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We derive the inequality
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1 Introduction

The following interesting inequality is well known:

/R\f’m < <\/pT1)p/R (M)pdx, (1.1)

where f € C§°(R), p > 2. To prove it, one simply needs to integrate by parts and to note that
If'P=|f|P~2f - f (when p = 2 then the proof can be found in the classic book [6], Theorem
261, Section 7.9). On the other hand, another inspiring inequality can be found in the book
by Maz'ya [10], Section 8:

/{m:f(m)>0} (j;)pdx : <If: %I)g /R <\/|"7>pdx’ (1.2)

where f € C§°(R) is nonnegative.

Motivated by both, one may ask if there is an interplay between and , some general
inequality yielding these inequalities as a special case. In [8] we gave an affirmative answer to
that question, obtaining the inequality:

[ir@enena < (vi=1)" [ (Vir@non) see 0

where f belongs locally to the Sobolev space W2!(R) and f  has bounded support, h(:) is a
given function and 7j(+) is its certain transform, independent of p. When h = 1 we retrieve

1} while if A(A) = A3 we retrieve 1’ For example, in the family of those inequalities
one finds the following:

1Y ( p—1 >’5 VIFITY
U1 g da, 1.4

linking (1.1)) and (1.2)), see [§], Proposition 6.1 for details.
It appears that inequality ([1.3)) can be applied to the regularity theory in nonlinear boundary

value problems, see [§], Section 7.

In this paper we are inspired by the original motivation of inequality (1.2)) due to Maz’ya.
Namely, Maz’ya applied (1.2)) as a key tool to obtain the capacitary inequality:

/Qcap;(J\/t,Q)tp_ldt < C’/Q V@ u(z)Pd, (1.5)
where Ny = {z € Q: u(x) > t},
Cap;(E,Q) := inf {/ V@ ulPdz - u € C(Q),u >0 on Q,u=1in a neighborhood of E} ,
Q

whenever E is compactly included in 2.
Let p is a given Borel measure defined on open set €2, N be the given N-function, N* be the



Legendre transform of N and Ly (€2, 1) be an Orlicz space related to N (see Section . It is
proven in [I0], Theorem 8.3.1 (the original statement is given for R", but the presented proof
applies to the situation described below almost without changes) that the following statements
(a) and (b) are equivalent:
(a) The embedding:

ul?ll2y @) < AHV(Z)UH%(Q) (1.6)

holds for every nonnegative v € C§°(2), with a u-independent finite constant A.
(b) The following isoperimetric inequality:

W(E)(N*)? ( ) < Beap] (E,9) (17

u(E)

holds for every compact E C €2, such that capJ\Jr/I (E,Q)>0

Moreover, if A and B are the best constants in ((1.6)) and (|1.7)), respectively, then B < A < pBC,
where C' is the same as in (|1.5]).

One could ask about the validity of a more general embedding:

IM ([u) |y @ < A/QM(\V(Q)UDd-’L‘a (1.8)

where v € C3°(€) is nonnegative, with some wu-independent constant A, with a (possibly)
general convex function M instead of AP. It appears that, under suitable assumptions on M,
(1.8) is equivalent to the isoperimetric inequality:

WEXN) T () < Beanfy (5. (19)

1(E)

holding over all compact sets £ C 2 such that capX/I(E ,Q) > 0, where
capy;(E, Q) := inf {/Q M(|VPu|)dz : u e CF(Q),u> 0 on Q,u =1 in a neighborhood of E} .

The precise statement is given in Section [4] Proposition
Among these conditions on M, one requires the capacitary inequality:

/ capy; (Ng, Q) C/ V(Q)u] dzx, (1.10)
0

holding for all nonnegative u € C§°(2), with a constant C not depending on u. As we show
(see Proposition [A.1]), inequality (1.10]) follows from the following generalization of inequality

T2
Joper (7) 22 [ (4157 0



holding for smooth, nonnegative, compactly supported functions f. With this in mind, we first
derive the generalization of inequality (|1.3)) (see Proposition for the precise statement):

[ 7 e <0 [ a1 ( IRAGE h(f)) dz, (1.12)

then we apply its special variant to prove inequality and consequently the equiv-
alence of and . The precise arguments are provided in Section To the best of
our knowledge such Orlicz generalizations of Mazya’s capacitary estimates and isoperimetric
inequalities are missing in the literature.

Let us mention that the Orlicz variant of inequality (|1.1)), i.e. the inequality

/M|f|dx<()/ ( Vi > (1.13)

was obtained in [7] as a special case of the related inequality in n- dimensions In particular,

inequality (1.12)) generalizing , links together inequalities (|1.13)) and -, which are
Orlicz extensions of inequalities and .

Apart from the purely theoretical approach, we hope that inequality (1.12]) can serve as a
tool to derive apriori estimates. For example, it can possibly play a similar role in nonlinear
eigenvalue problems as that played by M (X) = AP, see [§].

We also hope to contribute to the investigation of the theory of Sobolev spaces, with
particular emphasis on embedding theorems, see e.g. [I],[2],[10].

2 Notation and preliminaries

General notation. In general we assume that €2 is an open subset of R", n > 1 and we
use the standard notation: C§°(Q2), W™P(Q) and W, ""(Q) for smooth compactly supported
functions and global and local Sobolev functions defined on €2, respectively. By V(Q)u(x) we
denote the Hesse matrix of the function u at the point z. We will also be dealing with the
special situation when 2 = I C R is an interval (finite or not). If A C R and f is defined on
A, by fxa we denote the extension of f by zero outside set A. More generally, if f is defined
on A and g : R — R is zero outside A, by fg we denote the extension of fg by zero outside A.
In the sequel M : [0,00) — [0,00) is continuous and locally absolutely continuous on (0, c0).
By dM we denote the measure M’ (t)dt defined on [0, c0).

We will be dealing with integrals of the form: [, M <|f/|c(f)) dx and [ M (\/ |f"]c(f)) dx
where f is nonnegative, M(0) =0, ¢ : (0,00) — (0,00) is a continuous function and it might
not be defined at zero. In all such cases we note that on the set A = {z : f(z) = 0} we
have f = 0 and f = 0 almost everywhere, so that functions |f |c(f) and \/]f|c(f) are
by our earlier definition equal zero almost everywhere on A. In particular such integrals are

interpreted as f{w:f(w)>0} M (,f,g(f)) dzr and f{w:f(w)>0} M( /iif"ic(f)) dez, respectively.

The special transform. The following definition will be crucial for our considerations.
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Definition 2.1. Let h: (0,00) — (0,00) be a given continuous function and let H be a locally
absolutely continuous on (0,00) primitive of h. We define the transform of h:
H(\

771()\) = h()\))’

for all A € (0, 00).

N-functions. By an N—function we will call any function M : [0,00) — [0,00) which is
convex and satisfies the conditions: M(X)/A — 0 as A — 0 and M(\)/A — oo as A — oo. In
the sequel we use the following assumptions:

(M) M :[0,00) — [0,00) is a differentiable N —function, moreover, M satisfies the condition:

M\ M(X
dM>(\) <M'(N) < DMi) for every A > 0, (2.1)

where DM > dM > 2.

(M1) M :]0,00) — [0, 00) is a differentiable N —function and M satisfies inequality (2.1) with
Dy > dy > 1.

(h) h : (0,00) — (0,00) is locally Lipschitz and H : (0,00) — R is its locally absolutely
continuous primitive.

Remark 2.1. (1) The latter inequality in (2.1)) implies that M satisfies Ay—condition:
M(2X) < CM(X), with constant C' independent of A (see e.g. [9], Theorem 4.1).

(2) The condition dy; > 1 in (2.1)) is equivalent to the Ay—condition for M*, where M*(z) =
sup{zy — M(y) : y > 0} is the Legendre transform of f (see e.g. [9], Theorem 4.3).
Moreover, for any N —function M, the left-hand side in (2.1]) holds with dj; = 1.

MO g nondecreasing. To

pXIY;
verify this it suffices to compute (M (A)A—dm ) . Analogously, the condition Djs M)(\/\) >

M'()) is equivalent to the fact that ])\\4]3(;\4)

(3) The condition d M@ < M’()) is equivalent to the fact that

is nonincreasing.

(4) If dps and Dy are the best possible constants in (2.1]), they obey the definition of Simo-
nenko lower and upper index of M and are related to Boyd indices of LM (R™, ) (see [3],
[11] for definitions, 4], [5], [12] for discussion on those and other indices of Orlicz spaces).

(5) If M is a differentiable N —function which satisfies (M) and MQ) ig nondecreasing then

)\2
the function
_ M(A)

Mi(N) N Xz (2.2)

defined on R, is locally Lipschitz. To verify this we note that when A > 0, we have

0< M\ = w < (Dpy — 1)%, so M is bounded in every neighborhood of
zero.



We will use the following lemmas.

Lemma 2.1. Suppose that M is an N-function such that M)\(;\) s nondecreasing. Then for all

a,b >0 we have

M(a)
2

- b’ < M(a) 4+ M(b). (2.3)

Proof. If a > b then 20p2 < M2 — pr(q). If b > a then 22 < MO 4q

M) p2 < MEVp2 — M (b). 0
Lemma 2.2 ([9]). Suppose that M is an N-function satisfying (M). Then for every r > 0 and
A>0

min( AN APMYM (1) < M(Ar) < max(A AP M ().

Orlicz spaces. Let M be an N—function. By L/ (€, 1) we denote the space of all real,

p-measurable functions, for which
/uvdu‘ :/M*(v)d,u < 1} < 00,
Q Q

where p is an arbitrary measure. It is known that Ly (€, 1) is a Banach space with the norm
I 11 £as (@,p)> and we have

HUHLM(Q,M) = sup {

Ieliyon = wE)M (M(lE)) (2.4)
/ M(Ju(z))du(z) = / M () (N dt = / N M (1), (2.5)
Q 0 0

where MV; = {x € Q : u(x) > t}. Proofs of (2.4) and (2.5) can be found in [10], Sections 2.3.2
and 1.2.3.

Capacities. We will be using the following notion of capacity.

Definition 2.2. Let E, F C ) and suppose that E is compactly included in F'. Assume further
that M is an N-function. We define the capacity of E with respect to F' as follows:

capy;(E, F) := inf {/ M (|V(2)u(x)|) de: ue€ g} ,
Q
where

G:={ueC§°(F), u>0on F, u=1 in a neighborhood of E}.

We recall some well known properties of the capacities ([10]).

Proposition 2.1. Let £y C Ey C Fy C Fy be subsets of 2, such that By and Ey are compactly
mcluded in Fy. Then we have



1. capy,(E1, F1) < capy (B, F),

2. capy,(E1, F1) > capy(Eq, Fy).

The useful lemma. In the sequel we will use the following simple observation.

Lemma 2.3 (JI0]). If 0 < R < 400, f : [-R,R] — o, (] is absolutely continuous and
L : [, B] — R is Lipshitz, then the function (Lo f)(x) := L(f(z)) is absolutely continuous on
[_R> R] .

3 Interpolation inequality

Our goal is to obtain the following result.

Proposition 3.1. Suppose that M satisfies (M), h: (0,00) — (0,00) satisfies (h),

C(y) =inf < C(d,y) := : 0<d0<y,p, where y >0, (3.1)

and moreover, we have either (i), (ii) or (iii), where

i

0 (a) |W H| < Eh? and (Dyy — 1)E < 1,
(b) the function h is either nonincreasing or locally bounded in a neighborhood of zero,
(c) for every a > 0, the function (0,00) 2 A — M <\/mh()\)) is either nonincreas-
ing or locally bounded in a meighborhood of zero,
(d) y:= ﬁ —E;

(ii)
(a) |W H| > eh?, e(dy — 1) > 1,
(b) h is nonincreasing,
(c) for every a > 0, the function (0,00) 2 A — M <\/mh()\)) is either nonincreas-
ing or locally bounded in a neighborhood of zero,
(d) y = 2Pt

(iii)
(a) |W H| > eh?,
(b) h is nondecreasing,
(c) for every a > 0, the function (0,00) 2 A — M <\/mh()\)) is either nonincreas-
ing or locally bounded in a neighborhood of zero,

dy—1)e
(d) y =



Then for every nonnegative f € W*Y(R) such that [ is compactly supported, we have

[ M @ints@nas < ) [ 3 (Vs @G- b)) dn

Proof. Let f € W2>!(R) be a given nonnegative function and

loc
fe = f+e

Denote further

:/RM(|f'|h(fE))dx, () ;:AM(W-M&)) dx

Then we have

M(|fi|h(fo)
AR A

As d,, > 2, the function M () is locally Lipschitz (see Remark [2.1] parts (3), (5), assumption
(M)). Moreover, f h(f.) belongs to W!(R) and is compactly supported and bounded, in par-
ticular f,h(f.) is absolutely continuous on R. Therefore M (|f,|h(fe)) is absolutely continuous
on R and is compactly supported (see Lemma . By similar arguments the function H(f)
is locally absolutely continuous on R and we have (H(f.))" = f.h(f.) (in sense of distributions
and almost everywhere). This allows us to integrate by parts in the expression above to get:

/

160 = [ (M(EnGD) - () do == [ (M(ER(D) - H(1)do

From now the proof follows under assumptions (i), (ii) and (iii) considered separately.

(i):
Note that
0<Mi(\) = AIM (MR;M(W) S(DMl)M§\|2)\), (3.2)
MO = MO {F B+ (PR ()}, where
Ao o= ().
Consequently
10 < | [ () A < 0w -1 [ FEED P m )]
R R
s =) [ HSE G W e = 4+ B (5.3
R fe



We apply Lemma [2.1] to estimate

_ _ (I 1P(f)) Y | If”h(fe) (FIY 4
4 = (Du—1) RO {z:f' (z) ;Ao}( (f'h(fe))? ) < > =

(DM—1)5/RM(|f’|h(fe))da:+(DM_l)(;/RM <\/|f”H A )

The first integral equals (Dys — 1)dI(€). To estimate the second one we note that

[f H(fO(fo)l = £ Tl f) R (fe)

VAN

) " 1M (a). This implies:

/RM (\/m h(ﬁ)) da

=

and that according to Lemma M(

Sk

A < (Dpy—1)dI(e)+ (Dpr — 1)0 - max

— (Dar = 1)51(e) + (Das — 1)5 - max ((15) " (15) S e, (3.4)
On the other hand, we have
M(|f'|h(fe) fe 2.
B< DE | S f h( f6)> dz = (D — 1) EI(e). (3.5)

Combining estimations 1} and (3.5)) we obtain

Dy

I(€) < (D — 1)(6 + E)I(€) + (Day — 1)6 - max { ((15) " (;) H } J(e).

Consequently, when (Dy; —1)(6 + F) < 1, we have § <y <1 and

1(6) < C(6.9)J(0), (3.6)
where in our case C(d,y) := 5 T a=1- D—M <0,y = 1_1 E > 0. The minimization
of C(d,y) with respect to ¢ < y gives the 1nequahty w1th the constant C(y), achieved at

Dm
yl—=+-1
6y - ( DM € [07y)

Now we will let e converge to zero in the inequality I(e) < C'J(e). Observe that

[ M5 g = [ M s+ [ M(f b))
R RN{z:|f(z)|<8} R{a:| f(z)[>0}
=: C(e) + D(e).
When € < § for |f(x)] > §, we have § < fo(x) < f(x) +6 < ||flloo + . Therefore
M(|f |h(fe)) < sup{M([|f llsc - h(X)) : X € [0, | flloo + 8]} < 00



and by Lebegue’s Dominated Convergence Theorem we obtain

D(e) = D = M| f |h(f))da
B2 (2)|23}

On the other hand, when € < §, for the sufficiently small § and |f(x)| < §, we can assume
that € — h(fc(x)) either increases when e converges to zero or it is bounded by a constant
independent of . Therefore by Lebegue’s Monotonic Convergence Theorem or by Lebegue’s
Dominated Convergence Theorem we obtain:

Cle) = C = o M(f
RN{xz:|f(x)|<d}

|1 (f))d.

T hlS implies I(e) — [ M(] f'|h(f))dz. Similar arguments applied to the right hand side in

give:
Ho—7:= | M< ST -h(f)) dz.

This finishes the proof of part (i).

(ii):

In this case instead of we use the precise equation:
= [ AL B B E e + [ MBS PN () H (e (3.7

Moreover, as (—1)h = ||, the integrand in the second term above equals:

rh’|<fe>H4<fe>,

ML RN PN G = (MM (s]) = MOAD) =55

under notation (3.2). Therefore we can equivalently write:

._ / ' (f)lH(f) _
L= /R {(’)‘fJM ([Az.]) _M(|)‘fe|)> R —M(|)‘fe|)}d$ =

- /R M ROV B E(f) < A, (3.8)

where A is the same as in (3.3). On the other hand, by our assumption (M) and by (iia), we
have

MM (M) = MMz = (dar = DM (),
[P (s)H(s)]
W > e for every s.

This gives
£ feldas = 1) = 1] | M(Agl)de = feldas = 1) = 1)1(0)

10



This combined with (3.8]) and (3.4) gives:

le(dat — 1) — 1]1(€) < (Dar — 1)51(€) + (Dar — 1)5max (;) B , ((15) * (o).

Dar—1
does not necessarily force the condition § < 1. Minimization with respect to y > ¢ > 0 gives

inequality (3.6) with constant C'(y). Finally, we let € converge to zero and complete the the
proof in the same way as we have finished the proof of part (ii).

(iii):
Now A" > 0 and so we can modify 1) to get

o ! |hl(f6)H(f6)|
E-—/R{(’)‘fJM (\MI)*M(IMI)) M+M(!Af€|)}dﬂf

=QAMQMWMMHmMﬂSA (3.9)

Now it suffices to rearrange to get l) where: § <y = ldu—1)-1 ,nq y > 0. This assumption

under the same notation. This, our assumptions and (3.4]) imply:

Dy dm
1\ 2 /1) 2
((dy —De+1D)I(e) < L<(Dp —1)0I(e) + (Dpr — 1)dmax <5> , <5> J(€).
This implies |) with y = % Minimization of constants, then the final step, letting
€ converge to zero and final conclusion follows by almost the same arguments. O

Remark 3.1. As presented in the proof, in case of the assumption (i) in Proposition we

compute that
D D D
1 2 Dy T2 (Dy) 2
= - F — -1 —
ot ()T

(where we interpret 0 as 1). We omit the presentation of other constants as they are rather
complicated.

Corollary 3.1. Let « € R\ {—1,0} and e(a) := |Ol+|1| > =1 in case =1 < a < 0. Then

there exists a constant C' = C(a) > 0 such that for every nonnegative f € W(R), such that
f/ 18 compactly supported, we have

AMWW%@g@@AM(|m&MWﬂf§wa (3.10)
d]w 1)+1
Moreover, C(a) < C(ya), where C(y) is defined by l Yo = DM T in case a > 0,
T = QA=D1 G ige when o < 0
« Dy—1 .
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Proof. For a > 0 we easily verify condition (iii), while if @« < —1 we have Condition (ii), as

then e = £ = |Oﬁll‘ > 1> 2. If =1 < a < 0 the condition e = |oﬁll| > g-—1 must be
assumed and then again we can use condition (ii). O

Remark 3.2. In case of a > 0, under the assumption E(a) = ;%5 < D 7 estimation 1}
follows also from assumption (i) in Proposition (obtained with a dlfferent constant).

Remark 3.3. Of our special interest is the case a = —%, dyr > 2. Then e = E =1, so the

condition e > ﬁ is satisfied. In that case we have y = dAJ{*Q < 1, so that C(4,y) = %,
Dy

k=1-— D—M < 0. Its minimum is achieved at d, = y< ) . As now /T, (f)h(f) = V2, we

obtain the inequality

[ (’f’>d <[ M (2!f”> (3.11)

satisfied for every nonnegative function f € W2(R), such that f" is compactly supported with

~ a2\~ D Pu (D =R
C=(fu2) 7 (B3 ()
When M()\) = A%, we have dy; = Dy = 2p and we obtain the inequality

/de<0p/|fﬁ|pd:v,
RSP R

Gy = {(B=2) "1}z = (35) - 0. Moaya, (1O, Lo 1

P
Section 8.2.1, obtained the same inequality with constant B, = <2z?%11) , which is better than

p—1
constant because in our general proof we cannot use the property M (ab) = M (a)M (b), which
is the case of M()\) = A? but does not hold in general.
Remark 3.4. Let M(\) = N, p > 2, h : (0,00) — (0,00) be as in Proposition (in
particular dy; = Dy = p) and let h(\) = (h(\))P. Proposition implies the inequality

/ £ Phdr<C [ i T ph(as, (3.12)
R R

p—1
our. Note that (pp(p — 1)1_p) = (1 + L) -p < ep. We obtain the estimation with a bigger

where f € W2L(R) is nonnegative f" is compactly supported and C is a constant dependent
on h and p. Inequalities like were obtained earlier in [§], Propositions 4.1, 4.2 and 4.3,
under more general assumptlons on h and f, with the constant C' = ( D — 1) 1ndependent of

h.
4 Capacitary estimates and izoperimetric inequalities
As a direct application of Proposition we obtain the following capacitary estimate. When

M (X) = NP this result was obtained by Maz'ya in [10], Section 8. To our best knowledge the
presented below Orlicz variant of Mazya’s results is missing in the literature.

12



Proposition 4.1. Let M be an N-function satisfying (M1). Assume further that M satisfies
the condition

_ M(A) M(A)
L := max {1II§ljélp Dot hm Sup T < 00. (4.1)
Then for all nonnegative u € C3°(K2), we have
| cantyvi @am(o) < & [ M (19@uw))) da, (4.2)
0 Q

for some positive constant C not depending on u, where Ny :== {z € Q : |u(z)| > t}.

Remark 4.1. The proof of Proposition [4.1] is based on similar arguments as that given in
[10], Section 8, dealing with the p-homogeneous case M () = AP, p > 1. In our more general
case we assume additionally . Obviously this assumption is satisfied with L =1 in the p-
homogeneous case. Moreover, according to Lemma@we have: M(1) < < M) < \du—Du pf (1)

)\D
for A\ <1 and M(1) < d(k) < APm=dm pr(1) for A > 1, in particular L > M (1).

A
The proof will be based on the following lemma.

Lemma 4.1. Let M be an N-function satisfying condition (M1), n € N and u € C3°(R"),
u > 0. Then we have

Fulw) -
/fru( )>0}M< u(z) )d ¢ RHMUV (z)])dz,

Dy
— DM D]w dIM 1 > _ 1—D]w DM
where C = n"M2 (DM 1 (Dar— 1) DyM.

Proof. As M(3" 1 a;) < 23" | M(na;) and | 7| < |V@)y|, the proof reduces to the case
n = 1 (when we substitute nu instead of u). Con51der function M()\) := M(A?). Then

/

M'(\) = 2AM'(X?) and we easly check that M is an N-function satisfying (M), where dy, =
2dyr, Dy = 2D)py. Therefore by inequality 1) in Remark applied to M, we have

ap
/ M(|u|>dx = / M<|u|>d <C’/ ( 2|u”>dx
{z:u(z)>0} u {z:u(z)>0}
C'/ 20u” | dm<2DMC/ /|> dz,

~ _ ( du—1 P _ 1\1-Dy nDPumr : .
where C' = T (Dyp — 1) DyM. The last inequality follows from Lemma [2.2

Dy—1
This finishes the proof. ]
Proof of Proposition 4.1l Throughout the proof we will denote
T = max(2de,2DMj), a; = capy;(No-j, No—j-1), bj = M(277F1),
o0
4 = MO e, €= [ capy (W, M),
Nop—j=1\Ny—; 0

13



where j € Z are integer numbers. >From now the proof follows by steps.

STEP 1. We show that
—+o00

E S Z ajbj.

j==oc

To prove this we note that
L=> /  capy, (N, Q)dM(t).

Proposition implies that the function ¢t — cap}, (N, Q) is nonincreasing and capy, (N, Q) <
capy; (Mg, Ng) for t > s. Therefore, we have

+oo
L< Y caply(Nog, Ny )(MQ2T7HY) = M(2779)) <312 ajb;. (4.3)
j=—00
This ends the proof of Step 1. STEP 2. We show that
+0o0
> by <01 [ MV (),
. Q
j=—00
for C} := max{4DM SUPj<4 %, 49m SUD >4 %} < oo and f to be specified below. To do so,

we shall use the smooth truncation procedure. Let o € C*°[0, 1] be a nondecreasing function,
which is equal to zero in a neighborhood of ¢t = 0 and o = 1 in a neighborhood of ¢t = 1.
Suppose further that f € C°°(0,+00) is defined on each interval [277=1 277] as follows:

o0 =25 s (A2 Y .

Then the function

];(_u):22__j__11 = ( u—291 ) = a(27+1u —1) for ze€ Ng—j—l \NQ—jy

7 7271
v(z) == 1 for x € Ny-j,
0 for x@Ny—j1.

is admissible in the definition of capy, (Ny—j, Ny—j-1), moreover Vv = V) f(u)-27+1. There-
fore we have

a; = caply(Ny-s, Ng-s1) < /N v MAVEs] 2 <
2—j—1VWVo—j
) MV = 7y,
Ny—j—1\Wy—j

where the last inequality follows from Lemma Thus we have

+oo +oo +oo
Yo b < Y Tindsb; Ss.ug(ﬁ'ﬂbj)‘ > dj:S:ug(Tijj)AM(!V(Q)f(U)I)dx-
J€ jE

j=—00 j=—00 j=—00
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An easy computation gives that suijZ(Tijj) < (. This finishes the proof of Step 2.
STEP 3. We show that

| MATO sz < €, [ (VO
Q Q

D
where Cy = 2031203 ||| 21 C -+ [[o | 221), € = nPr2Ps (i)™ Dy —1)1-Py P,
2

By the very definition of the function f we have ||f [lso < || [|oo and
I (\)] = 27" (271N — 1) < M (as o' is supported in [0, 1]). We have:

/ MV f(w)])da = / M (|[Vue Vu f" () + Vu- f (u)) dr,
Q Q
where the symbol a ® b denotes the tensor product of vectors a,b € R™, i. e. the n xn

matrix with a;b; on place (¢,7). By the monotonicity and the convexity of M (observe that
M(a+b) < £(M(2a) + M (2b))), this is no bigger than:

1 ” |Vu|2 1 ’ (2)
_ — <
2/QM(4||a oo >d:c+2/QM<2|a ooV u|) dz <

Bl/QM <‘(V5>2 )dac—ing/QM (\v<2>u|) dz,

where By = 22Pu—=1o"|Pym | By = 2Pv—=10/||2m . To calculate By and By we used the
fact that 1 < [la||ec and 1 < ||@”||eo. This follows from the following estimations: 1 =
(1) ~a(0)] < flalloo and 1 < [ja [l = [a (Ao) = (0)] = = CoON < [0 oo, where we

chose \g € (0,1), such that a'(A\g) = [|@'[|ee. According to we deduce that

Bl/QM <‘(v5)2 > dz < BlC/QM (|v<2>u|) dx

and this finishes the proof of Step 3. Inequality 1' holds with C = C,Cs. O

Remark 4.2. The estimation of £ in (4.3) can be also performed in a slightly different way.
Namely,

’

+00 +oo
L< Y capf(Noy, QM2 = M(277) < Y capy (N5, 0277 sup  M(1) <

Jj=—00 j=—00 te[2—7,2-7+1]
Z capy, (No-7,2)277 sup Dy——= < Dy Z cap,; (No-7,Q)2 T — = <
= te[2—i 2-i+1] t — 27
J=—0 ’ J=—0
+00 +oo
D - D
DA™ oy W Ny M) = PS™
j=—00 Jj=—00

where we apply the mean value theorem and the fact that M/(\)‘) is nondecreasing. This gives

us a better estimation in case when 1 < Dj; < 2 - here C' = D7M0102.
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Remark 4.3. Obviously our constant C' cannot be optimal. Following the proof of Proposition
one obtains the estimation: C' < AynPM + By, where Ay, By are ceratin constants
independent of the dimension.

Remark 4.4. We are now to discuss conditions (4.1)) and (M1).

1. As already noticed in Remark the function M(\) = AP satisfies assumptions (4.1))
and (M1), whenever p > 1.

2. Let p > ¢ > 1. The function

1
AP for 0< A< (4)ra
P
M) = = ¢\ 7 A=
A + (E) — <5) for (5)p_q S A
is an N-function different than p-homogeneous and it satisfies condition (M1) with
dy = q and Dy = p. Moreover, we have limsup,_,o+ % = limsup,_,o+ §—§ =1

and limsup,_, ;o

MR — Jim SUD) 4 oo % = 1. Therefore M satisfies also 1)

PV
3. When p > ¢ > 1, the function M (X) := A+ A9 satisfies (M1) with dy; = ¢ and Dy = p,
but it does not satisfy assumption (4.1).

We are now to present the last result of this section. Its proof is taken from [I0], Section 8.3,
after the minor modification. We present it for reader’s convenience.

Proposition 4.2. Let Q) be an open subset of R™, equipped with the Borel measure p and let
M and N be N-functions such that:

(a) M satisfies conditions (M1) and (4.1)),

(b) inequality

I M(JuDlly @p < A/QM(\V(Q)U(HJ)W%

holds with best constant A independent on u, whenever u € C§°(Q2) is nonnegative,

WE)N*(5gy)
(c) B:=sup {W : ECQ, E— compact, cap;(E,Q) > 0}.

Then M(1)B < A < BC, where C is the constant from Proposition .

Proof. We first show that A < BC. Using the notation from 1)
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Ny ={z € Q:|u(x)| > 0} and the very definition of norm in Lx(, 1), we obtain:

| M)l = sup{ [ st | N*(v)dpgl}
:sup{/M Y(v - p)(Np)d /N* du<1}
[ ([ oo [rion=
< /Ooosup{/QXNtvdu: /QN*(v)d,ugl}dM(t)

- / o e M (2).

Therefore, by (2.4):

| M (a0 < /0 NN (M&t)) M (8).

Definition of B and Proposition [£.1] imply that

| M(Jul)pyi < B/O cap;(Ni, Q)dM (t) < Bé/QMqv(?)u)dx
Hence A < BC.

Now we prove that M(1)B < A. Let the function u € C§°(€2) be nonnegative on 2 and equal
to 1 in a neighborhood of a compact E C €. Then by the definition of A:

M) lIxellLy@um = IMXE) Ly @ < IM(ulllLy@p < A/QM(IV(Q)ul)dSU
Taking the infimum on the right-hand side over such functions v we obtain
1
M(1)pu(E)N*~1 () < Acapi,(E,Q).

This finishes the proof. O
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