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Ouf(x, k,t) + KV f(x, k,t) = Q(f),

and the collision operator () as derived in [H| has a form

Q(f) =7 [ dsldsmdsn| < Im|VInk > |?6°(l+m —n — k)d(e, +€m —

{f(mv lvt)f(mamvt)[l - f(:z:,n,t)][l - f(.’E, kvt)] o
f(xv kvt)f(wvnat)[l o f(xalat)][l o f(:c,m,t)]} :

€n — ek)



Q(f) = 4r [ dzkidsk'dsk}| < kk1(1{5(€12; )27 (1 + m12) |K'K] > |?

O(erz =€) {11 =)A= f1) = (A =)A= fi)ffys
where f — ($vkvt)7fl — (xaklat)vfl — (.’Ij,kl,t),f{ — (J?,ki,t) and kakl-

describe momentum of the particles before and k', k| after scattering e1o =
m~ (k% + k%), €, = m™ (K% + k/?). The exchange modified t-matrix is defined
as

(1)

m5(E, 1) = lim Vi [e+d[H(12;¢) — E) " [e +i[Ho(12) — F] (2)
€E—r
where Hy(12) is two particle kinetic energy and H(12;t) = Hy(12) + S12Vi1o
and S12(t) = 1 — p1(t) — p2(t). pi(t) is a one particle density operator and
Vi; = V(|z; — x|) describes interactions.



Of(x,&,t) + EV f(w,6,t) = [ da3&idaeB(£,61,0) {f(, &) f(z,£1,1)
[1 R f(.ﬂC,f,t)][l R f(ll?,gl,t)] o f(&?,&,t)f(ﬂ?,fl,t)[]. o f(mvélat)] (]‘)
[1 o f(magivt)]}a

where £,&; are momenta before and £’ €] after collision, e is a unit vector in
the direction of center of particles during collision, Theta is a scattering angle
and the collision kernel B has a following form

B(£,&1,0) =27"0(]¢ — &],0)[€ — &, (2)

in nonrelativistic case and

B(£,61,0) =& 27t gst o (g, ©), (3)



i) B(n,0) € LY(R? x §?),
ii) fo(z,€) > 0a.e. in R® x R?; fo € L'(R* X R*); || folleo < 1.

Then the following holds

Theorem:

Exists function f € C([0, co[; L1 (R? x R3) such that f > 0 a.e. in R x R? x R3,
fit=0 = fo. f is amild or equivalently distributional solution to Eq.(1, previous
slide) and satisfies following estimates

1F O = [[foll1, (1)
1f()]lee < 1. (2)



O fNTH+ VN = —(RY + )N+ RY (1)

At =0) = fo. (2)
The solution to the Eq.(1) can be written as

fN+1(:I:7 57 t) = exXp [_ Ef dT[h{V(ZC o (t o T)gr &7 T) + hé\r(w o (t o T)fa 57 T)]]

folx —t&, &) + jds {exp l—fdf[hf(:t —(t—7)EET)+hY (z— (t— 7)5,5,7')]]

hév(x - (t - S)é?&? S)}

(3)
For fV+! we have following a priori bounds providing that hY € L> and h >0
a.e.

fNﬂgexp[ [ dr{hd'(a - (¢ - 1) €, )+h§($—(t—f)£,£,f)]] ol — €4.)
0

+1 —exp [— bf dr[hN (z — (t = 7)E,6,7) + WY (z — (t — T)E, €, T)]]
(4)



we see that if fy < 1 then

fNTL < ae in Ry x R? x R?, (1)
A5 oo < 11BI]1, (2)
17 < ||Bll1[lf(O)]]1, (3)

and immediately obtain following global bound on ||f¥ (¢)||1

LY@l < I follx expll|Bl|12]. (4)

We obtain existence of solution as a direct application of Kolmogorow-Riesz
theorem and Arzela-Ascoli theorem.



Now the mild solution to the QBE has a form

t

F(a,6,1) = fole —1€,6) + / AsQf(x — t — $)E,€, 5],

0



Theorem: Assume that fo € LY (R x R®) N L>®(R? x R?) with || fo]|eo < 1
such that

162 foll1 < oo, (1)
[2* foll1 < oo, (2)

then the solution f(t) of the QBE fulfils following estimates
1E2F ()l = [16% foll1. (3)

[(z = &) fO)h = ll2* foll: (4)



Theorem: The mild solution to QBE is unique.

Theorem: Assume fy € L' N L>®(R? x R?) with || folloc < 1 and such that
[V f|l1 < oo. Let f e C(]0,00[; L (R? x R?)) be solution of the QBE such that
f(0) = fo then Vf € C([0,0[; LY(R> x R?)) for any t < oo.

Theorem: Assume fo € L' N L®°(R? x R3) with || fo||leoc < 1 and such that
[ foln fo + (1 = fo) In(1 — fo)|[1 < oco.
Let f € C([0,00[; L}(R? x R?)) be solution of the QBE such that f(0) = fo
then fln f + (1 — f)In(1 — f) € CY([0, 00[; L} (R3 x R?)) and
GllfInf+ (1= f)n(— £l <0



Let as assume
B e L}, (R’ x 5?), (1)

de > 0,70 > 0,C > 0 such that for |n| > g

/ dOB(n,0) < Cn*~*, (2)
and
0< fo<1lae. in R® x R (3)
fo € L'(R® x R?), (4)
£fo € LR x R, (5)
foln fo+ (1 = fo)In(1 — fo) € L*(R® x R?). (6)

Then we have the following

Theorem: Assume (1-2) and (3-6) then exists f € C([0, co[; L' (R? x R?))
such that f is a mild or equivalently distributional solution to QBE with collision
kernel B. Moreover the following assertions hold
i) QF[f] € C([0,00[; LY (R? x R3)), for any r > 0,

i) |[F()] = l[Joll,
ii) |1€2£(8)l11 = [1€2folls,
i) [1f(8) I f(8) + (1 — () In(1 = FE)Is = [[foln fo+ (1= fo) In(1 = fo)]ls.



Let us assume

/dg(p — p1)d(cos 0)B(p, p1,0) < o0, (1)

de > 0,19 > 0,C > 0 such that for [p — p1| > no
[ d(cos 0)B(p.p1.6) < Co— 1) 2

and

0< fy<1ae in R* x R? (3)
fo e L'(R’ x R?), (4)
pofo € L'(R® x R?), (5)
foln fo + (1 = fo)In(1 — fo) € L*(R* x R®). (6)

Theorem: Consider RQBE with collision kernel B(p,p1,6) which fulfills
(1,2) and let fo fulfils (3-6) then exists f € C([0,00[; L'(R? x R3)) such that f
is a mild or equivalently distributional solution to the RQBE and the following
assertions hold
1) fit=0 = fo
ii) 0 < fo <1, a.e. in Ry x R? x R3,

ii) [ £(8)l11 = || foll1,

iv) [lpof()[1]lpofoll1,
if in addition [ ds(p — p1)d(cosf)B(p,p1,0) < oo then the solution is also

unique, and we can drop condition (5,6).



Assume that the collision kernel B(z,n, #) satisfies
0.B(2.n,0)| < B(n,0), for |2| < 1. (1)

where

B(n,0) € LY(R? x §?). (2)

Then we have following extension of the theorem: Exists function f € C([0, oo[; L' (R?x
R?) such that f > 0 a.e. in Ry x R®x R?, fl1—o = fo. [ is a mild or equivalently
distributional solution to Eq.(1, previous slide) and satisfies following estimates

1F @O = [follx, (3)
1F()l]oe < 1. (4)

Extension:

Theorem: Let B fulfills conditions (1) and (2) and let fy fulfills (1,2 on previous
slide). Then exists f € C([0,00[; L (R3 x R?)) such the f is a unique mild or
equivalently distributional solution to the QBE with collision kernel B.



