P pia”
n “—\p-1 e

n=1 n=1
5. Prove that for any positive numbers a1, as, ..., a, satisfying a; +as+...+
a, < 1 we have
alag...an(l—(a1+a2+...—|—an)) 1
(a1 +ag+...+ay)(1l—a1)(l—az)...(1—a,) — nntl’
6. Prove that for any positive numbers a1, as, ..., a, satisfying a1as...a, =1
we have )
n—1+a +’FL—1+CL2 +.“+n_1+an a
7. Prove that for any positive numbers a1, as, ..., a, we have
1 1 1 n "
1+ — 1+— ). (1+— ) >(1+ .
a1 as [e2% ar+ax+...+ay
8. Prove that for any positive numbers a1, as, ..., a,, b1, ba, ..., b, we have
atotta) _(a\t(w) fa)
bi+bo+...+b, /) ~ \ by bo b, )
9. Prove that for any positive numbers a1, as, ..., a, with a1 +as+...4a, =z
we have

1+z<(1+a)(14+a2)...1+a,) <e’.
10. Prove the following form of planar isoperimetry: for any polygon of perime-
2

ter p, its area is not bigger than Z—
s



CHAPTER 2

Optimal Control, Stochastic Case

1. Finite horizon

We start with a simple model, which will be modified and complicated later
on. Suppose that N is a given time horizon and &1, &, ..., &y is a sequence
of independent, identically distributed random variables taking values in some set
(S,S). Let (E,€&) be a fixed measure space (state space), let (U,U) be the set of
controls and let F': £ x U x S — FE be a given measurable function. We assume
that X is a random variable taking values in E and the model is evolving according
to the equation

Xm:F(Xm—17um7£m)7 m:17 2a"'7N'

Here u = (u,,)N_, is a strategy (a sequence of controls): we assume that for each
m, the function u,, = wm(xo,21,22...,2m—1) is a measurable map from E™ to
U. Sometimes, to indicate the dependence of X on the strategy, we will use the
notation X*“. If needed, we may also assume that the process X starts at time n
from some prescribed position X,,, which may be random or non-random.

As in the deterministic case, we introduce the functional

N
JN(XO’U) =E { Z gm(quilfl’um(X(q)i7X?’ S 7X71:171>) + T(X}ff)} )
m=1

which will be subject to optimization (we will restrict ourselves to maximization;
for minimization, the argumentation goes along the same lines). Here g,, and r are
measurable functions. Here we see the first important difference in comparison to
the deterministic case: the functional JV involves the expectation. Again, there
are two problems for the investigation: (i) to compute the value sup,, J (Xo, u)
explicitly, and (ii) to identify the controls uj, u3, ..., u} which yield this optimal
performance.

In the case of finite horizon, the dynamic programming turns out to be the
key approach again. For the further discussion, it is convenient to distinguish the
auxiliary operator 7%, which acts on bounded functions h : £ — R by

T"h(z) = Eh(F(z,u,&)) = E(h(X,) | Xn-1 = 2, up = u).

This action makes sense also for unbounded functions, even infinite, as long as the
expectation makes sense. Observe that if w is an arbitrary strategy, then
(2.1) ET*"h(X,_q) = Eh(X}).

THEOREM 2.1. Under the above notation, introduce the Bellman sequence By,
Bn_1, ..., By by By(z) = r(z) and the Bellman equation

Bno1(z) = sup (gn(z,u) +T"By(z)), n=N,N-1,...,1,
)

uel(z

13
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where U(x) is the class of controls permitted when the system is at the state x.
Then for any strategy u we have J™(Xo,u) < EBy(Xo). Furthermore, if there
exist measurable maps iy, Uso, ..., Uy such that for all x and n,
Byo1(x) = gnlx, iy (2)) + T @ B, (2),

then the strategy u, (Xo, X1,..., Xm—1) = i (Xm-1), m=1,2, ..., N, is optimal
and JN(X(),'LL*) = ]EBO(X(J)

PRrROOF. Fix an arbitrary strategy u. We have
EB, 1(X; ;) >E {gn(X:f—la Up) + Tuan(X:«f—l)} = Egn (X}, _1,un) +EB,(X)).
Consequently,

EBy(Xo) > Eg1(X§, u1) + EB1(X1) + E(g1(X§, u1) + g2( X1, uz)) + EBa2(X3)

N
>...>E { > gm(X;fl_l,um)} +EBn(XE) = JN(Xo, ).

m=1

The second part of the theorem follows from the fact that if the controls iy, s,
..., uy exist, then all the intermediate estimates above become equalities. ([l

As in the deterministic case, some comments are in order.
I. It follows directly from the above proof that the Bellman sequence is

N
By (z) = SupIE{ > g (X (X5, X0, X)) + r(X;V)},

m=n+1
where it is assumed that X,, = x and the controls u are restricted to the time set
{n+1,n+2,...,N}.

I1I. We have the following variant of the optimality principle: suppose that uj,
us, ..., uy is an optimal strategy for

N
JN(Xo,u) =E { > g (X un (X, XT X)) + T(X}g)} :
m=1

Let us split the time set {0,1,2,..., N} into two parts: {0,1,2,..., M} and {M +
1,M+2,...,N}. Then vy, i, uj o, - - -, ujy is optimal for the truncated functional

N

JN (Xar,u) =E { Z g (X1 um (X XT L X)) + T(X}f,)}
m=M-+1

and the optimal value is equal to EBjs(Xy). The remaining part uf, u3, ..., uly,
of the strategy is optimal for the modified functional

M
J"(Xo,u) =E { > (X8 ) + BM(XM)} :

m=1
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1.1. An example. Consider the following system: X, X1, ..., X, is given
by Xo = 1 and at m-th step, the control w,, € {0,1} acts as follows. If u,, = 0,
then X,, = 2X,,_1; if u,, = 1, then X,, is equal to 0 or X2, with probability 1/2.
We will compute the value sup, EXy and identify the optimal strategy.

To express the problem in the above language, let &1, &9, .. ., £n be a sequence of
independent random variables with the distribution P(§; = 0) = P(§; = 1) = 1/2.
We let

Xm:F(melvum,gm)v m:]-v 27~~'7Na

where F(z,0,s) = 2z and F(z,1, s) = sx?>. We see that the optimized functional is
of the above form, with g,, = 0 and r(x) = 2. Hence, we may make use of the above
machinery; note that X takes values in E = {0,2,4,8,...}, and in the calculations
below we assume that z belongs to this set. Take the Bellman sequence (B,)Y_,
setting By (x) = « and

B,_1(z) = max T"B,(z), n=N,N-1,..., 1,
ue{0,1}

where
1 1
Th(z) = h(2z), and T'h(z) = 5/1(0) + ih(mz).
We start the computations. We have T By (z) = 22 and T'By(z) = 2%/2, so

2x if z <4,

By-i1(z) = max{2z,2°/2} =
N—1(z) = max{2z,2/2} {x2/2 it 2> 4.

To find By_o we proceed analogously, checking that

4  if 20 <4
T°By_ = Bn_1(22) = -
N-1(2) = By-1(22) {23;2 if 22 > 4
and
B () 1B (0)+1B (2?) 22 if 2% < 4,
_1(x) = =Bn_ —Bny_1(z%) =
N-1 5 PN-1 g PN-1 %4 22> 4
Hence

By_2(z) = max{T°By_1(z), 7' By_1(z)} = {4

Arguing similarly, we compute that

0 ) oN-ntly if o < 2,
B, 1(z) = max{T"B,(x),T" B,(z)} =< ,N-nt1

the maximal value coming from T°B,,(x) for < 2 and from T'B,(z) for > 2.
Consequently, we see that sup, EXy is equal to EBy(Xo) = 2%V and the optimal
control is given as follows: as long as the process does not exceed 2, use the control
0; otherwise, apply the control 1.
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1.2. Another example. Let &1, &, ..., En be a sequence of independent
random variables with the distribution given by P(§; = 0) = P(§; = 8) = 1/2.
Suppose that (X,,))_, is a sequence satisfying Xo = 1 and

Xm:umfm'Xm—la m=1,2,..., N,
where u,, € [0,1] is a control at m-th step. Assume that we are interested in the
supremum

N
sup J(Xo,u) = ]E{ > 2 /1 = ) X1 + 2N\/2XN}.

m=1
We start with the definition of the operator 7. For any function h : [0, 00) —
[0, 00), we have

TUh(z) = Bh(F(z,u,6)) = Bh(ué12) = %h(@) + %h(&w).

We are ready to study the associated Bellman sequence. We let By (x) = 27 V/2x
and, for any 1 <n < N,

By_1(z) = sup (gn(z,u) +T“B,(z)) = sup (27""'\/(1 —w)z +T"B,(z)).
u€[0,1] u€(0,1]

Hence,
1
By_1(xz) = sup <2N+1\/ (1 —u)x+ 3 27Ny 16um>
u€[0,1]

=27 Nz sup (VI—u+ V) =2V,

u€(0,1]

the supremum attained for u = 1/2. Generally, we prove by a simple induction,
using the same calculations as above, that B, (z) = 27"\/2z. Therefore, by the
above theorem, JV (X, u) < EBy(Xy) = v2. Equality holds if and only if u; =
u2::uN:1/2

1.3. Yet another example. Let 7, 72, ..., 7y be a sequence of indepen-
dent random variables such that 7, has the uniform distribution on [0,u,], n =
1,2, ..., N. The purpose is to find optimal controls u; which maximize the expec-
tation

1
E{max{nl,ng,..., NN} — §(u1 + ug +...+uN)}.

To analyze this problem, we modify the variables so that they have the same dis-
tribution: let &; = n;/u; ~ U(0,1). Next, let Xy = 0 and set

X = max{ X1, Um&m}, m=1,2,..., N.

Then the problem is to analyze sup,, IE{ - %(ul +us+...+un)+ XN}, which falls
into the scope of the above approach. The associated operator T" is given by

T“h(z) = Eh(max{z,ué,}) = i/ou h(max{z, s})ds.

We are ready to introduce the Bellman sequence. Put By (z) = = and

U
Bn—l(z) = Sup{ - 5 + TuBn—l(x)}'
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We check that

e if u <
T“By(z) = Emax{z,u& } = a/ max{z, s}ds = {i2+x2 1fz ; ia
0 2u

and hence the function

_uofu<
_E +TuBn71<.'IJ): 2E2 2 %U_-Ta
2 5 ifu>zx

is decreasing on (0, 00). Consequently, the supremum defining By _1(z) is attained
in the limit v — 0 and By_1(z) = 2. Repeating the calculations, we obtain that
B, (z) = z for all n, and hence in particular

1
supIE{ — §(u1 +us+...+un) JrXN} <EBy(Xp) =0.

Clearly, we have equality here: it suffices to take small controls uq, us, ..., uy to
obtain quantities as close to zero as we wish.

REMARK 2.2. Theorem 2.1 can be generalized in many directions. Let us
discuss briefly two possibilities here.

(i) It is easy to extend the approach to the case in which the variables &; do
not have the same distribution: this forces the operator 7" to depend also on the
number of the step.

(i) Another important example concerns the case in which (&,),>0 is a time-
homogeneous Markov process. Then all one needs is to consider the larger governing
process (X, &n)n>0: all the remaining arguments are the same (the role of ¢ is
to provide the initial distribution). That is, one considers the larger state space
E = E x S and introduces the operator T acting via

Tuh($7 S) = ]E(h(Xnagn) ‘anl =T, U, = U, & = 5)

Then the theorem above remains valid, one just needs to replace x with (z,s) in
all the relevant places.

1.4. An example. Consider the Markov chain £ on {0, 1}, starting from 0,
with the transition matrix given by

e[t ]

Let (X)), be given by Xy = 1 and evolving according to
Xm - ume—lgm + (1 - um)Xm—l(l - €m)7
where the controls u,, are arbitrary numbers from [0, 1]. We will study the quantity

supIE(XN +€N).

Our starting observation is that we need to enrich the state space: the controlled
process must be taken to be ((X,,&,))_, € R x {0,1}. The Bellman sequence is

B,(x,s) = Slip {IE(XN +&n) (X0, &n) = (9:,5)}, n=20,1,2,..., N.

We clearly have By(x,s) =« + s and the following recurrence holds:
B,—1(x,8) =supT"B,(x, s), n=12 ..., N.
u
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Note that

3h((1 = u)z,0) + fh(uz,1) if s=0,
1h((1 —u)z,0) + 3h(uz,1) if s=1.

Thus we compute that

3 1 1 3
T“Bn(z,0) = 1(1 —u)x + z(ux +1), T"By(z,1) = 1(1 —u)x + z(ux +1),

and hence

3 1 3 3
BN_l(x’O):Zx+Z7 BN_l(a?,l):Zl'—FZ,

and the optimal controls are uy = 0 and uy = 1, respectively. A similar calculation
shows that

3\ 2 6 3\ 10
By_2(x,0) = <4) x+ 16’ By_a(z,1) = (4) x+ 6

and the optimal controls are uy_1 = 0 and uy_; = 1, respectively. The above
formulas suggest that

3 N—n 3 N—n
B, (z,0) = (4) T+ an, B,(z,1) = (4) x + by,

for some sequences (a,)Y_, and (b, )_, to be found. Assuming this form for n and
arguing as above, we compute that

N—n+1 3 1
B, _1(z,0) = (4) T+ Za” + an

and

N—n+1 1 3
Bn— ,1 =\ - Un “n
1(x, 1) (4) x+4a —|—4b

(with optimal controls equal to 0 and 1, respectively), so that a,—1 = %an + ibn
and b,_1 = ian + %bn. We have the initial conditions ay = 0 and by = 1, so
solving the above recurrence gives

B 1 1 N—(n—1) , 1 N—(n—l)—’—1
n=35"\2 ’ n=\2 2

Thus, the supremum we are interested in, is equal to

3 N+1 1 1 N+1

The optimal strategy is as follows: for any n, if we have (X,,,&,) = (, s), then the
control u, 41 is equal to s.

REMARK 2.3. As the above examples show, the only relevant information for
the solution is carried in the family (T%),cy of operators.
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2. Infinite horizon

Now we will turn our attention to the case in which the controlled process
consists of infinite number of variables. The first natural approach to this type of
problems is to consider the truncated, finite-horizon version, and then let with the
size of the horizon to infinity. For the sake of convenience, let us start with applying
Theorem 2.1 to the special functional

N
(2.2) JN(Xo,u) =E { > (X1, ) + “YNT(XN)} :
m=1

where y > 0and ¢ : ExU — Ry, r: F — R, are measurable functions. Then
the assertion can be expressed in a simpler manner. Define the auxiliary operator
A acting via

(2.3) Ah(z) = sup (q(z,u) +~yT"h(z))
u€eU(x)

when J is subject to maximization, and

(2.4) Ah(z) = ueu{}%r) (q(z,u) +yT"h(z))

otherwise. In what follows, A7 will stand for the j-th iteration of A, and we set A°
to be the identity operator.

THEOREM 2.4. The Bellman sequence (B,,))_, is given by

n=0
By (z) =" AN " (), n=20,1,2,..., N.

Furthermore, if (t,)N_, is a sequence of measurable functions from E to U such
that for any n and any x € E we have 4, (x) € U(z) and

AN (1) = q(z, G (2)) + AT @ AN =D (),
then the strategy (i (xg), ta(x1),...,an(xN_1)) is optimal.

We are ready to discuss the optimal control for the infinite horizon. Let us
describe the setup. We keep the notation from the beginning of the case of finite
horizon; the evolution of the sequence X is given by

Xm:F(meluum7§m)7 m:]., 2,

We are interested in the optimization of the functional
(oo}
'](X07 U) = JOO(X07 U) =E Z Vmilq(X':jL—lv um(XéLa Xiuv X;7 s 7X#L—1))7
m=1

where ¢ : E x U — R, is measurable and u,,’s stand for the strategy. Let us em-
phasize here that ¢ is a nonnegative function, which does not depend on m. A little
thought reveals that this time-homogeneity condition is plausible: without it, one
should not expect any regularity of the problem. As we shall see, this will imply
the following intuitive fact: the terms of the strategy u = (u(xq), u(z1),...) will not
depend on time. In contrast to the case of finite horizon, the arguments for mini-
mizing and maximizing J°° will be a little different: because of the nonnegativity
of ¢ (which is needed in our considerations), the situation is not symmetric.
Recall the operators A given by (2.3) and (2.4), recall also that

T*h(x) = E(F (z,u, %))
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makes sense also for h taking infinite values, as long as the expectation is well-
defined. The initial observation is that the operators A are monotone: for any
hi, ha : E — Ry U {oo} with h; < hy we have Ah; < Ahy. Let 0 denote the
function on E identically equal to zero. Since ¢ is nonnegative, the functional
sequence (A™(0)),,>0 is monotone and hence the pointwise limit

boo () = li_)m A"(0)(z), r e E,

exists. Let us emphasize here that b, is allowed to take infinite values. The use of
function 0 is clear: the truncation of J*° is

N
']N(X()au) =E { Z meIQ(Xm—lyum)} ,
m=1

which is (2.2) with » = 0. The basic results are formulated in two theorems below.

THEOREM 2.5. Suppose that J°° is the cost functional (i.e., it is subject to
minimization). Then for any x € E and any strategy u we have

boo < Aboso (), boo () < J®(x,u).
Furthermore, if for any x € E we have
boo () = Aboo () = ¢(@, oo (7)) + 7T bog (),
then the strategy u* = (Uoo(Z0), Uoo(T1), - ..) is optimal.

PrOOF. We have A"(0) < by, and hence, by the monotonicity of A, we get
A"T1(0) < Abs. This yields b, < Abs, by passing to the limit. Next, using
Theorem 2.4, for any strategy u and any starting point z we have

00
E Z rym_lq(X;:L—h Um(Xg7 e 7X71:L—1))
m=1

N
>EY " (X um (X, X)) = AN (0) ().
m=1

This gives J>(z,u) > AY(0)(z) and hence, letting N — oo, we get boo(z) <
J*°(u,x). To show the second half of the theorem, note that

*

N
TN (@) =B /" a(Xpn oo (X 1))
m=1

N
=" { 3 (X (X)) + W%(Xﬁ*)}
m=1

= ANboo(x) = boo (),

since Abso = boo. Letting N — 0o gives J®(z,u*) < by and hence equality holds
(we proved the reverse estimate a moment before). This proves the optimality of
the strategy. (]

THEOREM 2.6. Suppose that we are interested in mazximizing J°°. Then for
any x € E and any strategy u we have

boo () = Abso (), boo () > J(x,u).
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Furthermore, if for any v € E we have

boo = Aboo () = q(2, oo () + YT @b (z)
for some strategy u* = (Uoo(T0), Uoo(X1), .. .), then this strategy is optimal, provided
(2.5) Jim ErvVboo (X3 ) = 0.

PrOOF. We first show the equality by, = Aby,. Note that b, < Aby, by the
monotonicity of A (see the proof of the previous theorem), and hence it is enough
to establish the reverse bound. To this end, note that

A"H0) = sup (g(z,u) +4T"A"(0)(x))
weU (z)
2 q(z,u) + 7T A" (0)(x)

for any z € F and any u € U(x). Hence, passing to the limit (and using Lebesgue’s
monotone convergence theorem) we get boo(z) > g(z,u) + YT"boo(x). Take the
supremum over u to obtain by, > Abs.

Next, we will prove that for any strategy u we have by, > J°(x,u). This
follows from the finite horizon: for any N and any starting point x € E we have

N
B> 7 (X0t (X, X)) < AV (0)(2) < booa),
m=1

and letting N — oo gives the claim. Finally, to show the optimality of the strategy
u in the statement, it is enough to prove that J°(z,u) = b (z) for all x € E.
Consider the modified functional

N
TN (z,u) =E { oK ) + vaoo(X}G)} :
m=1

By (2.5), we have J*(x,u) = limy oo JV (2, u). However, Theorem 2.4 combined
with Abs, = by yields JV (z,u) = b (). Plugging this into the preceding equation
gives the assertion. g

REMARK 2.7. The following example shows that the equality Ab,, = b
need not hold in general; the example below concerns the case of cost functional.
Consider a Markov process on the state space E = {(j,k) : k = 1,2,...,j =
1,2, ..., k} and let U = {2,3,...}. The transition probabilities are given by

p ((1,1)7(1,’&))25, p ((171)7(171)):1_E»
and p*((k, k), (k, k) = 1, p“((3,k),(j + 1,k)) = 1 for k > 2 and j < k— 1. For
x=(j,k) € Eand u € U, let

1 ifj<k
) = .7 k ) = ’
q(z,u) = q((j, k), u) {0 = k.
Furthermore, we assume that the discount factor ~ is equal to 1. We compute
directly that
A™(0)(1,k) = min{n, k — 1} fork>2,n=1,2...

and
AM0)(1,1) =0, n=1,2,....
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This implies by (1,k) = k — 1 for k > 2 and by, (1,1) = 0. On the other hand,
u—1 1
= 5 #bac(1,1).
To solve the problem, note that for any strategy u we have

J((1,1),u) = i(uo -1)+ <1 - 1) i(u1 -1+...

Abso(1,1) = inf

u>2 u

Uuo uo Ui
1 1 1
A T
Ug (N U1
which is minimal (and equal to 1) for ug =u; =us = ... = 2.

The second method of handling the infinite horizon is to search directly for the
optimal value of the functional

JZ(Xo,u) =E { > Vm1Q(X%_1,um(X#@_1))} :
m=1

Suppose that we are interested in the maximal value of .J°°. Then we introduce the
Bellman function b(z) = sup,, J*°(x, u) and apply the standard recursive argument
to obtain the equation

(2.6) b(z) = Ab(z) = sup {q(z,u) +yT"b(z)}

(note that this equation appears in both Theorems 2.5 and 2.6 above). Now a
natural idea is to search for the solution of this equation; once we find it, we may
hope that it is indeed the desired extremal value of J*°(z,u), and the optimal
controls are those for which equation in (2.6) holds. However, there are some
drawbacks: as we have already seen in the deterministic case, the solution to (2.6)
may not be unique. In practice, having constructed some solution, we need to prove
rigorously that this candidate does coincide with the Bellman function in question.
Here is the idea. Suppose that some function b satisfies the equation

b(z) = Ab(z) = sup {q(z,uv) + WT”B(x)}

Then for any strategy u = (Um)m>1, With Uy, = um (Xo, X1,..., X;m_1) (note that
now we allow the dependence of u,, on the past values of the process!) we have

b(Xy, 1) = a(Xp 1, um)) + YEB(X ) [ Xm—1),
which gives
E{y"1B(X 1) = 7"b(X0) } 2 By g(Xmor, um) }-
Consequently, for any N we obtain
Eb(Xo) > vNEW(XR_1) + IV (Xo,u).

In addition, the above inequality may be as close to equality as we wish, by a proper
choice of controls. If for any such optimal, or almost-optimal strategy u the first
expectation on the right converges to zero as N — oo (compare this to (2.5)), we
obtain
Eb(Xo) > J>(Xo,u),
and equality is attained asymptotically.
Let us consider concrete examples.



2. INFINITE HORIZON 23

2.1. Example. We will solve the optimal control problem

SupEi VU,

m=1
where the system is driven by the process (X,,),>0 satisfying X, =1 and
Xm = (Xm_l - Um)fm, m = 1, 2, e

Here u,, € [0, X,,—1] and &1, &, ... is a sequence of independent, identically dis-
tributed random variables with P(§,,, = 0) =P(¢,, = 1) =1/2.

We will present two possible approaches to this problem.

Method 1. Approzimation. Consider the associated operator

Ah(z) = sup {Vu+Eh((z —u)é)} = sup {\/a—k %h(O) + %h(u - x)} .

u€l0,x] u€(0,x]

We compute that

A(0)(z) = sup Vu=+x

u€[0,z]
and

A2(0)(x) = sup {ﬁ+;m}—\/5\/5,

w€e[0,z] 2

with equality attained for u = 4x/5. This suggests that A™(0)(z) = any/x for
some deterministic sequence (an)n>0, with ag = 0, a1 = 1. Repeating the above
argumentation, we check that this is indeed the case and (ay)n>o satisfies the

recurrence
a2
n

Apt1 = 1+—4, n=20,1,2,....

A straightforward analysis shows that this sequence increases to 2/4/3 in the limit;
hence, we have b (2) = Z=+/z. It follows from Theorem 2.6 that

1
boo (1) = Abso () = uzl[g)x] {\/ﬁ + §boo(m - u)} ,

and by the above calculation, equality is attained for the control v = 3z /4. For
this control, we easily check that the condition (2.5) holds (we have X | 0 almost
surely) and hence Eby (1) = 2/4/3 is the desired optimal value of the functional.

Method 11. A direct search for the Bellman function. The starting point is the
abstract formula

b(x) =supE lz Vim » Xo ==

m=1

and the associated equation

1 1
(2.7) b(x) = Ab(x) = sup {\/ﬁ—&- =b(0) + sb(x — u)} .
u€[0,z] 2 2
By the very definition, we have b(0) = 0, so the equation reduces to

(2.8) b(r) = sup {\/ﬁ+ %b(a: - u)} :

w€e[0,z]
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How to find a solution to this equation? They key is to go back to the abstract
definition of b. In principle, there are two possible methods. The first rests on
exploitation of some inner homogeneity hidden in b. In our case, observe that there
is a one-to-one correspondence between sequences X starting from x and controlled
by u, and sequences X starting from Az and controlled by Au: all that is needed,
is to divide/multiply the sequence and controls by A. Consequently, by the very
definition of b, we obtain
b(Ax) = VAb(),

so that b(z) = ay/x for some parameter o > 0 to be found. Plugging this into the
Bellman equation (2.7), we see that a = 2/+/3.

It remains to verify rigorously that b is the desired optimal performance of the
functional. We have

b<Xm71) Z V Um + E(b(Xm”mel)v
with equality for u,, = 3X,,_1/4. Hence Eb(X,,—1) — Eb(X,) > /tum, so

N
b(1) = Eb(Xo) > Eb(Xy) + Y v/tim.-

Letting N — oo we get b(1) > J*°(Xp, u). It follows from the above considerations
that equality holds for the strategy (3Xo/4,3X1/4,3X5/4,...).

The second method of the search for b is to guess directly the optimal control, or
at least the shape of the optimal control. In our case, is seems plausible to assume
that the optimal controls u,, are given by 5X,,_1 for some (unknown) constant
B € (0,1): it is best to obtain X,, by “cutting oft” the same proportion of X,,_;.
For such strategy, we have X,,, = (1 — 8)X,;—1&m and X, = (1 — B)™&1&s ... &m
for each m. Then

1 B (m—1)/2
BV = (50)/2(1 - )"V 2(EyE) = (90 (1)
and the value of the Bellman function at x is

(m—1)/2
o (1-8 Bz
Z 12( ) T 1-Ja-p/a

The largest value of this expression is attained for 8 = 3/4. Pugging this choice
above, we get the conjecture

m=1

b(x) = %

Having obtained the candidate, we need to check that it works: this is done by
showing (2.8) and repeating the above argumentation.

2.2. Another example. The following deterministic problem may serve as a
warning. We will study the quantity

where Xy = 1 and X,,, = Xm_1 — Uy, m = 1,2, .... Here the controls u,, are
arbitrary real numbers. Obviously, the above supremum is equal to infinity: we
may take u,, = —X,,_1 + 2™ for all m, which makes the sum divergent.
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On the other hand, the Bellman equation reads

b(x) :sup{m+u _|_1b(x—u)}.
u€R 2 2

Note that b(z) = x solves this equation; arguing as above, we obtain

me m
2y ( X pq) — 27B(X) > 20 %
which leads to
1=0b(1) =b(Xg) > 27 Vb(Xn) + 2TV (Xo,u) = 27V X + 2TV (Xo, u).

The point is that there is no argument which would allow to discard the term
2-N X and let N go to infinity; there is no control over the sign of X,.

For didactic reasons, let us modify the above problem, allowing u,, to belong
to [0, X;,—1]; this will make the sequence (X,,) decreasing and nonnegative. Then
the limiting argument clearly works and gives J*°(Xg,u) < 1/2 for any u. Actually,
equality holds for any strategy: indeed,

22_ m 1+um ZZ_szm 1= X
m=1 2
1= 1, N 1
== § (21 YLmel - 2 me) - 5.

m=1

2.3. An inequality for Rademacher variables. Suppose that €1, 2, ...
is a sequence of independent Rademachers. We will show that for any random
variables a1, ag, ..., with a,, depending on ¢y, €9, ..., €y,—1, we have

N
1
<SEY ai+g  N=012...

To this end, we put the problem into the framework developed above. Let X
S anén; thus, (X,),>0 is governed by the conditions Xo = 0 and X,, = X,,,_1+
AmEm, and (am)m>1 1s a strategy to be optimized. We rewrite the inequality in the

form
N 1
iI;fE{z:lai — |XN|} > T

Because of the appearance of the term |X x|, we should try to solve this problem
using the finite horizon approach. So, fix N and define the associated Bellman
sequence

N
B, (z) = infE Z ai—|XN|‘Xm::E]7 m=0,1,2,....
@ n=m-+1
Then By (x) = —|x| and we have the Bellman equation

B,_1(x) 1nf{a + E(Bn(X,)| Xn-1=2)}

1
=inf<a® + an(x—a)—l—an(a:—&—a) .
a 2 2
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The drawback is that the computations become involved: one checks that

—Lif 2] <1/4
Bn_ = 4 - ’
3-1(e) {x| if Jo] > 1/4,

in general, B, is a piecewise linear function, with quite a complicated formula.
It turns out that the infinite horizon approach works efficiently here. We start
with the Bellman equation

(2.9) b(x) = ilgf {a2 + %b(az —a)+ %b(:c + a)}

and search for b (or rather, for a candidate for this function). This search might
be informal, as the obtained candidate will be rigorously analyzed later. As in
the deterministic setting, we write down the infinitesimal version of this condition.
Namely, for any a we must have

b(z) < a®+ %b(w —a)+ %b(z +a),

or equivalently,
b(x —a) 4+ b(z + a) — 2b(x)

2a2 '
Letting a — 0 (and assuming that b is of class C?), we see that b must satisfy
b’ (x)+2 > 0. Assuming equality and noting the obvious symmetry of the function
b, we see that b(z) = —2% + ¢ for some constant c. This is our desired candidate.

0<1+

We start the verification. Regardless of the value of ¢, the function b evidently
satisfies (2.9): the expression in the parentheses is constant as a function of a.
Therefore, for any n we have

b(Xn-1) < ap +E(b(X0)[ Xp-1),
so Eb(X,,_1) — Eb(X,) < Ea? and
N
¢ =b(0) = Eb(Xo) <Eb(Xy)+E D al.
n=1
However, we have the pointwise inequality b(x) = —22 + ¢ < —|z| + % + ¢, which
plugged above yields

N
1
cg—E\XNH—EZai—i—z—i—c.

n=1

This is the claim.

3. Problems

1. We roll a dice at most four times; at each time we may take the number we
have just obtained and stop. Find the strategy which yields the largest expectation.

2. The urn contains IV black balls and three white balls. We draw balls without
replacement, one at a time, and after each draw we may decide to stop. Having
stopped the procedure, we obtain the reward, which is equal to 0 if we picked a
white ball during the process; if we only drew black balls, then the reward is equal
to the number of black balls. Find the strategy which maximizes the expected
reward.
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3. We have a four-faced dice, with numbers 0, 1, 2 and 3 on its faces. We roll it
N times; before each time, we decide (control) whether the outcome we will obtain
will be added, or multiplied by the number collected so far. Find the strategy which
yields optimal expected return.

4. A farmer annually produces X units of a certain crop and stores (1 —
ug+1)Xp units of his production, where 0 < ugy; < 1, and invests the remaining
Up+1Xp units, thus increasing the next year production to a level X, given by

Xi+1 = Xk + Wiprup41 Xg, k=0,1,....,N -1
The scalars Wy, are bounded independent random variables with identical probabil-
ity distributions that depend neither on Xj nor on uy. Furthermore, EW, = w > 0.

The problem is to find the optimal policy that maximizes the total expected product
stored over N years:

m=1

E{XN + zN:(l _um)Xm—l} .

5. Consider the problem

N
supE {—5 exp(—yXn) — Z exp(—vum)} )
m=1

where wu,, are controls taking values anywhere in R, § and ~ are given positive
numbers, and where
Xnt1=2Xn — Uns1 + Vayr, Xo given.
Here V,,4+1,n=0,1,2,..., N — 1, are identically and independently distributed, and
K :=Eexp(—Vy11) < 0.
6. Solve the problem

N
sup]E{Z 2/Up, +aXN},
m=1

where u, > 0, a > 0, Xg > 0 and X, 11 = X, — upy1 with probability 1/2,
Xp+1 = 0 with probability 1/2.

7. Solve the problem

N
supE{Z(l—um)Xm1}7 Xo =1,

m=1
where u, € [0,1] and
Xnt1 = Xp +upp1 X + Viga,
where V,,;+1 > 0 is exponentially distributed with parameter .
8. Consider the problem

N
sup E { > {0 = un) X2y =} + 2X]2V} :
m=1

subject to
Xn-i—l = uTL-’rlXTL‘/;L-‘rl) (S [07 1];
where V11 = 2 with probability 1/4, V,,11 = 0 with probability 3/4.
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9. The capital of the investor at time n is equal to X,. At each time, the
investor splits its capital, devoting ¢, € [0, X,,] to consumption and investing the
remaining X,, — ¢,, using two types of instruments. First, he puts b, (X,, — ¢,,) into
the bank, with the return interest equal to 1+r; for the remaining (1—b,)(X,, —cy),
he buys risky shares, for which the return is random and equals 1+ ¢,,. We assume
that &, &, ..., &y are independent and identically distributed random variables,
with P(§¢ > —1) = 1. Maximize the functional

N-1
E { >yt +7NwX?G} ,
n=0
where v, @ € [0,1] and w > 0 are given parameters.
10. Solve the problem

supE { >y (—un, - anl)} :
m=1
where u,, € R, v € (0,1) and (X,,),>0 is governed by the recurrence
X = X1+ Um +&m, m=1,2,....

Here &1, &5, . . . is a sequence of independent identically distributed random variables
with E&,, = 0 and E¢2, = o2.
11. Solve the problem

supE { Z B (Inuy, + lnXml)} ,
m=1

where Xo > 0, X;;, = (Xm—l - um)£m7 Um, € (Ova—l)a B e (0, 1) and &1, &2,

... 1is a sequence of independent, identically distributed random variables satisfying

[Elné&,| < cc.

12. At time n, a salesman has X,, € [0,1] tons of sugar; let &, denote
the demand for the sugar at that time. At time n, the salesman places the or-
der u,1 for the sugar, which is realized at time n + 1; we assume that u,41 €
[— max{X,, —&,,0}, 1 —max{X,, —&,,0}]. The cost at time n consists of two parts:
the insufficiency cost max{¢{,, — X,,,0} and the storage cost c¢X,. Find the optimal
strategy for the finite and infinite horizon, with the discount factor v € (0, 1).

13. Consider a Markov chain (X,,),>0 on {0, 1}, starting from 0. We assume
that for each n, the transities are given by
P(X,=1X,-1=0)=1, PX,=0X,-1=1)=u,=1-P(X,,=1|X,,-1 =1.

For a given v € (0,1), find the strategy u which minimizes the cost functionals
E Z S RRVATRS U5 S E Z YNV + D gx, =1}
n=1 n=1

14. A king moves randomly across the chessboard of dimension N x N it starts
at the upper-left corner and stops at the down-right corner. At each step, we may
decided whether the king moves vertically or horizontally (having determined the
direction, the king moves, picking the neighboring fields with equal probability).
Find the strategy which minimizes the average number of moves.
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15. Counsider the symmetric random walk X over integers, starting from O.
At each time n, we may perform an action w, € {0,1}; the choice u,, = 0 does
nothing, while u,, = 1 forces the walk to decrease by 1. For a given v € (0, 1), find
the strategy which minimizes the functional

%)
Z ’yn71 (un + 1{max0§c§n_1 Xk21})

n=1






CHAPTER 3
Optimal Stopping Theory

1. Martingale approach: description

In the optimal stopping theory, one distinguishes two techniques: the mar-
tingale approach and the Markovian approach, the purpose of this section is to
describe the first of them.

Suppose that (2, F,P) is a given probability space, equipped with a filtration
(Fn)n>0, i-€., a nondecreasing family of sub-c-algebras of F. Let X = (X,)n>0
be an adapted sequence of random variables, i.e., we assume that for each n > 0
the random variable X, is measurable with respect to F,. Our objective will be
to stop this sequence so that the expected return is maximized. The stopping
procedure is described by a random variable 7 : @ — {0, 1, 2, ...}, which returns
the value of the time when the sequence (X,,),>0 should be stopped. Clearly, a
reasonable procedure decides whether to stop the sequence at time n is based on
the observations up to time n; this means that for each n we have

{r=n}eF, for each n > 0.

The random variable 7 satisfying the above condition will be called a stopping time.
Let us put the discussion into a more precise framework. The optimal stopping
problem concerns the study of

(3.1) Vo =supEX,

where the supremum is taken over a certain family of adapted stopping times 7
(which depends on the problem). We should point out that the study consists of
two parts: (i) to compute the value V as explicitly as possible; (ii) to identify the
optimal stopping time 7, (or the family of almost-optimal stopping times) for which
the supremum Vj is attained.

The first problem we encounter concerns the existence of EX,, to overcome

which we need to impose some additional assumptions on X and 7. For example,
if

(3.2) Esup | X,,| < oo,
n>0

then the expectation EX. is well defined for all stopping times 7. Another possi-
bility is to restrict in (3.1) to those 7, for which the expectation exists. One way
or another, we should emphasize that in general, this obstacle is just a technicality
which is easily removed by some straightforward arguments (which might depend
on the problem under the study). For the sake of simplicity and the clarity of
the statements, we will assume that the condition (3.2) is satisfied, but it will be
evident how to relax this requirement in other contexts.

31
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So, let us assume that the supremum in (3.1) is taken over the family M of all
stopping times 7. A successful treatment of this problem requires the introduction,
for each n < N, the smaller family

MY ={reM:n<7 <N}

We will also write MY = M} and M,, = M°. These families give rise to the
related value functions
(3.3) VN = sup EX,,

TeEMNY
and we will use the notation V¥ = V¥, V,, = V> and V = Vg°. The primary
goal of this section is to present the solution to (3.3) with the use of martingale
approach.

Before we proceed, let us mention that the above problem can be put into the
general framework of optimal control: we observe the sequence (X,,),>0, term by
term, and at each time we can perform two actions (controls): stop the observation
and take the last variable, or continue. Perhaps the new feature is the lack of any
additional structure of the sequence (X, ),>0 (which was previously expressed in
terms of the evolution function F').

1.1. Martingale approach: finite horizon. If N < co (the case of “finite
horizon”), then the problem (3.3) can be easily solved by means of the backward
induction. Indeed, let us fix a nonnegative integer N and try to inspect the value
functions as n decreases from N to 0. If n = N, then the class ML’ consists of
one stopping time 7 = N only and hence the optimal gain is equal to Xy (and
VY =EXy). If n = N —1, then we have two choices for the stopping time: we can
either stop at time N — 1 or continue and stop at time N. In the first case our gain
is Xn_1; in the second case we do not know what the random variable Xy will
be, so we can only say that on average, we will obtain E(X y|Fn_1). Therefore, if
Xn-1 > E(XnN|Fn-1), we should stop immediately; otherwise, we should continue.
For smaller values of n we proceed similarly. More precisely, define recursively the

sequence (BY)o<n<n, representing the optimal gains at times 0, 1, 2, ..., N, as
follows:

BY = Xy,
(3.4)

BY = max{X,,E(BY,|F.)}, n=N-1,N-2 ...
The above discussion also suggests to consider the family of stopping times
(3.5) N =if{ke{n,n+1,..., N} : BY =X},
forn=0,1,2,..., N.

THEOREM 3.1. Suppose that N is a fized integer and the sequence X = (Xz)N_
satisfies Emax, <p<n |Xi| < co. Consider the optimal stopping problem (3.3) and
the sequence (BY)I_, . defined by (3.4).

(i) The sequence (BY)N_ is the smallest supermartingale magorizing (Xx)i_, .

N
In addition, the stopped sequence (BiVNAk) 18 a martingale.

(ii) For any 0 <n < N we have, with p;o%ability 1,
(3.6) BY > E(X.|F,) for any T € MY,
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(iii) The stopping time 72 is optimal in (3.3) and any other optimal stopping
time T, satisfies T, > T,]LV almost surely.

ProOOF. (i) The supermartingale property and the majorization follow directly
from the definition of the sequence (BY)N_ . If (BY)N_ is another supermartingale
majorizing (Xk)kN:n, then the desired inequality B,JCV < B{CV almost surely, k =
n,n+1, N+2, ..., N, can be proved by backward induction. Indeed, the estimate
is trivial for K = N (we have BY = X < BY, by the majorization property of B),
and assuming its validity for k, we see that

BN | > max{X;_1,E(BY|Fr_1)} > max{X,_1,E(BY|Fe_1)} = BY ;.

So, it remains to prove the martingale property of the stopped process (BivN/\k) .
n =n

We compute directly that
E B%/\(k—}-l) ‘]:k} =F [BZLVA(ICH)I{T%VSH |]:k} +E [Bi\é,v/\(kﬂ)lﬁfﬂv} \Fk}
= E [ BN lpysh | ] +E Bl liysn | il
= By <iy + Lrasiy B [Bi [ Fi] -
However, on the set {72 > k} we have B} > X}, and hence By = E(B},,|Fk).
This shows the identity E [ B, 1) | Fr| = B Liryveny L rron BY = B
and part (i) is established.
(ii) This follows at once from (i) and Doob’s optional sampling theorem.
(iii) Taking the expectations in (3.6) and (3.7) gives EX, < EB}Y = EX,~ for
all 7 € MY showing that 7Y is indeed the optimal stopping time. Suppose that 7.
is another optimal stopping time. Then Bﬁ = X,, almost surely, since otherwise
we would have
EX, <EBY <EB}) =EX,x,
where the second inequality follows from Doob’s optional sampling theorem and
the supermartingale property of the sequence (B,JCV ){C\;n The contradiction shows

that B,, and X, must coincide, and clearly 7Y is the smallest stopping time which
has this property. O

Thus we see that in the case of finite horizon, the solution to the optimal
stopping problem is algorithmic. We write down the recursive formula for the

Bellman sequence (BY)N_, and note that VY = EB}.

1.2. Martingale approach: infinite horizon. The above method required
N to be a finite integer, since we have needed the variable Xy to start the backward
recurrence. In the case N = oo one could try to use approximation-type arguments
(of the form V,>° = limy_, o, V;V), but these do not necessarily work in general, so
we will proceed in a different manner. By (3.6) and (3.7) it seems tempting to write

BY = sup E(X,|Fn).
TeMY

However, two problems arise. The first is that (3.6) and (3.7) hold true on a set of
full measure only which might depend on the stopping time, so the above identity
might fail to hold. A second obstacle is that the supremum on the right need not be
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even measurable. To overcome these difficulties, a typical argument in the theory
of optimal stopping is to introduce the concept of essential supremum.

DEFINITION 3.1. Let (Z,)acr be a family of random variables. Then there is

a countable subset J of I such that the random variable Z = sup,.; Z, satisfies
the following two properties:

(i) P(Zy < Z) =1 for each a € I,

(i) if Z is another random variable satisfying (i) in the place of Z, then

P(Z<Z)=1.

The random variable Z is called the essential supremum of (Z4)acr and is denoted
by esssup,c; Zo. In addition, if {Z, : a € I} is upwards directed in the sense that
for any «, § € I there is v € I such that max{Z,, Zg} < Z,, then the countable
set J = {1, az,...} can be chosen so that Z,, < Z,, < ... and esssup,e; Zo =
limy, 00 Za,, -

Now we see that (3.6) and (3.7) give the identity
(3.8) BY = esssup E(X,|Fn)
TeEMN

with probability 1. A nice feature of this alternative characterization of the sequence
(BN)IN_, is that it extends naturally to the setting of infinite horizon (i.e., for
N = 00) and, as we shall prove now, provides the desired solution.

So, consider the optimal stopping problem (3.3) for N = oo:

(3.9) Vi, =supEX,.
T>n
For n =0, 1, 2, ..., introduce the random variable
(3.10) B, = esssupE(X;|F,)
T>n

and the stopping time
(3.11) T = inf{k > n: By = X},

with the usual convention inf() = oco. In the literature, the sequence (By,),>0 is
often referred to as the Snell envelope of X.
We will establish the following analogue of Theorem 3.1.

THEOREM 3.2. Suppose that the sequence (X,,)n>0 satisfies Esup,,~q | X, | < 0o
and consider the optimal stopping problem (3.9). Then the following statements hold
true.

(i) For any n > 0 we have the recurrence relation

By, = max(X,, E(Bp1|Fn)).

(i) We have P(B,, > E(X;|F,)) =1 for all T € M,, and, if the stopping time
T, 48 finite almost surely, then P(B,, = E(X, |F,)) = 1.

(iti) If P(1,, < o0) = 1, then 7, is optimal in (3.9). Furthermore, if T, is
another optimal stopping time for (3.9), then 7, < 7. almost surely.

(iv) The sequence (Bj)i>n is the smallest supermartingale which majorizes
(Xk)k>n. Moreover, the stopped process (B, ak)k>n 1S 6 martingale.
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Proor. We will only establish (i), the other parts can be shown with the
argumentation similar to that used in the proof of Theorem 3.1. We need to show
two inequalities to prove the identity. Take 7 € M,, and let 7/ = 7V (n+1). Then
7' € My41 and since {7 > n + 1} € F,,, we may write

E(XTLFR) = E(X‘Fl{‘r:n}‘]:n) + E(XT1{72n+1}|~Fn)
= Lpren) Xn + 1roni} E(X [ F)
= Ly X + Lrznt 1y B [E(X | Fogr) | P
< Ve Xn + Lpons 1y E(Bn 1| Fn)
< max{X,,E(B,1|Fn)}

This proves the inequality “<”. To show the reverse, observe that the family
{E(B;|Fnt1) : T € Myy1} is upwards directed. Indeed, if o, 8 € M, 41 and
we set v = ala + Blo\a, where A = {E(X,|F,11) > E(Xg|Fpny1)}, then v is a
stopping time belonging to M,,+; and
E(X,[Frut1) = E(Xola + Xployal|Fni1)

= 1AE(Xa|Frt1) + Lo\ aE(X | Frg1)

= max {E(Xq|Fni1), E(Xg|Fni1)}-
Therefore, there is a sequence {oy : k > 1} in M,,11 such that

esssup E(X,|Fpy1) = lim E(Xo, | Fpny1)
TEM i1 koo

and E(X,, |[Fnt1) < E(Xyy|Fnt1) < ... with probability 1. Now we can write, by
Lebesgue’s monotone convergence theorem,
fn)

=F ( lim E(X,, [Frni1) fn>
k— oo

— lim E(E(Xyy|Fni1)|Fn) = lim E(X,, |Fn) < B,
k—o0 k—oc0

E(Bn+1|fn) =E (ess sup E(X‘r‘fn+l)
TEM 41

Since B, > X, (which can be trivially obtained by considering 7 = n in the
definition of B, ), we get the desired identity. O

In the remaining part of this subsection, let us inspect the connection between
the contexts of finite and infinite horizons. One easily checks that the random
variables BY and 7¥ do not decrease as we increase N. Consequently, the limits

B¢ := lim BTILV and 7.0 == lim TTJLV
N—oo N—oo

exist on a set of full measure. Furthermore, we also see that the sequence (V,N)3_

is nondecreasing, so the quantity V,2>° = limy_, o V,0° is well-defined. Now it follows

directly from (3.5), (3.8), (3.10) and (3.11) that
(3.12) B < B, and T <7

n =

almost surely. Moreover, we also have

(3.13) VX <V
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THEOREM 3.3. Suppose that Esup,,~, | X | < oo and consider the optimal stop-
ping problems (3.3) and (3.9). Then equalities hold in (3.12) and (3.13).

PROOF. Letting N — oo in the recurrence relation (3.4) yields
By? = max{X,,E(B;%|Fn)}, n=0,1,2,...,

by Lebesgue’s monotone convergence theorem. Consequently, (B2°),>0 is an adapted
supermartingale dominating (X,),>0. Thus B2° > B, for each n, by the fourth
part of the preceding theorem. This shows the identity B> = B almost surely, and
the remaining equalities follow immediately. O

EXAMPLE 3.4. Strict inequalities may hold in (3.12) and (3.13) if the integra-
bility condition on sup,,~|X,| is not imposed. To see this, let gg, €1, €2, ... be
a sequence of independent Rademacher variables and set X,, =g +¢e1 + ... + €p.
Then the process (X,,),>0 is a martingale with respect to the natural filtration, so
VN =0, BY = X,, and 7V = n for all 0 < n < N < co. Consequently, these
identities are preserved in the limit: V>° =0, B)° = X,, and 7;° = n for all n. On
the other hand, it is well-known that for any positive integer a, the stopping time
on = 1inf{k > n: X, = a} is finite almost surely and hence V;, > EX, = a. Since
a was arbitrary, we get V,, = oo, B,, = o0 and 7,, = co with probability 1.

In comparison to the finite-horizon case, the solution in the infinite case is no
longer algorithmic. One typically applies the following procedure, already known to
us from the general theory of optimal control. Namely, basing on some structural
properties of the problem, or simply by guessing the optimal stopping time, we
come up with the candidate B,, for the Bellman sequence. Then all that needs to
be done, is the identity B,, = B,. The estimate B,, > B, follows directly from
the construction (if B,, is based on a guess for the optimal stopping time), and the
reverse bound is established by checking that (B,,),>0 is indeed a supermartingale
majorant of a given sequence X. It is best to explain this idea on a concrete
example.

1.3. An example. Let &y, &1, &, ... be i.i.d. random variables following the
Exp(1) law, and let ¢ > 0 be a fixed constant. We will solve the optimal stopping
problem

V = sup E| max{&, &1, &2, ..., &} —cT|.
TEM

For the sake of clarity, we will split the reasoning into three separate steps. To put
this problem into the general framework of the optimal stopping theory, we set

X, = max{&, &1, &, ..., &} — cn.

Then V = sup,c & and we may proceed.

STEP 1. GUESSING THE OPTIMAL STOPPING RULE AND THE ASSOCIATED
EXPECTATION. This is an informal step and it requires some thought and experi-
mentation. It seems reasonable to conjecture that the optimal stopping rule should
be of the following threshold type:

Te = inf{n : &, > a}
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for some unknown constant a. To find a, let us first compute the corresponding
expectation

(314) ]E max{§0,§1,§27 ...,gTG}—CTa .

Note that 7, has the geometric distribution with parameter P({, > a) and hence
P <a) 1-—e*

— = =e% —1.
P(& > a) e °

Er,

Furthermore, we have

Emax{g()a 517 527 AR fTa} = ]qu—a = E(fo|§0 > a)
=),
- £odP
P(&o > a) Jigozay
=e? (ae_“—l—l-e_“) =a+1
and hence the expectation (3.14) equals a + 1 — ¢(e® — 1). We want to maximize

this expectation (over all possible stopping times, and so, in particular, over 7,):
we easily check that

" 1 if ¢ > 1 (maximum attained at a, = 0),
max{a—!—l—c(e —1)}2 ) . .
a c—1Inc if ¢ <1 (maximum attained at a, = —Inc).

Let us denote the right-hand side by V. This is the candidate for the value of our
optimal stopping problem.

STEP 2. GUESSING THE SNELL ENVELOPE. Actually, the computation from
the previous step easily yields the corresponding candidate for the Snell envelope.
From the general theory, we know that

B, = esssup E(X;|F,).
T>n
Take 7 = 74, Vn (the additional maximum with n is to enforce the estimate 7 > n):
by the above computations, for this special stopping time, we have

E(GT|‘F7L) — {max{goafla cee 7£n} —cn if max{&)afla cee 7511} Z Qy

V—cn+1) it max{&o,&1,...,&n} < as.

Let us denote the right-hand side by B,,: this is our candidate for the Snell envelope
of (Gy)n>0- By the very definition, we have B,, < B,,.

STEP 3. VERIFICATION OF THE PROPERTIES OF B. Now we will check that
(Bn)nZO is a supermartingale majorizing (G, )n>0. Then by the general theory we
will obtain the reverse estimate Bn > B,,, which will show that B coincides with
the Snell envelope and the stopping time 7,, is optimal.

We start with the majorization. On the set {max{&o,&1,...,&.} > a.} we have
B, = G,,. On the other hand, on {max{¢y,&1,...,&,} < ay} (which is nonempty
iff a. > 0, i.e., ¢ < 1), the majorization is equivalent to

V*C(Tl‘i‘ 1) > ma’X{é.O’Elv"wfn} -

or —Inc > max{{p,&1,...,&x}: but this is trivial, since —Inc = a..
It remains to check the supermartingale property of B,:

(3.15) E(Bni1|Fn) < Bn, n=0,1,2,....
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On the set {max{&,&1,...,&.} > a.} € F, we automatically have the bound
max{&p,&1,...,&+1} > ax and hence

E(Bo 1| Fn) = B max{€o &1, - €nsa} — cln +1)| 7).
Now, consider the random variable £ = max{&g,&1,...,&,}. But for any a > a.,
]E(max{a,fnﬂ} —c(n+ 1)) <a-—cn

(this is equivalent to e~® < ¢ and holds true, since e™% < ¢). Hence

E(max{&hﬁh cosbn1t —celn+ 1)\.7-"n> = ]E(max{a,§n+1} —c(n+ 1))

a=¢
Sg_cn = Bn

Next, we analyze (3.15) on the set {max{&o,&1,...,&.} < a.} (which is nonempty
iff a. > 0, i.e., ¢ < 1). On this set, we have the identity

- {sn+1 —e(n+1) if i1 > an,
Bn+1 =

V —c(n+2) if & < ax,

which is independent of F,,. Consequently, the conditional expectation E(B,,11|F,)
is equal to the average of the right-hand side above, i.e., to

E[(6nt1 = cn+ D)1 (e, 1200y + (7 = 0+ 2)1 (6, 1<0.)
= E§n+11{£n+12a*} - C(n + 1) + (‘7 - C)]P)(gn+1 < a*)
=e %(ae+1)—cn+ 1)+ (V-c)1—e )=V —¢c(n+1)=DB,,
where we have used the identity a, = —Inec.
This completes the proof of (3.15) and finishes the analysis of the optimal
stopping problem.

2. Markovian approach

Throughout this section, we assume that X = (Xo, X1, Xs,...) is a Markov
family defined on (Q, F, (Fpn)n>0, (Pz)zck), taking values in some topological space
(E,B(E)). For the sake of simplicity, we will assume that E = R? for some d > 1,
though the reasoning remains essentially the same for other topological spaces. As
usual, we assume that for each =z € E, we have Xy = x P,-almost surely. Let us
also introduce the transition operator T of X, which acts by the formula

Tf(z) =E,.f(X1) for z € E,

on the class I of all measurable functions f : E — Rsuch that f(X;) is P,-integrable
for all z € E.

Suppose that N is a nonnegative integer and let G : £ — R be a measurable
function satisfying

(3.16) E, ( sup |G(Xn)|> < oo for all x € E.
0<n<N
Consider the associated finite-horizon optimal stopping problem

(3.17) VN (z) = supE.G(X,),
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where 2 € E and the supremum is taken over all 7 € M¥Y. Obviously, if we
define G,, = G(X,,) for n = 0, 1, 2, ..., then for each separate = this problem is
of the form considered in the preceding sections (with P and E replaced by P, and
E.). However, the joint study of the whole family of optimal stopping problems
depending on the initial value = enables the exploitation of the additional Markovian
structure of the sequence (X,,)n>0-

For a given z, let us consider the random variables BY and the stopping times
N n=0,1,2,..., N, defined by (3.4) and (3.5). We also introduce the sets

Chn={xcE:VVN""(x)>G(x)},

D,={zcE: VN "(z)=G(x)},
forn =0,1,2,..., N; we will call these the continuation and stopping regions,
respectively. Finally, define the stopping time

m=inf{0<n<N: X,eD,}

Since V? = G, by the very definition (3.17), we see that Xy € Dy and hence the
stopping time 7p is finite (it does not exceed N).

THEOREM 3.5. Assume that the function G satisfies the integrability condition
(3.16) and consider the optimal stopping problem (3.17).

(i) For anyn =0, 1,2, ..., N we have BY = VN="(X,,).

(ii) The function x — V™ (x) satisfies the Wald-Bellman equation
(3.18) V™ (z) = max{G(z), TV" Y (z)}, x€E,
form=1,2,..., N.

(iii) The stopping time Tp is optimal in (3.17). If 7. is another optimal stopping
time, then Tp < Ty Py-almost surely for all x € E.

(iv) For each x € E, the sequence (VN~"(X,,))N_, is the smallest P,-supermar-
tingale majorizing (G(X,))N_y, and the stopped sequence (VN=""7p (Xn/\TD))i,V:()
is a Pp-martingale.

ProOF. We only need to establish (i) and (ii); the remaining parts follow at
once from Theorem 3.1. To verify (i), recall that

By =E, [G(X,x)|Fn]

for alln =0, 1,2, ..., N. This shows the claim for n = 0, by the very definition
of VN(x). On the other hand, for n > 1 we apply the Markov property to get

= VN (y)|
y=Xn

BY =E, {G(XTO,H)} = VN (X,).

y=Xn

N
n

ii) We apply the definition of the sequence (BY)M_, and part (i) to obtain
n=0

that P, -almost surely,
VN () = VN (Xo) = BY = max{G(Xo), E,(BY | 7o)}
— max{G(a), E, (VN (X1)|Fo)}
= max{G(z), TVN ! (x)}. O

Part (ii) above gives the following iterative method of solving (3.17). Define
the operator @ acting on f € I by the formula

Qf(x) = max{G(x), Tf(z)}, z€k.
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COROLLARY 3.6. We have VN (z) = QNG(z) for all x € E and all integers N.

Let us illustrate the above considerations by analyzing the following simple
example.

EXAMPLE 3.7. Let (S,,)n>0 be a symmetric random walk over the space E =
{—2,-1,0,1,2} stopped at {—2,2}. Clearly, (Sy,),>0 is a Markov family on E. Set
G(z) = 2%(z + 2) and consider the optimal stopping problem

VN(x) = sup E,G(S,), x € FE.
TN
To treat the problem successfully, we compute the sequence VO, V1 V2 V3 . .
Directly from (3.18), we have
V™(z) = max{G(z), TV" *(z)}
max{G(z), V" 1(x)} if x € {-2,2},
max {G(sc), t(vrl@—-1)+Vrl(z+ 1))} if z € {-1,0,1}.

For notational simplicity, let us identify a function f : F — R with the sequence of
its values f(—2), f(=1), f(0), f(1), f(2). Using the above recurrence, we compute
that

Voi=G: 0, 1, 0, 3, 16,
vi: o0, 1, 2, 8 16,
V2. 0, 1, 43, 9, 16,
V3. 0, 2% 5 101, 16,
Vi, 2%, 61, 10%, 16,

and so on. Suppose that we want to solve the problem
V*4(x) = supE,G(S,), x e FE.

T7<4
The value function V* has been derived above; to describe the optimal stopping
strategy, let us write down the continuation and stopping regions C; and D;, i =
0, 1, 2, 3, 4. Directly from the above formulas for V*, we see that

Co={-1,0,1}, Dy = {-2,2},

Cy ={-1,0,1}, Dy ={-2,2},

Cy =1{0,1}, Dy ={-2,-1,2},

Cs ={0,1}, D3 ={-2,-1,2},
Cy=10 Dy ={-2,-1,0,1,2}.

The optimal strategy is to wait for the first step n at which we visit the correspond-
ing stopping set D,,; then we stop the process ultimately.

We turn our attention to the case of infinite horizon, i.e., we consider the
optimal stopping problem (or rather a family of optimal stopping problems)

(3.19) V(z) =supE,G(X,), zek,

where the supremum is taken over the class M of all adapted stopping times. Recall
that the class I consists of all measurable functions f : E — R such that f(X3)
is P,-integrable for all x € E. The following notion will be crucial in our further
considerations.
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DEFINITION 3.2. The function f € I is called superharmonic (or excessive) if
we have

Tf(z) < f(x) for all x € E.
We have the following simple observation.

LEMMA 3.8. The function f € I is superharmonic if and only if (f(X,))n>0 is
a supermartingale under each P,, x € E.

PRroOOF. If f is superharmonic, then by Markov property,
Eﬁc(f(Xn—&-l)U:n) = Eyf(X1)|y:X" = Tf(Xn) < f(Xn)7

for each n. To show the reverse implication, observe that if (f(X,))n>0 is a super-
martingale under each P,, then in particular

Tf(x) = Eo(f(X1)[Fo) < flz). O

To formulate the main theorem, we introduce the corresponding continuation
set C' and stopping set D by

C={zecFE:V(z)>Gx)},
D={zeFE :V(x)=G(z)}.

Moreover, we define the stopping time 7p = inf{n : X,, € D}. In contrast to the
case of finite horizon, this stopping time need not be finite (which will force us to
impose some additional assumptions: see the statement below).

THEOREM 3.9. Consider the optimal stopping problem (3.19) and assume that
(3.20) E, sup |G(X,)| < oo, rzeE.
n>0

Then the following holds.
(i) The function V satisfies the Wald-Bellman equation

(3.21) V(z) = max{G(z), TV (z)}.

(i1) If Tp is finite Py -almost surely for all x € E, then Tp is the optimal stopping
time. If . is another optimal stopping time, then 1, > 7p P,-almost surely.

(iii) The value function V is the smallest superharmonic function which ma-
jorizes the gain function G on E.

(iv) The stopped sequence (V(X,,an))n>0 i a Py-martingale for every x € E.

Proor. This follows immediately from the case of finite horizon and the limit
Theorem 3.3. ]

Let us make here an important comment on the uniqueness of the solutions to
the Wald-Bellman equations (3.18) and (3.21). Clearly, in the case of finite horizon
there is only one solution: indeed, the starting function V° coincides with G and
the formula (3.18) produces a unique sequence V!, V2 ... VN, In the case of
infinite horizon, the situation is less transparent. For instance, if G is a constant
function, say, G = ¢, then any constant function V = ¢’ for some ¢’ > c¢ satisfies
the Wald-Bellman equation. However, any solution to (3.21) is a superharmonic
function majorizing G, so part (iii) of Theorem 3.9 immediately yields the following
“minimality principle”.

COROLLARY 3.10. The value function V is the minimal solution to (3.21).
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ExampLE 3.11. Let us provide solution to the infinite-horizon version of Ex-
ample 3.7. Under the notation used there, we study the optimal stopping problem
V(z) = sup EG(S;), rekFE.

TEM
The function G is bounded, so the integrability assumption of Theorem 3.9 is
satisfied. Thus, we know that V is the least superharmonic function which majorizes
G: here the superharmonicity means that

Viz) > %(V(w )4V t1),  foraze{-1,0,1).

In other words, we search for the smallest concave function on {—2,-1,0,1,2}
majorizing the function G. One easily checks that the function = — 4(z + 2) is
concave (since it is linear), majorizes G and coincides with G at the endpoints +2.
Thus it is the smallest majorant of G and hence it must be equal to the value
function V.

EXAMPLE 3.12. Let &1, &, ... be a sequence of i.i.d. random variables with
the distribution given by P(¢; = 1) = p, P(§; = —1) = ¢, where p+¢=1and p < q.
For a given integer z, define S,, =2+ & + &+ ... +&,,n=0,1, 2, .... Then the
sequences (Sy,)n>0 (With varying z) form a Markov family. Consider the optimal
stopping problem

V(z) = sup E,S;, reEFE.
TEM

One easily checks the integrability assumption (3.20) (with G(z) = 2™) is satisfied.
This follows from the well-known fact that

k
(3.22) P(sgp(fl—&—fg—l—...—l—fn) > k) = (5) . k=0,1,2,....
n>0

Thus, we need to find the least superharmonic majorant of G: V is the least function
on 7 satisfying

V(z) =max {z¥,pV(z+1)+¢V(z - 1)}, x €Z.

To identify this object, let us try to inspect the properties of the continuation set
C and the stopping region D. A little thought suggests that these sets should be
of the foorm C = {...,b—2,b— 1}, D = {b,b+ 1,...} for some positive integer b
(possibly infinite). While this is more or less clear by some intuitive argumentation,
we should point out here that this can also be shown rigorously. Indeed, pick x € Z_
and take the stopping time 7 = —z + 1. Then V(z) > E, S = p~®™! > 0 = G(z),
so in particular C contains all nonpositive integers. Furthermore, if > 0 lies in
C, then so does « — 1. To see this, note that for any a € Z we have

(@+a)" —2" <(z-1+a)" — (-7

(which is equivalent to the trivial bound (z 4+ @)™ < (z — 1+ a)* + 1) and hence
for any stopping time 7, if we pluga =& +& + ...+ &,

E.S — G(z) <E,_1SF — G(z —1).
This yields
(3.23) 0<V(x)—G(z)<V(r—1) -Gz —1)
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and thus x — 1 € C, as we have claimed. This shows that C and D are of the form
postulated above and hence, by the general theory,

T if z > b,
Viz) = .
pV(z+1)+¢V(x—1) if z<b.

Let us first identify V on C. Solving the linear recurrence, we check that

V(:v)z()c—i—ﬁ(f))m7 x <b,

for some constants «, 8 € R. It follows from (3.22) that V(z) — 0 as z — —o0
(simply use the estimate E,S} < E,sup,~,S,5): this implies a = 0 and 8 > 0.
This also shows that b < co. Indeed, otherwise V(z) would explode exponentially
as ¢ — 00, but on the other hand, by (3.23), for z > 0 we would have

V(z) < G(z) +V(0) — G(0) =z + V(0) — G(0).
It remains to find 8 and the boundary b. First, exploiting the Wald-Bellman equa-

tion, we see that V(b — 1) = pV(b) + ¢V (b — 2). This implies V(b) = B(¢q/p)® and
hence

z—b
V(z)=10 (q) for z < b.
p
Secondly, again by Wald-Bellman equation, we see that V(b) > pV (b+1)+¢V (b—1),
which is equivalent to b > p/(¢ — p). Finally, observe that if > b, then
V(z) =z =pr+qz>plx+1)+q(z—1)=pV(z+1)+qV(z-1).
Therefore, if b satisfies the inequality b > p/(q — p), then the function

T ifx >0,
V(ZL') = z—b .
b(q/p) if x <b.

is excessive. Let us now check for which b the inequality ¥V > G holds. This
majorization is clear on {b,b + 1,b+ 2,...}. Since the function z — (q/p)*~" is
nonnegative, convex and coincides with G at x = b, it suffices to check whether it
is bigger than G at x = b — 1. The latter bound is equivalent to b < q/(¢ — p) =
p/(q¢ — p) + 1. This actually forces us to take b = [p/(q — p)]: this is the only
choice for the parameter such that the resulting function V is superharmonic and
majorizes G. Summarizing, we have shown that

Viz)={° if 2> [p/(q—=p)l,
[p/(a—p)1(a/p)" "IV it 2 < [p/(g - p)].
Observe that by (3.22), the stopping time

Tinf{n . S, > [p/(qp)ﬂ}

is infinite with positive probability. Therefore, there is no optimal stopping time
7* which would be finite P, -almost surely for all . Hence, the value function is
attained asymptotically at the stopping times

FOM) it {n : S ¢ [M,[p/(g - p)]] }

as M — —oo.
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We proceed to the analysis of further examples, which will be useful in our later
considerations.

ExaAMPLE 3.13. Let X7, X3, ... be a sequence of independent and identically
distributed random variables satisfying P(X; = —1) = 2 = 1 — P(X; = 2), and
set S50 =0,5,=X1+Xo+...+ X, forn=1,2,.... We will solve the optimal
stopping problem

(3.24) V=supE <|ST| - ;T) .

TEL!
It is convenient to split the analysis into several separate steps.

Step 1. Dimension reduction. At the first glance, the problem is two-dimensional,
i.e., it involves the stopping of the two-dimensional process (S,,n). It is possible
to reduce the dimension to one, by the following simple observation. Namely, note
that the processes (S, )n>0 and (S2 — 2n),>¢ are martingales. This is evident for
the first process, to check the second we compute that

E[S2,, =20+ 1)|Fa] = 82 = 20+ B8, Xop1 + X2, — 217,
=52 —2n+E(X2,, —2)=S52-2n,

since E(Xp41|Fn) = EX,,11 = 0and EX?2 | = 2. Consequently, by Doob’s optional
sampling theorem, for any 7 € L' we have

(3.25) ES?,., = 2E(T An).

TAN

The right-hand side is uniformly bounded in n and converges to E7, by Lebesgue’s
monotone convergence theorem. Therefore, the martingale (S:an)n>0 is bounded in
L?, and hence also L?-convergent. Thus, letting n — oo in (3.25) gives ES? = 2Er
and hence we may rewrite (3.24) as

2
V= supE(ST| ST)

TeL! 4
Now the right-hand side depends on the process S only.

Step 2. General theory. To put the above problem into the general framework,
we set G(z) = || — 22/4 and note that the problem reads
V = sup EG(S;).
TeLl
The process S extends to a Markov family on ' = Z, with the transity function
determined by p, -1 = 2/3 and pp pp2 = 1/3 foralln € Z. Let V : Z — R be
given by
V(z) = sup E,G(S,).
TeL!
In order to apply the general theory, we need to check the condition Esup,,~o G(S,) <
oo. This is a little technical, so we take the opportunity to present a different ap-
proach. Namely, we will construct the least excessive majorant of the function G,
and then exploit its properties to solve rigorously the problem under consideration.

Step 3. On the search of the excessive majorants. Let U be the least excessive
majorant of G. In our setting, excessiveness amounts to

U(n)ZQU(n71)+%U(n+Z) for all n € Z.

3
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So, if a function is concave on Z, then it is automatically excessive; as we shall see
during the analysis, the reverse implication does not hold in general (which might
be a little surprising at the first glance). A quick look at the graph of G shows that

the function
if |z| > 2
fw — {0 il 22,
1 if |[2] <2
is concave and majorizes G. Thus, we have H > U on Z. On the other hand, we
have U(x) > G(x) = H(z) for |z| > 2: this shows that U(z) = G(x) for |z| > 2.
Next, observe that

U > %U(o) + %U(?)) _ gU(O) + % : %
U(0) > SU(-1)+ 3U(2) = 2U(-1) + 5,
U(-1) > 2U(=2) + 30(1) = 2 + 30(1)

Combining these estimates, we get

2

U(1) > ;U(0) +i > % (gU(—l) + ;) +i

v

3

4 /2 1 17 4 83
> | =-+z001 —==U1)+—,
9(3+3 ())+36 27()+108
or U(1) > 83/92. Plugging this above, we get U(—1) > 267/276 and U(0) > 45/46.
Assuming equalities, we obtain the excessive function U; furthermore, one verifies
directly that such U majorizes G at —1, 0, 1. Hence U is an excessive majorant of
G.

Step 4. Coming back to the optimal stopping problem. Suppose that 7 is an
arbitrary and integrable stopping time. The function U constructed above is ex-
cessive, so the process (U(Sy))n>0 is a Po-supermartingale. Furthermore, since
U > G, Doob’s optional sampling theorem gives

45

S? 45
E <|ST/\7l - 7'4/\71) S E

However, as we have proved in Step 1 above, the process (S;an)n>o0 is an L%
bounded supermartingale. Thus, letting n — oo yields

1 45
1) < =
(15— 37) < 4

Directly from the analysis in Step 3, the equality is attained for the stopping time
T =1inf{n: |S,| > 2}.

that is,

The next example is more “continuous” in nature.

EXAMPLE 3.14. Suppose that &1, &>, ... and €1, €9, ... are independent random
variables, such that &, has exponential law with parameter A > 0 and P(e,, = 1) =
p=1-—P, =0),n=12,.... For a given parameter z > 0, we define the



46 3. OPTIMAL STOPPING THEORY

sequence (Xn)nzo by XO = z and Xn+1 = €n+1(Xn + £n+1), n = 0, 1, 2,
Finally, we fix ¢ > 0 and consider the optimal stopping problem

(3.26) V =supE(X; — c7),

where the supremum is taken over all integrable stopping times 7.

Step 1. We start by putting the problem into the general framework developed
above. It is easy to see that (X,,)n>0 is a time-homogeneous Markov process with
the transition function given by

P(z,0)=1-p and P(z,z+ A) = p/ e *da  for A C [0,00).
A

Actually, for the problem (3.26) we need to consider the space-time version (n, X, ),
which is also a Markov process (this time on the state space N x [0, c0)). We extend
it to the Markov family and, as usual, denote the corresponding initial probabilities
by P, .. For any (n,z), we consider the auxiliary optimal stopping problem

V(n,z) =supE, ,G(r, X;),

where the supremum is taken over all finite stopping times 7 and G(n,z) = z — cn.

Step 2. Now we will reduce the dimension of the problem, by observing a certain
homogeneity-type condition on V. Namely, the identity G(n,z) = G(0,z2) — cn
immediately gives

V(n,z) =supE, ,G(r, X;) =supEy ,G(7,X;) —en =V (0,z) — cn

and hence it is enough to identify the function f(z) := V (0, z).
Step 3. We introduce the continuation and the stopping sets C' and D by
C={(n,z):V(n,z)>Gn,x)}, D ={(n,z):V(n,z) = G(n,z)}.

Here is some initial analysis of the stopping domain D. Namely, we will show that
if (0,2) € D and 2’ > x, then necessarily (0,2') € D. To this end, note that for
any stopping time 7, we have

Eo . (Xr —c7) —Eoo(Xr —c7) <2’ — 2.

Indeed, one can couple the trajectories of X under Py ,) and P(g ./ in such a way
that their difference is equal to x — x’, until they both drop to zero and coincide
from that time. Since 2’ — 2 = G(0,2’) — G(0, ), we obtain

V(0,2") — G(0,2') < V(0,2) — G(0,z) = 0,

which gives (0,2") € D. By the homogeneity established in Step 2, this gives the
aforementioned property of the set D. Actually, we see that D must be of the form

D ={(n,x) : x > b},
for some unknown parameter b (to be found).

Step 4. It follows from the general theory that V is the least excessive majorant
of the function GG. Here the excessiveness means

V(n,a) > (1-p)V(n+1,0) +p/ V(nt Lo ta) A da,
0
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or, by the homogeneity proved in Step 2 above,

f(ﬁ) —cn > (1 —p)(f(O) — C(’n,-‘r 1)) +p-/ooo(f(x+a) —C(n—|— 1)) . )\C_Aada.

This is equivalent to the inequality

(3.27) fla) ez (=pfO) 4 [ fta) aeda

This allows us to write the corresponding system of requirements: the so-called
boundary value problem for V' (or rather, for f). Namely,

(3.28) fl@)=x for © > b,
(329)  f(z)+c= (1—p)f(0)—i—p/0C>C f(z+a)-Xe *da for z < b.

Step 5. Let us try to find the candidate for the solution to the above system.
A direct differentiation of (3.29) yields

f'e) = p/oOo f'(x+a) - Ae™**da = —pAf(x) + pA /OOO f(z +a)- Ae”*da,

where the last passage follows from the integration by parts. We apply (3.29) again,
obtaining

f'(@) = =pAF(@) + A(f(@) + ¢ = (1= p)F(0) = (1 = p) | f(2) +
This can be solved directly: we get

f@) = f0) = g+ a0 <,

C
1-p

- £0)].

for some parameter . Plugging = 0, we get a = ¢/(1 — p) and hence
F0)+ == (eX=P= _ 1) if z < b,
sy = § 1O )
T if x > 0.

It is plausible to conjecture that f is continuous at b: this implies
c
—p_ ( A(l—p)b _ 1)
and we finally obtain
fa) = b+ 1 (X — AUPI) ?f x <b,
T if x >0.
Step 6. It remains to find the boundary point b. To accomplish this, we verify

the excessiveness inequality (3.27) on [b,00). Since f(x) = z on this interval, the
inequality reads

_ __c A(1-p)b _ 1
r4+c>(1 p)(b 1_p(e 1))+p<x+>\).

This requirement is most restrictive for smallest x, i.e., for x = b. For this particular
choice, the estimate becomes

(3.30) exp(A(1 = p)b) >

gl
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If p/(Ac) <1, then this estimate holds for all b > 0. In other words, the identity
function f(z) = z leads to the excessive function V(n,x) = x — cn. In this case, we
have V' = G and the optimal stopping rule is to stop instantaneously.
If p/(Ac) > 1, then assuming equality in (3.30), we obtain
1 P

:71 —_
b )\(lfp)n)\c

and

1 c A(1— .
flz) = s A+ et - g i e <b,
r if > b.

Step 7. We need to emphasize that the analysis in Step 6 was informal: we
obtained the candidate for V (or rather, for f) under a number of additional as-
sumptions. It remains to check that V satisfies all the necessary requirements.
Namely, it actually follows from the above analysis that V is excessive. The ma-
jorization V' > G is equivalent to the estimate f(x) > x on [0, b]; since both sides
are equal for x = b and f is strictly convex on [0,d], it is enough to verify that
f/(b—) < 1. This is equivalent to the estimate

p
A — <1
AR VIE

which holds trivially. Finally, let us show that V is the smallest excessive majo-
rant. Assume conversely that this is not the case: the optimal function V satisfies
V(n,z) < V(n,z) for some (n,z). Then V satisfies the identity V(n,y) = f(y)—cn
for some function f on [0,00), and we have f(z) < f(x). We have f(y) > y for all
y, and hence we must necessarily have x < b By the excessiveness condition (3.27),
we get

fla) = f@) 2 [ o+ @)~ fla+ ) 2e e

Now suppose that z¢ = sup{t : f(

t)—
f and f coincide on [b, 00). Then f(u
we obtain

f@®) < f(x)— f(x)}: clearly xq is finite, since
) — flu) > JZ(CE) — f(z) on (zg,00) and hence

flx) = flz) = P/Ooo(f(xo +a) = f(ao +a)) - AeMda = p(f(z) - f(x)),

which implies f(z) > f(z), a contradiction.
We conclude the analysis with the comment that the optimal stopping rule is
given by 7, = inf{n : X,, > b}.

3. Problems

1. Let G, Go, ... be a sequence of independent random variables, each of
which has the uniform distribution on [0, 1]. Solve the optimal stopping problems

VN = sup EG- and Vo = sup EG,,
TeEMN TEM
where N is an arbitrary integer.

2. We flip a coin at most five times, at each point we may decide whether to
stop or not (in particular, we are allowed to stop at the very beginning, without
flipping the coin even once). Having stopped, we look at the outcomes we have



3. PROBLEMS 49

obtained. We get 1 if there are no heads and get 2 if we obtained at least three
heads. What is the strategy which yields the largest expected gain?

3. Solve the optimal stopping problem
sup E(Y? —17),
0<T<N
where Yy =10, Y41 =Y, + &,41, and
P, =1)=1/(4n) =1 -P(§, =0), n=12 ..., N.
4. Solve the secretary problem.

5. Solve the optimal stopping problem V = sup, 4 E(ofXT), where o €

(0,1), Xo =0,

Xn+1:(Xn+1)Vn+1, TLZO, ]., 2, ey
and V7, Vo, ... is a sequence of independent random variables with the distribution
P(V; =0)=P(V; =1) =1/2.

6. We flip a coin infinitely many times. For n > 1, let G,, = n2"/(n + 1) of
there were no tails in the first n flips, and G,, = 0 otherwise. Solve the optimal
stopping problem

V = sup EG.;.
TEM

7. Suppose that (Gp)n>0 is an adapted sequence of random variables satisfying
Esup,,so|Gn| < oo and let (B,),>0 be the associated Snell envelope. Prove the
identity

sup EG, = sup EB;,.
TEM TEM

8. We toss a fair coin and for each n > 0, we denote by X,, the length of the
current sequence of consecutive tails after n flips:
n flips
—N—
L.HTT...T.
—
X’VL

Solve the optimal stopping problem

1
V=swpE(X,-——7).
f’éﬁ( 167>

9. A pawn moves over the set {1,2,...,n}, according to the following rules.
If at some time it is located at the point k, then at the next step it jumps, in-
dependently from its evolution in the past, to one of the points &k, K+ 1, ..., n

(each choice has the same probability). Let X; be the location of the pawn at the
time j. Assuming that Xy = 1, describe the stopping time 7 which maximizes the
expectation EG(X), where G(z) = 21{z<p}-

10. Let e1, €9, ... be the sequence of independent Rademacher variables and
set So=0and S, =e1+e2+...+e, forn=1, 2, .... Find the smallest constant
C such that for any stopping time 7 adapted to the natural filtration of X we have

ES* < CE72.






CHAPTER 4

Deterministic continuous case

Now we turn our attention to the case in which the observed process is indexed
by nonnegative numbers; then the role of the evolution is played by an appropriate
differential equation.

We start with the necessary background. Assume that the state of the system is
described by a vector in R™, and hence the observed process is = (2(t))i>0 C R™.
Next, we will assume that the controls are given as a function u = (u(t));>o with
values in R™ (or more generally, in some fixed subset U of R™): this function will
be assumed to be piecewise continuous. The evolution equation is given by

i = f(t,z(t), u(t)),

with the initial condition z(0) = zg. Here f : R+l — R" is a continuous
function. As in the discrete-time case, we may consider the more general situation
in which the starting time is an arbitrary number s > 0 and the initial position is
equal to y. Sometimes, to emphasize the fact that x is obtained via the control u
and starts at s from y, we will use the notation z*(-;s,y).

We are ready to formulate the optimal control problem. Let 7" > 0 be a fixed
parameter (the horizon) and let ¢ : R**™*l — R r : R® — R be two given
functions. Suppose we are interested in the supremum

(4.1) B :=sup J(xg,u),

where the functional J is given by

J(xo,u):/O q(s,2"(s),u(s))ds + r(z(T)).

As usual, two problems arise:
- Find the value of (4.1).
- find the optimal control v* maximizing (4.1).

As previously, an effective way of handling the above questions is to extend
the problem to the case of arbitrary initial positions. That is, we assume that the
starting time 0 is replaced by ¢ and the initial position is y, and set

T
B(t,y) = sup {/ q(s, x"(s;t,y), u(s))ds + r((T; w))} :
u t
where the supremum is taken over all controls u on [t,7]. Then we have the
following two facts.

LEMMA 4.1. Fiz (t,y) and an arbitrary control u on [t,T|. Then the function
s B(s,a%(s;t,y)) + [, q(w,a™(w;t, y),u(w))dw is nonincreasing on [t,T).

51
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Proor. Pick arbitrary two points w, w’ € [t,T] satisfying w < w’ and let
¢ > 0. Furthermore, set z = 2%(w’;t,y). Then, by the very definition of B(w’, z),
there is a control @ : [w’, T] — R¥ for which

T
B(w',2) < / q(s, z%(s;w’, 2), 0(s))ds + r(z%(T;w', 2)) + €.
w/
Let us modify the control w given in the statement according to u: set
N u(s) ift<s<w,
a(s) =< _ ]
a(s) fw <s<T.
Treating (w,x*(w)) as the initial position, we get, again by the definition of B,
T

Blwa"(w)) 2 [ als,a? (s w2 (), u(s))ds + (@ (T3, ()
> [ a5 ) uls)ds + B, 2) - ¢
= / q(s, z"(s;w, z"(w)), u(s))ds + B(w', z*(w")) — €.
Since € was arbitrary, the claim follows. O

LEMMA 4.2. The function t — B(t,z*(t)) + fg q(s,z*(s),u*(s))ds is constant.

PRrROOF. By the previous lemma, we have
t
B(0,z9) > B(t,z*(t)) —|—/ q(s,z*(s),u*(s))ds
0
T
> B (1) + [ (s, (5)u (5))ds
0

=r(z*(T)) +/0 q(s,z*(s),u™(s))ds.

It remains to note that the first and the last expressions are equal, because of the
optimality of z*. Hence equalities hold throughout above. O

Observe that both lemmas remain valid if we assume that the controls belong
to some specific subsets of R¥; the only condition we need is that the ,modification
procedure” (u, %) — 4 exploited above does not lead outside the class of permitted
controls. It is easy to check that the statement below also remain valid.

We note an important consequence, which follows from the two lemmas above
by a direct differentiation. In what follows, B, is the gradient of B with respect to
the variables y1, y2, ..., Yn.

COROLLARY 4.3. Suppose that the value function B is of class C*. Then we
have

(4.2) Bs(s,y) + By(s,y) - f(s,y,0) + q(s,9,0) <0 for allv € U.

Furthermore, if x*, u* is an optimal pair for (s,y), then B satisfies the Hamilton-
Jacobi-Bellman equation

Bs(s,27(s)) + By(s,27(s)) - (5,27 (s),u"(s+)) + q(s,27(s), u™ (s+)) = 0.
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We also record here the following statement, known as the maximum principle.
Here f, is the matrix of dimension n x n, whose columns are the partial derivatives
of f with respect to z1, xa, ..., Zp.

THEOREM 4.4. Consider the above optimal control problem and suppose that
the value function B is of class C2, q is of class C'. Then there exists a C*
function p : (0,00) — R™, such that for almost all t > 0 (except for a finite number

of points),
(i) u*(t) mazimizes u v p(t) - f(t,z*(t),u) + q(t,x*(t),u);
(i1) we have p(t) = —p(t) - fo(t,x*(t), u*(t)) — q. (¢, x*(t), u™(t)).
PROOF. Let p(s) = By(s,z*(s)): note that this is a vector-valued, C* function.

Then (i) follows at once from the previous corollary. To show the second part, fix
t € [0,T] and apply (4.2) to obtain

By(t,y) + By(t,y) - f(t,y,u" (t4)) + q(t,y,u (t+)) <0
for all y, with equality for y = z*(¢). Consequently, differentiating with respect to
y at z*(t), we get
By (t, 2" (1)) + Byy (t, 27 (1)) f (¢, 2" (1), u" (t+)) + By (&, 27 (1)) fa (£, 2" (2), u” (t+))
+qy(t,y,u™(t)) = 0.
It remains to note that p(t)- f(¢t,z*(t), u*(t)) = By(t,2*(t))- fo(t, 2*(t), u*(t+)) and
P(t) = Byy(t, 27 (1)) + Byy(t, 2" (t))z*(t)
= Boy(t, 27 (t)) + Byy (t, 2" (1)) f (¢, 27 (1), u™(t))
for almost all ¢t. 0

_|_
+

REMARK 4.5. There is a nice interpretation of (ii). Consider the associated
Hamiltonian H : [0,00) x R™ x R™ x R™ — R, given by
H(t,z,u,p) =p- f(t,z,u) +qt, z,u).
Then the optimal solution satisfies #* = H)(¢,z*, u*,p) and p = —H, (¢, z*,u*, p).
EXAMPLE 4.6. Suppose that a particle with given initial position and velocity
21(0), 22(0) is to be brought to rest at position 0 in minimal time. This is to

be done using the control force u satisfying |u| < 1, with dynamics #; = x5 and
Z9 = u. That is, in the matrix form, we have

st =g (2 )= () = sean)

and we want to maximize the functional

T
J(xo,u) = —/ 1ds,
0

where T is the first time the function x reaches (0,0). The problem is to identify
T and the optimal control.
In the light of the above considerations, the Hamiltonian equals

H(t,%u,p) =p- ((EQ,U) -1 = P12 +p2u_ 1.

By Theorem 4.4, the optimal control u*(t) maximizes u — H(t,2*(t),u, p(t)), so
u = sgn(pz(t)). By the second part of this theorem, we get p; = 0, po = —p;. This
implies that p1 = « and py(t) = —pit+const; let us write pa(t) = —a(t —T) + S.
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Therefore, the solution is of the following form: there is at most one change of sign
of ps on the optimal path; u is maximal in one direction and then possibly maximal
in the other. Adding/subtracting constant if necessary, we may and assume that
H = 0; then computing H at time T (and recalling that zo(7) = 0), we obtain
|B] = 1. Suppose that 8 =1 (the case § = —1 is considered similarly).

- If « > —1/T, then pa > 0 for all ¢, so uy = 1, x2(t) = ¢t — T and z,(t) =
(t —T)?/2. We have z1(0) = T?/2 and x5(0) = —T, so (z1,x2) moves along the
Jeft half” of the parabola z = /2.

-If < —1/T, then ps <0 fort <T+1/aand py > 0for t > T + 1/a, so the
optimal control is

1 for [T+ 1/a,T].
Now, since &5 = u and x5(T) = 0, we check that

) —t+T+2/a for [0,T+1/a),
x =
2 t—T for [T+ 1/a, T),

W (t) = {—1 for [0,T 4+ 1/a),

and hence
(t) = —(—t+T+2/a)?/2+1/a® for [0,T+1/a),
TEN 122 for [T + 1/, T.

See Figure 4.6.

Z2

/

FIGURE 1. The graph of the function 21 = —x2|x2|/2 (bold) splits
the phase portrait into two parts. The upper region corresponds
to the choice u = —1, while the lower part corresponds to u = 1.

The above reasoning might seem a little informal, so we will present now a
rigorous analysis of the problem, basing on the above calculations. We have z;(0) =
—(22(0))%/2 4+ 1/a?, which allows us to compute « and T. We have

1 23(0) 3(0)
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The same computations would apply if the starting time was equal to ¢ and the
initial position was z1 = x1(t), z2 = x2(t) (simply replace 0 with ¢ and T with
T —t). Therefore, we are led to the following candidate for the Bellman function:

B(t,xy,x5) = —x9 —2y/71 +23/2 in the upper region,
o T2 — QW in the lower region.

Now we check that “the Bellman property”: we fix arbitrary x1(0), z2(0) and some
control u, and prove that the function ¢(t) = B(t, 21, x3) — t is nonincreasing on
[0,T], where T is the first time (21, 22) reaches (0,0). This is straightforward: for
example, in the upper region, we compute that

P S B N1 T2 )

CO=ts s Y )<_+v%1+x@2>
Since u € [—1,1], this is nonpositive. Indeed, if x5 > 0 there is nothing to prove,
and if x5 < 0, then we use the fact that x; > 22/2. Consequently, we have
¢(T) < ¢(0), which is equivalent to —T < B(0, z1(0), z2(0)). Equality is obtained
for the examples studied above. Actually, the same analysis can be carried out
if the starting position is (¢,z1,z2) instead of (0,x1(0),x2(0)): then we obtain
B(t,z1,22) < B(t, 21, 3), and the reverse follows from the fact that B is based on
the concrete examples.

Now we will show how the optimal control theory leads to Hardy inequalities.

EXAMPLE 4.7. Let 1 < o < 0o be a fixed constant. We will identify the best
constant C,, in the estimate

[ o

Note that we may restrict ourselves to nonnegative f: the passage from f to |f|
does not change the right-hand side and may only increase the left (making the
claim harder). By standard density arguments, we may and do assume that f is
piecewise continuous. In addition, by a straightforward limiting argument, it is
enough to study the localized estimate

ATié?@M

Step 1. Abstract Bellman function. Let us first put the problem into an appro-
priate framework. We rewrite the estimate in the form

o [ ()

the supremum taken over all f as above. This suggests that the control should be
the function f; furthermore, looking under the integral, it seems natural to take
fot f as the controlled process. Thus, we are ready to introduce the associated
Bellman function

B(S,y)=sup{/os((1/Otf)a—0f“(t)> dt /Osf=y},

mg@/|mwm
0

o T
dt < ca/ |£(t)|dt.
0

«

- Cafa(t)dt} S Oa
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where C' > 0 is a fixed constant. Our goal is to identify the least choice of C' for
which B < 0.

Step 2. Homogeneity. The function B depends on two variables; however, as
we will see in a moment, it satisfies two homogeity-type conditions, which actually
reduces the problem of finding B to a single real number. First, suppose that f is
an arbitrary function on [0, s] satisfying [ f = y. Then obviously [; Af = Ay for
any constant A > 0 and thus

Bls )= [ ((1 / t f)a - Of%t)) dt.

Taking the supremum over all f as above, we get
(4.3) B(s, \y) > A*B(s,y), A>0.
Now plug y := A~y to obtain

B(s,y) > X*B(s,A"'y).

Substituting A := A~!, we obtain the reverse to (4.3): thus, equality holds here.
The second homogeneity is a little more involved. Namely, suppose again that
f is an arbitrary function on [0, s] satisfying fo“s f =wy. Take pu > 0 and consider

the dilated function f(t) = f(t/u) on [0, us]. Then
us

B ns s
fdt = f(t/p)dt = u/ f=ny,
0 0 0
so that

B(us,uy)>/ous ((1/{;‘) —Cf“(t)> dt:u/os <<1/Otf)

Taking the supremum over all f as above, we get

[e3% [0

—C f%s)) dt.

B(ps, py) > pB(s,y),

1 1

and substituting s := p~'s, y := p~'y and then p := p~! shows that we actually
have equality here. Putting all these facts together, we see that

(4.4) B(s,y) = sB(L,y/s) = s- (y/$)* B(1,1) = —ky®s1,
where Kk = —B(1,1). In particular, we see that B is of class C*° (provided it is
finite).

Step 3. Bellman equation. Now we will study the Bellman monotonicity con-
dition. To this end, fix s > 0, ¢ > 0 and any nonnegative, piecewise continuous
function f on [0, s] with [ f =y. We extend this function to f:[0,s4¢] = [0,00)
putting f(¢) = a for ¢t € (s,s + €]; here a is some arbitrary nonnegative number
(“control”). Then we have

st+e
/ f=y+ea
0
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and hence

B(s+¢e,y+e¢a)

z/om ((U:f)a—cfa(t)) dt
1/Otf>a—0fa(t)> dt+/:+e ((1/Otf)a_cfa(t)> dt

Taking the supremum over all f as above, we get

B(s+¢e,y+ea) > B(s,y) + /jﬁ (1 (y+a(t—s)*— Cao‘> dt.

tDL
Now move B(s,y) to the left, divide throughout by ¢ and let £ — 0, obtaining
(4.5) Bs(s,y) +aBy(s,y) = (y/s)* — Ca”.

By (4.4), this simplifies to

—(1 = a)(y/s)* — kaa(y/s)* " > (y/s)* — Ca®,
or
Cb* —abk + Kk(a—1)—12>0,
where b = as/y. This estimate is supposed to hold for any b > 0; optimizing over

this parameter, we see that the left-hand side is minimized for b = (k/C)Y/ (=1,
Assuming equality for this choice of b, we obtain

Ko/ (a=1) 1
oy TR LT
This leads us to the following candidate: if C' is a fixed parameter, then we let k
be the solution to the above equation and then we apply (4.4).

(4.6)

Step 4. Choice for C'. The above analysis leads to the following question: for
which C there is a solution to (4.6)7 The left-hand side converges to —oo as kK — oo,
so we actually ask for those C, for which the maximum of the left-hand side is at
least 1/(c — 1). A direct differentiation shows that the maximum is attained for

k=C- (O‘T’l)a_l, and it is equal to

C(a—l)o‘l.l.
« Q

In other words, the solution to (4.6) exists if and only if C' > (a%) . Now we

1

(0%
guess that the optimal constant is C, = (L) . Then we are forced to take

a—1
k = af (v — 1). Reviewing all the above calculations, we see that the function

B(s,y) = —%y“sl‘c’
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satisfies (4.5), with equality for

-1y

(4.7) a=by/s= =

Step 5. Verification. Now we pick an arbitrary nonnegative, piecewise con-
tinuous function f on [0, s] satisfying fOS f = y. By a direct differentiation, the
function

w sl )L (L

is nondecreasing: this is precisely (4.5), with s = u, y = fou f and a = f(u). Thus

(o )LL) erm)asaf )

and letting u — 0 we get

/OS (C/;Oa Caf“(t)> dt <0,

so the inequality holds with the constant C,,. To see that this constant is optimal,
we inspect (4.7) and (4.8): the function in (4.8) will be constant if f satisfies

fluy=""2. /f

for all u. This happens for f(u) = cu™'/® (c is some constant), but this function
does not have the appropriate integrability: fos f¢ = o0o. Anyhow, we might expect
that the optimality of C, will be obtained asymptotically Take B > a~! and

[e%

- Cf“(t)) dt

(e

consider the function f(u) = u~?. Then f € L®(0,s), we have * fo )7L,
and
Jo (FJo ) at
O(:%>=O—B)Q%Cw
Jo fodt

as B — a~!. This proves the desired sharpness.

ExAMPLE 4.8. Now we will present an enhanced analysis of the estimate

AWHAU@MQ

which is much more flexible. As previously, we start with noting that we may
assume that f is nonnegative: the passage from f to |f| does not change the right-
hand side and may only increase the left (making the claim harder). We will restrict
ourselves to piecewise continuous f.

ag@/|mwa
0

Step 1. An abstract Bellman function. The first step of the analysis is to
investigate the more general estimate

/OT (1 /Otf(s)ds>adt <C, /OT Ft)edt.



4. DETERMINISTIC CONTINUOUS CASE 59

Instead of formal putting this problem into the appropriate framework, we prefer
to proceed with the direct analysis. For a given f as above, consider the functions

i (t) = / Fs)ds,  aalt) = / f(s)ds,  te[0.T),

and let
t
Bltnn) =sup{ [ 5 (s 5 21(0) =y, a) = 12
0
Note that y; < y;/atl_l/o‘: B is defined on a non-trivial subdomain of Ri. Actually,

ify; = yé/ “t1=1/@ then there is only one function satisfying the integral conditions:

f=w1/t. Then s — %fo‘s f = v1/t and therefore, B(t,y1,y2) = yftt—*.
We will find the explicit formula for B.

Step 2. Homogeneity. Now we will present the dimension reduction: the func-
tion B depends on three variables, but enjoys certain homogeneity, which allows for
a significant simplification. First, suppose that f is an arbitrary function on [0, t]

satisfying fot f=uw, fot f& = yo. Then obviously fot A = Ay, fg()\f)o‘ = A%y, for
any constant A > 0 and thus

t 1 s @
B(t, \y1, \“ya) > /\O‘/ </ f) ds.
o \SJo

Taking the supremum over all f as above, we get
(4.9) B(t, \y1, \*y2) > AX*B(t,y1,y2), A > 0.
Now plug y1 := A" ty1, y2 := A~ %y, to obtain

B(t,y1,y2) = X*B(t, Ay, A %ya2).

Substituting A :== A™!, we obtain the reverse to (4.9): thus, equality holds here.

The second homogeneity is a little more involved. Namely, suppose again that
f is an arbitrary function on [0, ¢] satisfying fot f=u1, fot f® =yso. Take > 0 and
consider the dilated function f(s) = f(s/u) on [0, ut]. Then

pt ~ pt t pt 5 t
/ fds = f(S/u)ds=u/ f =y, / f“ds=u/ = pya,
0 0 0 0 0

so that
nt 1 s \™
B(ut, py1, py2) 2/ (/ f) ds
0 5 Jo

t 1 ps O\ @ t 1 s (e
[ e [CL
0o \HMSJo o \S5Jo
Taking the supremum over all f as above, we get

B(uta MY, :u‘yQ) Z [J,B(t, Y1, y?)a

and substituting ¢ := p= ', y1 := p"'y1, ¥y := p 'ys and then p := p~! shows

that we actually have equality here. Putting all these facts together, we see that

a o o tafl
B(taylayZ):tB (13&7%> :t<&) B 1713%'7 = al B 1717y2 )
tt t t oy ta—1 Y&
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that is, we have

a toz—l
(4.10) B(t,y1,y2) = ti{ilw <yzya )
1

for some unknown function ¢ : [1,00) — [0, 00) satistying ¢(1) = 1 (for the domain
of ¢ and the initial condition, see the above discussion on the domain of B).

Step 3. Candidate. What is the Bellman monotonicity property? Pick arbitrary
t > 0, ¢ > 0 and any nonnegative, piecewise continuous function f on [0,¢] with

f(ff = 1, fg f* = yy. Extend it to f : [0,¢ +&] — [0,00) putting f(s) = u for
€ (t,t + €]; here a is some arbitrary nonnegative number (“control”). Then we

have . .
/f:y1+5a, /fa=y2+aa,a
0 0
and hence

B(t+¢e,11 +5a,y2+€a(")2/0t+6 (i/:f)cvds
[ GL ) e [T ([ [ 7)
L [ ([
:/Ot(i/ ) ds+/tt+6 (y1 +a(s —t))“ ds.

Taking the supremum over all f as above, we get

t+e
Blt + 2.1 + ca,ys + 2a®) = Blt, g1, y2) + / 5 (g1 + a(s — £)* ds.
t

Now let us assume that B is of class C'. Because of this assumption, we are no
longer permitted to use the letter B: we will write B instead. Putting B(t, y1, y2)
on the left, dividing throughout by ¢ and letting ¢ — 0 yields

(4.11) By(t,y1,y2) + aBy, (t,y1,92) + a® By, (t,y1,92) > (1/1)"

Now, recall (4.10): we have, for u = yt*~1/y%,

Bult,yr,2) = (1= ) (2)" (p(w) — ud'(w)

By tonw) = ()" () —ugl ()

and EyZ (t,y1,y2) = ¢'(u). Plugging this above, and substituting b = at/y; gives

(P(u) —u@'(u)) (1 — a+ab) + @' (u) > 1.
This inequality must hold for all controls b. We minimize the left-hand side over b:
the direct differentiation shows that the minimum is attained for

b= (wﬁ’(g(;)@(u)y/(a-l).

Plugging this above, we obtain

w () — S\ @D
(@ 1) [1 - (=) ] (s () — $(w)) > 1.
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We assume equality: if we manage to solve this equation, we will claim that the
function B obtained via (4.10) is the candidate for the Bellman function.

Step 4. Solution to the differential equation. We will now show that there is an
increasing continuous function ¢ : [1,00) — R, satisfying the differential equation

w (1) — () @D
(4.12) (a—1) [1 - (W) ] (u@'(u) — 4(u) =1

for u € (1,00) and the initial condition (1) = 1. Furthermore,

(4.13) o(u) < <a—1> u for u > 1.
Consider the function ¢ : [1,00) — R given by

1 1\“
4.14 = 1——+—] .
(114) v =s(1-3+ )

One easily verifies that this function is smooth, strictly increasing and maps [1, 00)
onto itself. Let ¢ be the inverse to v; then ¢(1) = 1 and we have

(4.15) 5= (1 _ é + (wl(s)y o(s).

This, by a direct differentiation, yields

1= (13 a«j(s))a el a;(s))al ’

or, equivalently,

(4.16) (plts):a;l<1_olé+m;(s)>al (1_@(13))'

Multiply both sides by ¢(s) and subtract the obtained equality from (4.15). We
get

Cps) (1 1\
(4.17) ST (1 a*oms))

and hence (4.16) can be rewritten in the form

Ao (-2 [ (-2

which is the desired differential equation (4.12). To show (4.13), note that

(90(8)>' _ ¢(s)s —p(s)

s 52

=0,

where the latter bound comes from (4.17) (and the estimate ¢’(s) > 0, which is a
consequence of the strict monotonicity of ¥). Thus, (4.13) follows at once from

lim L lim S i
§—00 S B §—00 1)/}(3) - o — 1 '
This finishes the proof.
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Step 5. B = B. Pick an arbitrary ¢t and an arbitrary nonnegative piecewise
continuous function f on [0,¢] with fot f =1 and fot f® = yo. Then the function

wo sl [ ) [ ()

is nondecreasing, by (4.11). Consequently, for any s < ¢t we have

LGy sl o) [ GLo) <[ r)

and hence, by Fatou’s lemma, fo (L[5 £)" < B(t,y1,y2). Taking the supremum

over f gives B < B. To show the reverse, it is enough to prove that B(t,y1,y2) is
obtained as the evaluation of the functional on specific functions. One can extract
from the above proof that the functions of the form f(s) = as®, for appropriately
chosen a and b, do the job.

1. Problems

1. Solve the optimal control problem

sup {/0 Vou(t)dt + \/x(T)} )

where z(0) = 29 > 0 and & = —u < 0.
2. Solve the problem

sup {a(1) - 511

where & = (&1, %2) = (u,u) (u € R) and (21(0), z2(0)) = (0,0).
3. Consider the system of ODEs
T, =21 +u, To = —u2,
with the initial condition z1(0) = 1, 22(0) = 0, where u € R. Solve the problem

Sllle { —21(T)* + 22(T)}.

sgp{—/o1 u2dt+x(1)},

where  =u >0, 2(0) =z > 0.
5. Solve the problem

4. Solve the problem

1
sup/ (1 —w)adt,
u Jo

where & = € [0,1] and z(0) = 1/2.
6. Prove that for any f : [0,00) — R we have

/Ooo|f(t)dt§ﬁ(/ooof2(u)du> (/ P 2du> "



CHAPTER 5

Stochastic continuous case: optimal control of
diffusions

We turn our attention to the stochastic setting. The rough idea is that the

differential equation
&= f(t,z(t),u(t)), t>0,

which in the previous chapter governed the evolution of the deterministic system,
may be continuously influenced by stochastic disturbances. This additional prob-
abilistic ingredient is expressed in terms of (stochastic integrals of) Brownian mo-
tion. For the sake of completeness of the presentation, we will discuss some basic
properties of stochastic calculus and stochastic differential equations, referring the
interested reader to the monograph [6] for the more detailed and systematic study.

1. Some background on stochastic integration

Assume that (Q, F,P) is a complete probability space: here by completeness
we mean that for any A € F of probability zero and any B C A we have B € F.
We equip the space with a filtration, i.e., a nondecreasing family (F;);>o of sub-o-
fields of F. For technical reasons, we assume that the filtration satisfies the usual
conditions, that is, it is right-continuous (we have (-, Fs = F; for all ¢ > 0) and
Fo contains all the events of probability zero. B

The following process will be fundamental in our further considerations.

DEFINITION 5.1. A real-valued adapted process W = (W;)i>0 is a Wiener
process (Brownian motion), if it satisfies the following conditions.

(i) We have W, = 0 almost surely.

(ii) The process W has independent increments: for any 0 < tg < t; < to <
... < tp, the variables W, Wy, —W,,, Wi, —Wy,, ..., Wy, — Wy, _, are independent.

(iii) For any 0 < s < t, the random variable W;—W; has the normal distribution
of mean zero and variance ¢ — s.

(iv) The process W has continuous trajectories.
A Wiener process W in R” is the collection (W(l), w®, W(")) of indepen-
dent one-dimensional Wiener processes W1, W@ . W),

We will describe now some background on stochastic differential equations with
respect to Brownian motion. The idea is to modify the equation

(5.1) = b(t,xy)
by adding a stochastic component: the equation will take the form

dz

E :b(t,xt)+a(t,xt)Wt, tZO,

63
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or rather
(5.2) dxy = b(t, x¢)dt + o(t, x)dWr, t>0.

Here W can be interpreted as the “white noise” inserted into (5.1). One of the main
problems is that formally, the right-hand side above does not make sense: with
probability one, the trajectories of Brownian motion are nowhere differentiable and
hence dW; is meaningless. To overcome this difficulty, one rewrites (5.2) in the
integral form

t t
Ty = To Jr/ b(s,zs)ds +/ o(s,zs)dWs, t>0,
0 0

reducing the problem to that of giving sense to the latter integral. Again, this
cannot be done pointwise by means of Stjeltjes integrals: it can be shown that
almost surely, Brownian motion has an infinite variation on any subinterval of
[0,00). It turns out that the problem can be tackled by referring to the L? isometry
argument. More specifically, suppose that H is a fixed process and assume that we
are interested in defining the integral (H - W), = fot H,dW,. Assume first that H
is “very simple”, that is, we have

H = ¢l for some Fyp-measurable random variable £
or, for some 0 < s < t,
H =&l for some Fy-measurable random variable &.

Then for any r, we define
T

H,dW, =0
0

in the first case, and
-
| HuadWa = €0Wops = Wi
0

in the second case. By linearity, this definition extends to integrals of simple in-
tegrands H (linear combinations of very simple integrands). By a beautiful L2-
limiting argument, one can define the stochastic integrals, with respect to X, of
locally bounded predictable processes H. The key property which enables the exten-

sion is the identity
t 2 t
E (/ Hdes> = E/ HZds,
0 0

provided H is a simple integrand.

One of the fundamental statements in the theory of stochastic integration is
the following It6’s formula, which will be stated for Brownian motion only. Namely,
for any C? function on [0,00) x R, we have

¢ t 1t
F(t,W;) = F(0,0) + / Fi(s,Wy)ds +/ F.(s, W) -dW, + 3 / F,.(s,W)ds
0 0 0

t 1 t
= F(0,0) —l—/ (Ft(s, W) + iFm(S’ WS)> ds + / Fo.(s, W) - dWs.
0 0
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In the n-dimensional case, the formula is slightly more complicated: for any C?
function on [0, 00) x R™, we have

F(t,W,)

t n t 1 t
= F(0,0,...,0) + / Fy(s,Wy)ds + Z/ Fy (s, W)dWw® + 7/ AF(s,Wy)ds
0 =1 o 2 Jo
t 1 n t
= F(0,0,...,0) + / <Ft(s,Ws) + 2AF(S,WS)> ds + Z/ Fy (s, W)dWw®),
0 = 70

where W = (WM W@, .. W) and AF stands for the Laplacian of F.

We return to the context of the stochastic differential equation
(53) dXt = b(t7 Xt)dt + O'(t, Xt)th, t> 0,

with the initial condition X, = x(, where x( is a given Fy-measurable random
variable. Here we assume that b and o are piecewise and right-continuous in ¢ and
Lipschitz in z, uniformly in ¢ (there is a constant K such that for any ¢,  and y
we have |[b(z,t) — b(y,t)| < K|z — y|). One of fundamental questions concerns the
existence and uniqueness of the solution.

THEOREM 5.1. Assume that b and o are piecewise and right continuous in t
and Lipschitz continuous in x uniformly in t, and that o(t,xo) and b(t,z¢) are
functions bounded by some constant. Then there is a unique adapted solution X;
of (5.3) on [0,00), continuous in t and locally square-integrable.

Sometimes the processes satisfying (5.3) are called diffusions. The statement of
the theorem remains valid if b and ¢ are assumed to be adapted processes: b(t, z,w),
o(t,z,w). Furthermore, the formulation is still true in the n-dimensional context,
in which b is a function with values in R™, ¢ is a function which takes values in the
set of n x n matrices and W is replaced by an n-dimensional Brownian motion W.

All the above discussion concerned the case in which the starting time is equal to
0 and the starting position is a given random variable zo. However, the statements
extend immediately to the context in which the starting time is some parameter
s > 0, and the initial variable is equal to s (which can be random or deterministic).
For the sake of convenience, we distinguish the family of probability measures P; ,
(and the corresponding expectations E, ,), where the index s indicates the starting
time, while x stands for the deterministic starting position equal to z.

Before we proceed, we mention an importance consequence of Itd’s formula.
Suppose that f is of class C? on R, x R"™ and X satisfies (5.3). Then

Es’xf(s + 5,Xs+5) — f(S,:L‘)

lim
e—0 e
= fi(s,z) + <fo(s,x), b(s,x)> + %<D2f(s,x)a(s, a:),a(s,x)>,

where V. denotes the gradient with respect to z-variables, (-, -} is the scalar product
in R® and D?f is the Hessian matrix of f.
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2. Optimal control

Suppose that the n-dimensional diffusion X; is governed by the controlled sto-
chastic differential equation

dXt = b(t,Xt, U(t,Xt))dt + O'(t,Xt,u(t,Xt))th, XQ = Xg-

Here the control u(¢, X;) is a function taking values in a given set U and is subject
to choice. The functions b, o and z( are given, with ¢ being an n x m matrix
with entries o; ;(t,x,u), and W, is a vector of m given independent Brownian
motions. We assume that the coordinates/entries of b and o are piecewise and
right-continuous in ¢, and uniformly Lipschitz continuous in (z,w). For any given
(s,x) in [0, T] x R™, define the functional

T
J(s,2,u) = B / o(t, X, ult, X))dt + (T, X7)| |

where g and r are given functions and T is a fixed time horizon (in case T = oo,
the function r is assumed to be zero). Suppose we are interested in the problem

(5.4) B :=sup J(0, zg,u),

where the supremum is taken over all controls v with values in U. As usual, two
questions arise:

- to identify the control u* (if exists), which yields the optimal performance,
i.e., such that we have

J(0,zo,u*) = sup J(0, zo, u).

- to compute the explicit value of B.

In (5.4), we consider only the controls of the form wu(t, z), so-called Markov
controls, taking values in U. It is possible to allow more general control func-
tions u(t,w) that are dependent on past values of W; however, in most cases the
supremum is achieved in the Markovian case.

As previously, the successful treatment of the above problem rests on extending
it to general starting positions. Define the associated Bellman (or value) function
B :[0,T] x R® — R by the formula

B(s,x) =sup J(s,x,u).
u
Clearly, B satisfies the initial (or rather terminal) condition B(T,x) = r(T,z) for
all z. For t < T, the values of B(t,z) are governed by an appropriate version of
Hamilton-Jacobi-Bellman equation (HJB). Let us present a rough reasoning which
leads to this statement. Fix a point (s, z) and a small positive number ¢, and take
a look at the definition of B(s,z). Assume that B is of class C? and consider the
following control. First, on the time interval [s, s 4 €], we take u = a, where a is an
arbitrarily chosen element of U: hence we have

ste s+e
X:+E =x+ / b(t7Xt, a)dt + / O'(t,Xt,a)th.
s s

Second, depending on where the diffusion is located at time s + ¢, we apply the
corresponding (almost) optimal control coming from B(s + ¢, X?,.). The control
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u we have just constructed leads to the inequality

B(s,z) > J(s,z,u)

s+¢ T
:Esw/ g(t,Xt,a)dt—l—/ o(t, X, ult, X))dt + (T, X)) |

+e

or
s+e
B(s,xz) > E>* [/ g(t, Xy, a)dt] +E5*B(s+ ¢, Xsie)-
S

We move B(s,z) to the left, divide both sides by ¢ and let € — 0, obtaining
0>g(s,z,a) + LB(s,x)

1
= g(s,x,a) + Bs(s,z) + By(s,z)b(s, x,a) + iBm(s,:c)az(s,x,a).

Furthermore, we might hope that if a is chosen in an optimal manner, then equality
will hold above. This is the aforementioned Hamilton-Jacobi-Bellman equation

1
Bs(s,x) + sup {g(s,x, a) + Bz (s, z)b(s,z,a) + iBm(s, x)a2(s,x, a)} =0.
acU

In the n-dimensional context, the formula is analogous, though a little more com-
plicated:

Bg(s,x) + sup {g(s,x,a) + (V.B(s,x),b(s,x,a))
(55) acU

+ (A5 ol 0(s,.0)) | =0

where (-, -) is the scalar product in R™.

More precisely, we have the following two statements.

THEOREM 5.2 (Necessary Conditions). Suppose that B is twice continuously
differentiable on (0,T) x R™ and continuous on [0,T] x R™. Then B satisfies the
HJB equation (5.5) in (0,T) x R™, together with B(T,x) = r(T,x). Moreover, if
u* is an optimal control, then a = u*(s,x) mazimizes the right-hand side of (5.5).

THEOREM 5.3 (Sufficient Conditions). Suppose that B is a function that is
continuous on [0,T] x R™, is twice continuously differentiable in (0,T) x R™, and
satisfies (5.5) on (0,T)xR™, together with the boundary condition B(T,z) = r(T, x)
for all x. Assume that for every pair (t,x), ug(t, ) is the value of u € U that yields
the maximum in the right hand side of (5.5). Then ug is the optimal control.

ExXAMPLE 5.4. Consider the problem

T
/ —u?dt — X2 |,
0

where dX; = udt + cdW;, Xo = xo; here ¢ > 0 and xy € R are given numbers.

supE

u

We introduce the Bellman function

)

T
B(s,y) =supE [/ —u?dt — X2
u s
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where X satisfies the same SPDE as above, with X, = y. The Bellman equation
takes the form

1
By(t, z) 4 sup {—a2 + B (t, z)u + 5Bm(t, x)aQ} =0.
ac€R

The supremum is attained for a = B,(t, z)/2, plugging this control above gives
B.(t,1)?  Bg.(t,x)o?
4 + 2 '

Furthermore, the terminal condition reads B(T,z) = —z%. To solve the above PDE,
we search for some homogeneity-type property of B which enables the reduction to
the ordinary differential equation. Suppose that v is an arbitrary control and X is
the process starting from y. Next, pick a different starting point § and change the
control to 4 = u + ¢, where c is a parameter. Then we have

(5.6) 0= B,(t,x) +

T
thg-i-/ adt +oWpr =9 —y+c(T —s)+ Xrp.

Hence

B(s,§) > E [/T*dt)?%}

:E[/T—vfdt—zc/Tudt—c2(T—s)
’ ’ T
_ X2 2j—y+o(T— ) <y+/ udt> G-y +elT—s)?.

Now suppose that § —y + ¢(T — s) = —c. Then the integral ng u cancels out and
we obtain

T
B(s,y) >]E{/ —u2dt—X%] — (T — 5) + 2cy — 2.

Hence, taking the supremum over u and recalling that § — y + ¢(T — s) = —¢, we
get the estimate
(5.7) B(s,y —c¢(T —s+1)) > B(s,y) — (T — s+ 1) + 2cy

for all ¢, y € R. Now substitute § = y — ¢(T — s+ 1) and ¢ = —c. Plugging this
above, we see that

B(s,5) > B(s,j—¢(T —s+1)) = (T — s+ 1) — 2¢(5 — &(T — s + 1)),
which is equivalent to
B(s,y—e(T —s+1)) < B(s,y) — (T — s+ 1) + 2¢y.

But § and ¢ can take arbitrary real values; thus equality holds in (5.7), which is
the desired homogeneity. Consequently, taking ¢ = y/(T — s+ 1), we obtain

y? y?

Blaw) = B0 ~ gy =¢0 ~ 731

Plugging this into (5.6), we get
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so that ¢(s) = o2 In(T — s + 1) + C for some constant C. This yields

y2

T—-—s+1
and the terminal condition B(T,y) = —y? gives C = 0. Strictly speaking, the
function B we obtained is the candidate for the Bellman function; however, since
it is of class C? and satisfies the HJB equation, Theorem 5.3 implies that it does
coincide with the abstract Bellman function. Note that the optimal control at time
tis equal to u*(t) = =X, /(T —t + 1).

B(s,y) =c*In(T —s+1) — +C,

The methodology we described above works perfectly for the infinite-horizon
problems.

ExAMPLE 5.5. Consider the problem
supE {—/ e PHXE + uf)dt} ,
u 0

where dX; = udt + X;dW; and Xy = 1. Here p is a fixed positive constant. As
usual, we start with writing down the abstract Bellman function corresponding to
the problem:

B(s,y) =supE {—/ e PHXE + uf)dt} ,

where X; = y and X is governed by the same stochastic differential equation as
above. Now we will establish two homogeneity properties of B. First, suppose
that Xy = y and X satisfies the above SPDE; then X, = Xirs. t > 0, satisfies
Xo =y and dX; = dX; s = u(t + s)dt + X¢y o dWigs = u(t + s)dt + X,dW;, where
W, = Wits — Wy is a Brownian motion. Since in addition we have

00 (o]
E / e P (X2 +ud)dt =E / e P (XT 4 iy )dt
s 0

= e_ps]E/ e PH(X2 + uy,)dt,
0

we infer that B(s,y) = e ”*B(0,y). Next, observe that if X is a process induced
by Xo = y and the control u, then AX is a process induced by AXy = Ay and A\u:
this follows at once from the linearity of the stochastic differential equation. Thus

B(0,\y) =supE {/ e PHNEXE + )\2uf)dt} = \2B(0,y).
u 0

Putting the above homogeneity properties together, we see that B(s,y) = ye™?*y?

for some unknown constant ; in particular, B is of class C?. To compute 7, we
derive the corresponding HJB equation. We proceed as usual: for a fixed starting
position y, we consider the control v which is equal to @ on some small interval
[0,¢], and is the (almost) optimal control induced by B(e, X.) on (g,00). Then

B(0,y) > — / e (X7 + u7)dt + E*YB(e, X.).
0

Putting all the terms on the right, dividing by € and letting ¢ — 0 yields
L(LX)B(O,Q) - (y2 + a2) S 0)
or )
By(0,9) + Br(0.y)a + 5 Buw(0,9)y” — (4 + a®) < 0.
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Plugging the formula for B, we obtain
v (=py® +2ya+y*) —y® —a® <0.

Now we optimize over a and assume equality: the left-hand side is the largest for
a = vy and hence we get y*[y(—p+ v+ 1) — 1] = 0. This equality must hold for
all y, and thus the expression in the square brackets must be zero. There are two
solutions
p—1+/A-p2%+4

2 )
satisfying v; > 0 and v_ < 0. But by the very definition of B, it is clear that
B < 0; thus we are forced to take «v_ and hence

p_l_ 1_p2+4 —ps
B(s,y) = (2 ) e Py

Finally, note that the optimal control is uf = v_X;, t > 0.

T+ =

It should however be emphasized that in general, Bellman functions need not
be of class C? and hence the application of the HJB may not make sense.

EXAMPLE 5.6. Let

0 ifz<0,
F(z) =4 2? ifze€|0,1],
1 ifz>1.

Consider the optimal control problem sup, EF(Xr), where Xo = 0 and dX; =
urdWy; here u € R are arbitrary. We introduce the Bellman function

B(s,y) =supEF(Xr),

where X, = y and X satisfies the same SPDE as above. The terminal condition
reads B(T,y) = F(y). Furthermore, if B € C?, then the HJB equation takes the
form
Bs(s,y) + sup {;Byy(S, y)az} =0.
ac€R

This implies that By, must be nonpositive; then the optimal control a is zero and
we obtain Bg(s,y) = 0 for all s € [0,7] and y € R. Consequently, we deduce that
B(s,y) = B(T,y) = F(y) for all s € [0,T] and y € R. But this contradicts the
condition By, < 0: the function F' is not concave. The problem here lies in the
fact that B is not of class C?, and that the optimal control does not exist. To see
this, we solve find the Bellman function “by hand”. Clearly, if y > 1, then it is
optimal to take u = 0: then the process X is constant and EF(Xr) = F(y) =1 is
obviously optimal. Similarly, if at some time ¢ the process X reaches 1, then from
that time on it is optimal to take the zero control. On the other hand, if y < 1,
let us consider © = a on some small time interval [s, s + €], for some big positive
number a. Then X; = s+a(W; —Wy). It follows from the law of iterated logarithm
for Brownian motion that if a is chosen sufficiently large, then X reaches 1 with
probability as close to 1 as we wish. Putting the above considerations together, we
see that B(s,y) = 1 for all s < T and y € R. Furthermore, for y < 1 the optimal
control does not exist: it would be optimal to take u*(¢,y) = oo for y < 1 and
u*(t,y) = 0 for y > 1, which makes no sense.
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3. Problems
1. Solve the problem

T
sup{;/ [—uz(t)ext]dt—FeXT},
0

where dX; = u(t)e=Xtdt + cdW;, Xo = x0; here o > 0 and z¢ are fixed numbers.
2. Let X; denote the wealth of a person at time ¢. Suppose that at each
time, the person has two possible investments to choose. The first, risky asset Y is
assumed to satisfy the SPDE
dY; = aYydt + oYy dWy, t>0,
for some given parameters a, ¢ > 0. The second, risk-free asset Z satisfies
dZy = bZdWy,

for some b € (0,a). At each instant ¢ the person can choose how big fraction
u(t) € [0,1] of the wealth will be invested in the risky asset (the remaining part is
invested in Z). Find the control u which optimizes the functional Ev/X7, where T
is a fixed finite horizon.
3. Solve the problem
sup P(X7 > 1),

where dX; = u(t)dWy, u(t) € [-1,1], Xo = zo.






CHAPTER 6

Towards harmonic analysis: Buckley’s inequality

The purpose of this short chapter is to show that the methods of optimal
control can be applied successfully in some problems of harmonic analysis. The
presentation is based on notes [8].

Let I be a subinterval of the real line R. A weight w on I is a positive, integrable
function. For any subinterval J C I, we will use the notation

(w)y = |L1]|/Jw

for the average of w over J. Here and below, the integration will be taken with
respect to Lebesgue’s measure and |J| is the length of J.
For I as above and 6 > 1, let

A(1,8) = {w : (w)y < 5et™)7 for all J C 1}

be the 4-ball in the Muckenhoupt class A... Let D stand for the class of all dyadic
subintervals of I. Let A (I,4) be the dyadic version of A, (I,), in the definition
of which only J € Dj are considered.

In 1991, S. Buckley proved the following result.

THEOREM 6.1. There exists a constant ¢ = ¢(0) such that

> (M) < i

JeD;
for any weight w € AL (I,6).
Here I, stand for the left/right half of the interval I. Our primary goal is to
prove the above estimate with the constant ¢(d) = 8log .

The Bellman function corresponding to this problem is given as follows. Fix
6 > 1 and define

B(a:l,xg)zsup{ﬁ_| Z || (W) L (w)y = 1, <logw>J=x2},

JeDy <w 7
where the supremum is taken over all w € A, (I,d). Formally, this function is
defined on the domain
Qs = {I = (21,22) : log% <zp < 10g501}~

To see this, note that the right-hand side is guaranteed by Jensen’s inequality and
the left is due to the A, condition. Note that B does not depend on the interval
I, which can be seen by applying an appropriate affine transformation.

Our goal is to find the explicit formula for B. To this end, we could proceed
as usual: find a certain candidate for this object, and then show that it coincides
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with B. We will follow this path, but obtain a suboptimal candidate; the constant
8log & will not be optimal (we will show that B < B only).

We turn our attention to the properties of B. First, by the very definition of
B, we have the following “initial condition™

B(xl,log 171) =0.

There is only one weight w which satisfies (w); = x1 and (logw); = logxz;: the
constant one, equal to x; almost everywhere. For this weight, the sum in the
definition of B vanishes.

Here is a version of the Bellman equation, sometimes called “the main inequal-
ity” in the literature.

LEMMA 6.2. For every pair = of points from Qs such that (v, +x_)/2 € Qs,

we have
2 I

PROOF. Pick arbitrary weights w® € Ao (I3, d) with (w®);, = zF and (w®);, =
xét Then their concatenation w : I — R belongs to A;nfty(I,) and satisfies
(w); = x1 and (w); = x2. Consequently, by the definition of the Bellman function,

B(.%‘l, {L‘Q)

| (w)s — (whs \?
>|I|Z'J< @) )

JeD;
1 (w)y, —(w); \* | 1 (w)s, = (w)s_\*
“a7, 2 (M far 2 MW
~lJep, 7 +epr, J
N <<w>l+ - <w>1>
(w)1
Taking the supremum over w®, we get the claim. O

Furthermore, B enojoys the following homogeneity condition.

LEMMA 6.3. We have B(Ax1,log A + x2) = B(z1,x2) for any A > 0 and any
(x1,22) € Qs. In particular, B(xq,22) = B(x1e772,0) = p(x1e772).

PRrROOF. Take an arbitrary weight w € A (1, ) with (w); = 21 and (logw)r =
x2. Then for any A > 0, the weight @ = Aw also belongs to A (I,d) and satisfies
(w)r = Ax1 and (logw); = log A + x2. Consequently, by the very definition of B,

1 (@), = (@) \*_ 1 (w)g, = (w)s_\*
B(Azy,log AM-x2) > ] Z |J] () =1 Z |J|< ) ) :

JeD; (@) JjeD; J

Taking the supremum over w, we get B(Az1,log A+ z2) > B(x1,x2), setting a1 :=
A1, To :=log A 4+ 22 and A := A~!, we obtain the reverse bound. ([l

Step 1. A candidate for B. We write down an infinitesimal version of the
Bellman equation. Namely, pick an arbitrary = (z1, z2) belonging to interior of Q.
and fix h, k € R. Then for ¢ sufficiently close to 0, we have z& = (2, +ch, zo+ck) €
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Qs. Plug =, z—, =7 into the Bellman equation, put everything on the left, divide
throughout by €2 and let € — 0, obtaining

h

. . 1. 2
B$1£1 (.13)]7,2 + B-’K1-’£2 (x)hk + 531212 (.’,U)k'2 + 4 (x) S 0.
1

N | =

Since h, k were chosen arbitrarily, we see that the Hessian matrix

< BI111 + % Bxlzg >
B37131'2 B3?23?2

must be semipositive-definite. The homogeneity allows us to rewrite this in the
form

e—2e2 (g//(s) =+ s%) —e "2 (sg'(s))
(61) < _e—azg(sg/(s))/ S(Sg’ S))l ) <0,

where s = z1e~72. This is equivalent to saying that (s¢’)’ < 0 and the determinant
is nonnegative. Now, as usual, we assume the degeneracy condition: the deter-
minant must vanish. This assumption is plausible: if we are interested in sharp
estimates, then there should be weights for which the Bellman equation holds (that
is, we have equality in the main inequality). If we compute the determinant, we

are led to the equation
8
(g’(S) - S) (sg')' =0.

The general solution to this equation is g(s) = clog s+ ¢y; since g(1) = 0 (the initial
condition), we are forced to take ¢; = 0. To find ¢, we go back to the inequality
(6.1). We must have e=2%2(g”(s) + 8/5%) < 0, equivalently, —c + 8 < 0. Thus, it is
natural to assume that ¢ = 8. We have obtained the candidate

g(s) =8logs and B(xy,zs) = 8(logz; — x2).

Step 2. We will show that B < B. First, we check that B does satisfy the main
inequality. We have

B(z) - B(:v_)—gﬁ’(gﬁ) - (mirx_l%)z

— - o+ of —ar )
=8logx1 — 8xy —4log(zy z]) +4(xy +23) — | —

T
2 2
_ 1 (I
=8 @ h) 4<x)

h\> h\>
- (2)) o (2] 0
T T
This inequality enables us to write an appropriate induction step. Pick an arbitrary

weight w € Ay (I,8) and, for J € Dy, denote x7/ = ((w),, (logw)s). The main
inequality yields

J_ I\ 2

B . - xr, —x
[J1B(x”) > |J-|B(x”") + | T+ | B(a”)] + || (1#1) :
1
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We will use this inequality repeatedly, to I; then to I ; then to I+, etc. Let D}
denote the class of all dyadic subintervals of I of length 27"|I|. We obtain

n—1 J_ Jy 2
- . T —x
i > 5 e S 3 (S
JeDy k=0 Je Dk 1
But B is nonnegative; we thus obtain
n—1 S 2 .
> 5 (M) <inaeh
k=0 jeDk !
Letting n — oo are get
al- — ? -
> 1] <1Jl> < [1|B(z").
JeD; x]

Dividing by |I| and taking the supremum over w, we get B(z!) < B(z!). In
particular, B(x!) < ¢(x1e7%2) < 8log .
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