Homotopical localizations at a space ⋆

Adam J. Przeździecki

Department of Mathematics, University of Chicago, Chicago, USA Institute of Mathematics, Warsaw University, Warsaw, Poland

Abstract

Our main motivation for the work presented in this paper is to construct a localization functor, in a certain sense dual to the f-localization of Bousfield and Farjoun, and to study some of its properties. We succeed in a case which is related to the Sullivan profinite completion. As a corollary we prove the existence of certain cohomological localizations.

AMS classification: 55P60; 55P65

Key words: homotopical localization, cohomological localization, f-localization

10 December 2001

1 Introduction

We can view f-localization as the initial coaugmented idempotent functor on the homotopy category which takes a map f to an equivalence. In [1] Bousfield used the small object argument to prove that f-localizations exist for all maps f. The role of these functors was especially exposed in 1990’s when they were put in a convenient framework in terms of mapping complexes. A survey of related methods can be found in [12] and [7]. It seems natural to ask if a dual notion of a localization at a space Z, that is the terminal idempotent functor with a given space Z in its image (Definition 5), might not also be interesting. The main reason these localizations have not been considered very ⋆ This paper forms a modified version of a part of the author’s Ph.D. dissertation written at the University of Chicago under the direction of J. P. May; current address of the author: Warsaw University

Email address: adamp@mimuw.edu.pl (Adam J. Przeździecki).

much is that they are not known to exist in general, even in the stable case (see Chapter 7 in [14]).

As every homological localization can be realized as an f-localization, every cohomological localization, provided it exists, is a localization at a suitable space. Research towards establishing the existence of cohomological localizations was briefly summarized in 2.6 of [6].

Here we prove the existence of localizations at compactly topologized spaces (Definition 11 and Theorem 19). Examples of such spaces include the ones which are profinite completions of another space, mapping complexes with a profinitely completed target, and others. This result allows us to construct an idempotent approximation to the Sullivan profinite completion (Theorem 23).

We would like to be able to prove the existence of localization at an arbitrary space without relying on the compactness condition, and there is some evidence that such localizations should exist at abelian Eilenberg-Mac Lane spaces. These would form “truncated localizations at an ordinary cohomology theory”, an analogue of “truncated localizations at a homology theory” whose existence was shown by Ohkawa in [16]. It would also be interesting to find how such localizations act on spaces and how they are related to those f-localizations, that do not correspond to a localization at any space.

Casacuberta, Scevenels and Smith investigated in [9] dependence on certain large cardinal axioms of a more general question, from a positive answer to which the existence of localizations at any space would follow. Despite extensive efforts we were unable to avoid similar set theoretic problems in our attempts to prove the existence of localizations at a general space, nor were we able to disprove it under some large cardinal axioms.

The main Theorem 19 is proved in section 5. In section 6 we describe an idempotent approximation to the Sullivan profinite completion and prove the existence of certain cohomological localizations.

The paper is written simplicially. We use terms “space” and “simplicial set” as synonyms choosing the second one wherever confusion with compact topological space might occur or to emphasize it when we work on the point set level rather than in the homotopy category. To make the presentation more accessible, we frequently work in the pointed homotopy category Ho_∗. Adjective “compact” always means “compact Hausdorff”.

The author is very grateful to J. P. May and A. K. Bousfield for their support, encouragement and helpful comments.

2 Localizations

In this section we collect basic definitions and facts related to homotopical localizations.

A functor L is called coaugmented if it comes with a natural transformation η_X : X → LX from the identity to L. A coaugmented functor is idempotent if in the diagram X � � LX η_{LX} � LX^{LηX} � LLX the maps η_{LX} and Lη_X are equivalences and η_{LX} = Lη_X .

Definition 1 A coaugmented idempotent functor is called a localization.

Although this definition makes sense in any category we will consider only localizations in the homotopy category Ho_∗ of pointed simplicial sets (spaces). A space Z is said to be L-local if the map η_Z : Z → LZ is an equivalence. It is straightforward to check that the class of L-local spaces uniquely determines and is determined by the functor L. A map g : X → Y is an L-equivalence if Lg is an equivalence. There is a natural ordering of localizations as described below.

Definition 2 Given two localization functors L_1 and L_2 we say that L_1 ≤ L_2 if one of the equivalent conditions hold:

(i) there is a natural transformation L_1 → L_2 giving L_2L_1 ≃ L_2 (ii) any L_1-equivalence is also an L_2-equivalence (iii) any L_2-local space is also L_1-local

This definition is an obvious extension of the ordering in the Bousfield lattice of f-localizations (4.3 in [6]).

Given a map f : A → B we say that a fibrant space Z is f-local if the induced map of function complexes

f^∗ : map_∗(B, Z) → map_∗(A, Z) (3)

is an equivalence. If Z is connected the condition above is equivalent to the one that the induced map of unbased function complexes

f^∗ : map(B, Z) → map(A, Z)

is an equivalence.

A map g : X → Y is an f-equivalence if any f-local space is also g-local. This means that for any fibrant space Z if

f^∗ : map_∗(B, Z)^≃→ map_∗(A, Z)

then g^∗ : map_∗(Y, Z)^≃→ map_∗(X, Z).

Definition 4 An f-localization is a localization functor L_f such that the following conditions hold:

(i) The classes of f-equivalences and L_f -equivalences coincide. (ii) The classes of f-local and L_f -local spaces coincide. (iii) The map X → L_f X is an f-equivalence and L_f X is f-local. (iv) L_f is the initial localization functor such that the map f is an L_f -equivalence.

For a map f, there are obvious implications (i) ⇔ (ii) ⇔ (iii) ⇔ (iv).

The existence of f-localizations for arbitrary maps f was proved by Bousfield [1] and Farjoun [11].

Let Z be a fibrant space. We say that a map g : X → Y is a Z-equivalence if the induced map of function complexes

g^∗ : map_∗(Y, Z) → map_∗(X, Z)

is an equivalence. A fibrant space K is Z-local if it is g-local for all Zequivalences g. This means that for any g if

g^∗ : map_∗(Y, Z)^≃→ map_∗(X, Z)

then g^∗ : map_∗(Y, K)^≃→ map_∗(X, K)

Definition 5 A localization at Z is a localization functor L_Z such that the following conditions hold:

(i) the classes of Z-equivalences and L_Z -equivalences coincide. (ii) the classes of Z-local and L_Z -local spaces coincide. (iii) The map X → L_Z X is a Z-equivalence and L_Z X is Z-local. (iv) L_Z is the terminal localization functor such that the space Z is L_Z -local.

For a space Z, there are obvious implications (i) ⇔ (ii) ⇔ (iii) ⇒ (iv).

The implication (iv) ⇒ (iii) is obvious when L_Z in the sense of (i) - (iii) exists. The only problem might arise if L_Z exists in the sense of (iv) but not (i) - (iii), that is, a terminal localization T such that Z is T -local exists but not all T -local spaces are Z-local (condition (ii)). Suppose K is such a T -local but not Z-local space. Then there is a Z-equivalence f : A → B which is not a K-equivalence. Thus K is T -local but not f-local hence L_f is not less than T which contradicts (iv).

The existence of localization at a given space Z is not known in general.

It is clear that the classes of Z-equivalences and f-equivalences are closed under arbitrary homotopy colimits. Also the classes of Z-local and f-local spaces are closed under arbitrary homotopy limits.

Lemma 6 Suppose that for a certain space Z there is a set of Z-equivalences {f_α} such that every Z-equivalence can be presented as a homotopy colimit of elements of the set {f_α}. Then the localization at Z is simply an f-localization for f = ⋁ f_α.

3 A characterization of Z-equivalences

In this section we recall Lemma 8. Although it is not new we prove it here since we didn’t find an appropriate reference.

We say that a map f : A → B has a left lifting property (LLP) with respect to a map g : C → D if any diagram A � f � C g � B � � � � � D admits the dashed map. For the sake of clarity we will use the term homotopy LLP when the lift we have in mind is in the homotopy category.

Lemma 7 Let f : A → B and g : C → D be maps in Ho_∗. The map f has the homotopy LLP with respect to

g^∗ : map_∗(D, Z) → map_∗(C, Z)

if and only if g has the homotopy LLP with respect to

f^∗ : map_∗(B, Z) → map_∗(A, Z)

PROOF. We use adjointness to note that the existence of a dashed lift in the diagram A f � � map_∗(D, Z) g^∗ � B � � � � � map_∗(C, Z) is equivalent to the existence of the dashed map in the following diagram. A ∧ D f∧id �

� � � � A ∧ C id∧g �

f∧id � Z B ∧ D � � � B ∧ C � � � id∧g � This in turn is equivalent to the lifting property as indicated on the next diagram. C g � � map_∗(B, Z) f^∗ � D � � � � � map_∗(A, Z) □ Lemma 8 Let g : ⋁ n≥0 S^n → ⋁ n≥0 S^n be the trivial map. A map f : A → B is a Z-equivalence if and only if it has the homotopy LLP with respect to

g^∗_+ : map_∗(( ⋁ n≥0 S^n)_+, Z) → map_∗(( ⋁ n≥0 S^n)_+, Z)

PROOF. By Lemma 7 f has the homotopy LLP with respect to g^∗_+ if and only if g_+ has the homotopy LLP with respect to f^∗ : map_∗(B, Z) → map_∗(A, Z). Obviously if f^∗ is a weak equivalence then g_+ has the homotopy LLP hence the proof will be complete once we show that the homotopy LLP for g_+ implies that f^∗ is a weak equivalence. We see that if g_+ has the homotopy LLP with respect to f^∗ then all the maps g^n_+ : S^n_+ → {∗}_+ → S^n_+ for n ≥ 0 have the homotopy LLP. The case n = 0 implies that f^∗ induces a bijection on the components.

We are proving that f^∗ induces isomorphisms of homotopy groups of the corresponding components. Assume that f is an inclusion A → B of simplicial sets and Z is a fibrant simplicial set. We fix any map b_0 : B → Z as a basepoint of map_∗(B, Z) and a_0 = f^∗(b_0) as a basepoint of map_∗(A, Z). The homotopy LLP for g^n_+ for n > 0 implies that f^∗ induces bijections of the homotopy groups modulo the action of the fundamental group:

π_n(map_∗(B, Z), b_0)/∼ → π_n(map_∗(A, Z), a_0)/∼

Since 0 is fixed by the action of the fundamental group we see that

f^∗_n : π_n(map_∗(B, Z), b_0) → π_n(map_∗(A, Z), a_0)

is a monomorphism for n > 0. Choose an element α̃ ∈ π_n(map_∗(A, Z), a_0). It is represented by some α : A ∧ S^n_+ → Z such that α|_{A=A∧{∗}+} = a_0. We construct the following diagram. A ∧ S^n_+ α � � � �

f∧id �

A ∧ S^n_+ id∧g^n_+ � �

f∧id � Z B ∧ S^n_+ β � � � B ∧ S^n_+ b � � � � The map b is the composition B ∧ S^n_+ → B ∧ {∗}_+ = B^{b0}→ Z. The diagram commutes by the definition of a_0 as b_0f. By the proof of Lemma 7 the assumption that g^n_+ has the homotopy LLP with respect to f^∗ implies the existence of the dashed map β which closes this diagram up to homotopy. Since f^∗ is a bijection on components we see that β|_{B∧{∗}+} : B → Z must be homotopic to b_0. Since A ∧ {∗}_+ → B ∧ S^n_+ is a cofibration we can find β_1, homotopic to β, such that β_1|_{B∧{∗}+} = b_0. We see that β_1 induces an element β̃ in π_n(map_∗(B, Z), b_0) such that f^∗(β̃) = α̃ hence f^∗ is a weak equivalence. □

4 Categories of pairs and topologized objects

In this section we collect some categorical definitions and facts which will be used in section 5. Some statements refer to a general category C, however for us the interesting cases are when C = S_∗ (pointed simplicial sets) or C = Ho_∗.

Definition 9 Given a category C we will denote by C^2 the usual category of pairs whose objects are the maps in C and whose maps are commutative squares in C as below. A f �

h_A � S g � B^{hB} � T Following Bousfield and Friedlander (see [2] A3) we introduce a model category structure on C^2.

Definition 10 Let C be a model category. A map h : f → g as in Definition 9 is called a weak equivalence (respectively fibration) if both h_A and h_B are weak equivalences (respectively fibrations). It is a cofibration if h_A : A → S and (h_B , g) : B ∐_A S → T are cofibrations. This implies that h_B : B → T is also a cofibration.

Note that an object f : A → B is cofibrant in C^2 if A is cofibrant in C and the map f is a cofibration in C. It is fibrant if both S and T are fibrant in C.

We will be interested in hoS^2_∗ the homotopy category of pairs when C = S_∗ the category of pointed simplicial sets. The obvious functor F : hoS^2_∗ → Ho^2_∗ induces equivalence of categories.

Some of the definitions below are chosen after [10]. For any category C and an object X of C a topologized object over X is a factorization Top G � � � � � C^{op} X^# � � � � C(−,X) � Sets

where G is the forgetful functor. We say that a morphism f : X → Y is continuous if it induces a natural transformation f^# : X^# → Y^#, that is to say, the map hom_C(Z, f) is continuous with respect to the topologies of X^#Z and Y^#Z for all Z in C.

Definition 11 We say that a topologized object X is compact if the corresponding functor X^# takes values in compact Hausdorff spaces. A category of compact objects and continuous morphisms in C will be denoted by CC

Lemma 12 If g : S → T is a map in CHo_∗ then it is naturally a compact object in Ho^2_∗. In other words the categories (CHo_∗)^2 and CHo^2_∗ have the same objects.

PROOF. We need to show that for any f : A → B in Ho_∗ the set hom_{Ho}2_∗ (f, g) has a natural compact topology. This is obvious since this set is the limit of the following diagram

[A, S] × [B, T ]^φ �_ψ � [A, T ]

where the entries are compact since S and T are in CHo_∗. The maps φ(α, β) = gα and ψ(α, β) = βf are continuous. □

By adjointness argument we immediately obtain the following.

Lemma 13 If T is in CHo_∗ then for any X the space map_∗(X, T ) is in CHo_∗ and for any map f : X → Y the induced map map_∗(Y, T ) → map_∗(X, T ) is continuous.

5 Localizations at a space

In this section we will prove (Theorem 19) that localization at a space Z exists whenever Z is a homotopy retract of a compact object in the sense of Definition 11. We attain this by showing that for such spaces Z any Z-equivalence can be presented as a filtered colimit of Z-equivalences of bounded cardinalities so that we can use Lemma 6.

Let S^2_∗ be the usual category of maps in S_∗. We will say that f_0 is a subobject of f if there is a cofibration f_0 → f and will denote this fact by f_0 ⊆ f. Given f : A → B we will write |f| for the number of nondegenerate simplexes of A ∨ B and will say that f is finite if |f| is.

Lemma 14 Let f ⊆ h be cofibrant objects in S^2_∗. Let g, fibrant in S^2_∗, represent an object in ChoS^2_∗. Let α ∈ hom_S2_∗ (f, g). If for every finite subobject k ⊆ h the map α extends to f ∪ k then α extends to h.

PROOF. Let t be in S^2_∗ such that f ⊆ t ⊆ h. Let r : hom_{hoS}2_∗ (t, g) → hom_{hoS}2_∗ (f, g) be the restriction map. Define E(t) as r^{−1}([α]) that is the set of all extensions, in hoS^2_∗, of α to t. Since r is a continuous map between compact spaces we see that E(t) is empty or compact. The limit lim E(f ∪ k) taken over all finite subobjects of h is nonempty since it is directed and the sets E(f ∪ k) are compact (nonempty by assumption). The proof will be complete once we show that E(h) is nonempty. We will show that E(h) = lim E(f ∪ k). Let map_∗(t, g) be a simplicial set whose n-simplexes form a set hom_S2_∗ (t ∧ (Δ^n_+), g) and whose faces and degeneracies are induced by the cosimplicial structure on Δ^•. Obviously π_0(map_∗(t, g)) = E(t). Since g represents an object in ChoS^2_∗ we see that π_q(map_∗(t, g)) = hom_{hoS}2_∗ (t ∧ (Δ^q/∂Δ^1), g) is compact for q ≥ 0 which gives us the last equation in the following sequence.

π_0(map_∗(h, g)) = π_0(map_∗(colimf ∪ k, g)) = π_0(map_∗(hocolimf ∪ k, g)) =

= π_0(holim map_∗(f ∪ k, g)) = lim π_0(map_∗(f ∪ k, g)) This means that E(h) = lim E(f ∪ k) □

Directly from Lemma 14 we obtain the following statement.

Lemma 15 Given cofibrant f and fibrant g in S^2_∗ with g representing an object in ChoS^2_∗ there is a cardinal number τ = τ(f, g) such that for any h in S^2_∗ with f ⊆ h there is k in S^2_∗ such that f ⊆ k ⊆ h and |k| ≤ τ and if α : f → g extends to α_k : k → g then it extends to α_h : h → g.

PROOF. For each α : f → g which does not factor as f → h → g Lemma 14 gives us a finite object k_α in S^2_∗ such that α does not factor as f → f ∪k_α → g. We can take k = f ∪ ⋃ α k_α. Since each k_α is finite and the number of possible maps α depends only on f and g we see that there is an upper bound for the cardinality of k which depends only on f and g. □

The role of this Lemma is following. We think of f and g as fixed and of h as uncontrollably big. We want the obstruction to extending a map from f to h to be detected on some k whose cardinality we can control.

Lemma 16 Given cofibrant f and fibrant g in S^2_∗ with g representing an object in ChoS^2_∗ there is a cardinal number δ = δ(f, g) such that for any h in S^2_∗ with f ⊆ h there is k in S^2_∗ such that f ⊆ k ⊆ h and |k| ≤ δ and the restriction map hom_{hoS}2_∗ (h, g) ↠ hom_{hoS}2_∗ (k, g) is an epimorphism.

PROOF. The object k is constructed as a union of an ascending chain f = k_0 ⊆ k_1 ⊆ ... ⊆ k_n ⊆ .... This chain is built by induction on n. Given k_n we use Lemma 15 to choose k_{n+1} so that k_n ⊆ k_{n+1} ⊆ h and if a map k_n → g extends to k_{n+1} then it extends to h.

Given α : k → g we need to show that we can extend α to α̃ : h → g. By the construction of k there are maps α_n : h → g such that α_n|_{kn} ≃ α|_{kn} . Since by assumption hom_{hoS}2_∗ (h, g) is compact we can take α̃ to be an accumulation point of the set {α_n}.

We have α̃|_{kn} ≃ α|_{kn} for all n since the sequence α_i|_{kn} ∈ hom_{hoS}2_∗ (k_n, g) converges to α|_{kn} , it is actually constant for i ≥ n, and the restriction map hom_{hoS}2_∗ (h, g) → hom_{hoS}2_∗ (k_n, g) is continuous.

A similar argument as in the last paragraph of the proof of Lemma 14 tells us that α ∈ hom_{hoS}2_∗ (k, g) = lim hom_{hoS}2_∗ (k_n, g) hence α̃|_{kn} ≃ α|_{kn} for all n implies α̃|_k ≃ α. □

Lemma 17 Let g in S^2_∗ represent an object in ChoS^2_∗. Let cofibrant h and fibrant p be in S^2_∗. Let p be a retract in S^2_∗ of g and h have the homotopy LLP with respect to p. There is a cardinal γ = γ(g) such that h is a colimit of subobjects h_α such that each h_α has the homotopy LLP with respect to p and |h_α| ≤ γ.

PROOF. We can write h as h = colimh_α where each h_α is finite. Inductively we replace h_α with objects h_{∗α} that have the left lifting property with respect to p. We start with the trivial object in S^2_∗, a map between spaces consisting of a basepoint only, which need not be replaced. Suppose that for some α_0 all subobjects of h_{α0} have been replaced. Let h^′ = h_{α0} ∪ ⋃ α<α_0 h∗α. Lemma 16

gives us a factorization h^′ → h_{∗α0} → h such that the restriction map

hom_{hoS}2_∗ (h, g) ↠ hom_{hoS}2_∗ (h_{∗α0} , g) (18)

is an epimorphism. We want to show that h_{∗α0} has the homotopy LLP with respect to p. For any map φ : h_{∗α0} → p consider a diagram

h_{∗α0}� � � φ � p � h^ψ � g �

where the map ψ exists by (18). Since by assumption h has the left lifting property with respect to p and any map from h_{∗α0} to p factors through h we obtain the homotopy LLP for h_{∗α0} with respect to p. We see that |h_{∗α0} | depends only on g, on h_{∗α} for α < α_0 and on the bounds δ(h_{∗α}, g) from Lemma 16. □

We are ready to prove the main theorem of this paper. In the following we prefer to work in the Ho^2_∗ rather than in the equivalent category hoS^2_∗.

Theorem 19 Let Z in Ho_∗ represent an object in CHo_∗. For any Z in Ho_∗, a homotopy retract of Z, there exists a map f such that L_f is a localization at Z.

PROOF. To use Lemma 8 we consider maps

p : map_∗(( ⋁ n≥0 S^n)_+, Z) → map_∗(( ⋁ n≥0 S^n)_+, Z) and g : map_∗(( ⋁ n≥0 S^n)_+, Z) → map_∗(( ⋁ n≥0 S^n)_+, Z).

We observe that p is a homotopy retract of g and by Lemma 13 g represents an object in CHo^2_∗. By Lemma 8 a map h is a Z-equivalence if and only if it has the homotopy LLP with respect to p. By Lemma 17 there is a cardinal γ = γ(g) such that any Z-equivalence h is a colimit of Z-equivalences whose cardinalities do not exceed γ. Since this is a directed colimit of cofibrations it is equivalent to a homotopy colimit. By Lemma 6 we can take f to be a wedge of all Z-equivalences whose cardinality does not exceed γ. □

Since one would like to remove the compactness assumption in Theorem 19 we briefly review the points where we used it in the proof. The key property we used in Lemmas 14 and 16 is that for a compactly topologized C and a directed diagram X_i in Ho_∗ there is a bijection

[holimX_i, C]^≃→ lim[X_i, C]

Other properties are much simpler, in Lemma 16 we needed to know that an infinite subset of a compact topological space has an accumulation point and in Lemma 12 that a closed subspace of a product of compact spaces is compact.

We end this section with Example 22 which shows that the ”retract” condition in Theorem 19 is relevant. More precisely there are spaces which represent objects in CHo_∗ but whose retracts are not in CHo_∗.

We will need the following two lemmas. By a simplicial compact space we understand a simplicial object in the category of compact (Hausdorff) topological spaces.

Lemma 20 Let X be a simplicial set and Z a simplicial compact space. The set hom_{S∗} (X, Z) has a natural compact topology.

PROOF. To see this observe that hom_{S∗} (X, Z) is a subset of ∏ n Sets(X_n, Z_n) ∼= ∏ n ∏ X_n Z_n which has a compact product topology. The subset hom_{S∗} (X, Z) is determined by a number of equations (see May [15] 1.2) between continuous maps so it forms a closed hence compact subspace of the product. □

Lemma 21 Let T be a simplicial compact space which is fibrant as a simplicial set. Then T naturally represents an object in CHo_∗.

PROOF. We need to show that for any simplicial set X the set [X, T ] is naturally compact. We have map_∗(X, T )_k = hom_{S∗} (X ∧ (Δ^k_+), T ) hence by

Lemma 20 the mapping space map_∗(X, T ) is a simplicial compact space. Since [X, T ] = π_0map_∗(X, T ) hence by Proposition 4.7 in [5] it is naturally compact. □

Example 22 Let n > 0, Z = K(Q, n) and Z = K(S^1, n). As a model of K(S^1, n) we use the one described in 1.2 of [3]; K(S^1, n)_t is a product of (^t_n ) copies of S^1, hence it is a compact topological space, faces and degeneracies are given by projections and group operations hence they are continuous. This model of K(S^1, n) is a simplicial compact space which is fibrant as a simplicial set. It has a homotopy type of an Eilenberg-Mac Lane space for S^1 viewed as a discrete group. The group S^1 is a direct sum of Q/Z and a rational vector space hence Q is a retract of S^1 and so Z is a retract of Z. We have Z which represents an object in CHo_∗ and its retract Z which does not represent any objects in CHo_∗ since π_nZ = Q is an infinite countable group hence admits no compact structure.

6 Applications and Examples

We note that Theorem 19 implies the existence of localizations at spaces which belong to the following classes:

a) Profinite completions of other spaces.

b) Simplicial compact spaces which are fibrant as simplicial sets (Lemma 21). c) Mapping spaces with targets in a) or b) (Lemma 13).

Our first example of a localization at a space is an idempotent approximation to the profinite completion. The work of Rao [17] implies the existence of such an approximation defined on the nilpotent spaces. Here we don’t require such assumptions.

The profinite completion was introduced by Sullivan in section 3 of [18] via the Brown representability theorem. To a given space X he assigns another space X̂ which represents the functor X̂(Y ) = lim_{(X↓F)}[Y, F ]. The limit is taken over the category (X ↓ F) whose objects are maps X → F in Ho_∗ with F connected and π_qF finite for all q > 0. The morphisms are commutative diagrams in Ho_∗ as below. X � � � � � � � F_1 � F_2

The functor F : (X ↓ F) → S_∗ takes an object X → F_0 to the space F_0. This limit is well defined since the category (X ↓ F) is equivalent to a small category.

Theorem 23 There exists an idempotent approximation to the profinite completion. More precisely, there is the terminal localization among localizations L which admit the following factorization. X → LX → X̂

PROOF. For each homotopy class of connected spaces with π_qF finite for all q > 0 choose a representative F . Let Z = ∏ F be the product of those representatives. Since each F is naturally compact (in the sense of Definition 11) and [Y, Z] = ∏ [Y, F ] for all Y we see that Z is compact. The localization L_Z exists by Theorem 19. We observe that if F is connected with π_qF finite for q > 0 then F is Z-local. Let r : Z → F → Z be the retraction onto the axis that corresponds to F . We see that F ≃ holim(...^r→ Z^r→ Z) hence it is Z-local. This implies that [L_Z X, F ] → [X, F ] is a bijection and consequently that the categories (X ↓ F) and (L_Z X ↓ F) are equivalent hence X̂ ≃ (L_Z X)^ which leads us to the factorization we were looking for:

X → L_Z X → (L_Z X)^≃ X̂ (24)

It remains to show that L_Z is the terminal localization which admits factorization (24). Suppose that a localization T also admits (24). Since profinite completion is idempotent on finite spaces F as above we have F → T F → F̂ ≃ F so F is a homotopy retract of T F hence T -local. This means that the space Z is T -local hence by the definition of L_Z we have T ≤ L_Z . □

Theorem 25 Let h^∗ be a cohomology theory represented by an Ω-spectrum {h_n}. If each h_n is a homotopy retract of a compact, in the sense of Definition 11, space then there exists a map f such that L_f -equivalences and h^∗-equivalences coincide. In particular the corresponding cohomological localization exists.

PROOF. Let Z = ∏ h_n and use Theorem 19. □

References

[1] A.K. Bousfield, Constructions of factorization systems in categories, J. Pure Appl. Algebra 9 (1976/77), no. 2, 207–220.

[2] A.K. Bousfield, E.M. Friedlander, Homotopy theory of Γ-spaces, spectra, and bisimplicial sets, Geometric applications of homotopy theory (Proc. Conf., Evanston, Ill., 1977), II, pp. 80–130, Lecture Notes in Math 658, Springer, Berlin, 1978.

[3] A.K. Bousfield, The simplicial homotopy theory of iterated loop spaces, unpublished preprint.

[4] A.K. Bousfield, On homology equivalences and homological localizations of spaces, Amer. J. Math. 104 (1982), no. 5, 1025–1042.

[5] A.K. Bousfield, Homotopy spectral sequences and obstructions, Israel J. Math.

66 (1989), no. 1-3, 54–104.

[6] A.K. Bousfield, Homotopical localizations of spaces, Amer. J. Math. 119 (1997), no. 6, 1321–1354.

[7] C. Casacuberta, Recent advances in unstable localization, The Hilton Symposium 1993 (Montreal, PQ), 1–22, CRM Proc. Lecture Notes 6 (1994).

[8] C. Casacuberta, G. Peschke, M. Pfenniger, On orthogonal pairs in categories and localization, Adams Memorial Symposium on Algebraic Topology, 1 (Manchester, 1990), 211–223, London Math. Soc. Lecture Note Ser., 175.

[9] C. Casacuberta, D. Scevenels, J. H. Smith Implications of large-cardinal principles in homotopical localization, 1998 preprint.

[10] A. Deleanu, Topologized objects in categories and the Sullivan profinite completion, J. Pure Appl. Algebra 25 (1982), no. 1, 21–24.

[11] E.D. Farjoun, Homotopy localization and v_1-periodic spaces, Algebraic Topology (Proceedings, Barcelona 1990), Lecture Notes in Mathematics 1509 (1992), 104–113.

[12] E.D. Farjoun, Cellular spaces, null spaces and homotopy localization, Lecture Notes in Mathematics 1622 Springer-Verlag, Berlin, (1996), xiv+199 pp.

[13] M. Hovey, Cohomological Bousfield classes, J. Pure Appl. Algebra 103 (1995), no. 1, 45–59

[14] H.R. Margolis, Spectra and the Steenrod algebra. Modules over the Steenrod algebra and the stable homotopy category. North-Holland Mathematical Library, 29 (1983), xix+489 pp.

[15] J.P. May, Simplicial objects in algebraic topology, Van Nostrand Mathematical Studies, No. 11 (1967), vi+161 pp.

[16] T. Ohkawa, A remark on homology localization, Hiroshima Math. J. 28 (1998), no. 1, 1–5.

[17] V.K. Rao, Morphisms inverted by profinite completion, Topology Appl. 30 (1988), no. 3, 211–224.

[18] D. Sullivan Genetics of homotopy theory and the Adams conjecture, Ann. of Math. (2) 100 (1974), 1–79.