ON THE LONG-TIME BEHAVIOUR OF SOLUTIONS OF
THE p-LAPLACIAN PARABOLIC SYSTEM

PAWEL GOLDSTEIN

ABsTRACT. Convergence of global solutions to stationary solutions for a
class of degenerate parabolic systems related to the p-Laplacian operator
is proved. A similar result is obtained for variable exponent p. In the
case of p constant, the convergence is proved to be C,., in the variable
exponent case — L? and W P®) _weak.

1. NOTATION AND CLAIM

Long time behaviour of degenerate parabolic equations have been widely
studied, the p-Laplacian equation being a model example. In particular,
Lieberman [4] proved that, for zero boundary data and in the scalar case
(m = 1), the solutions of (1) are bounded in L*°. Del Pino and Dolbeault
established, for non-negative initial data and under some assumptions on p,
not only the convergence to stationary solutions, but also an estimate on
convergence rate [1]. We do not know, however, of any convergence result in
the vectorial case.

In the paper we study global solutions of the system

u — Apu+ Oz f(z,u) =0 uw: [0,00) x Q@ — R™ (1)

in the space w + Wol’p(Q), with initial condition «(0,z) = w(z), p > 2 and
the following hypotheses on f, 2, w:

The function f(z,y) is a Carathéodory function such that dsf(x,y) (the
derivative w.r. to the second variable) exists a.e. in Q. Moreover, f(z,vy)
satisfies

e weak convexity: V,cq (Oof(x,y1) — Oaf (z,y2),y1 — y2) >0
e and growth conditions:

[fa,y)| < ClyNP/ NP 0a f ()| < ClyMPEPL

The set Q is a domain in RY (i.e. it is open, bounded and connected),
with 9Q € C!; the function w belongs to WP (Q), w‘ag £ 0.

Remark. From time to time we shall refer to somehow stronger hypotheses:
that 0Q € CH% and w € C1%(Q) for some & € (0,1) (strong hypotheses).

We consider the spacewise weak formulation of (1)

<ut7 ¢>L2(Q) + M(’U,)((b) + / <82f(x7 U), ¢> =0 v¢€W01’p(Q)7 (2)
Q
with M (u)(¢) = [ |VulP~2(Vu, V).
In what follows we shall use the following functionals:
1
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Ea(u) =1/p [, [Vul, E(u) = Eo(u)

and the variational functional related to (

£(u) /f$u

In order to ensure the existence of minima of £, we suppose that the
functional £(u) = %E(u) + [ f(z,u) is coercive, that is

E(u) = o0

||u||wl,p(g)ﬂoo

(see e.g. [3], Theorem 4.6). By convexity of £(-) the minimum in w + T/VO1 P
is unique, and we shall denote it by up(x). We shall write

Qo ={xe€Q : |Vuyp(z)| =0}, Qe={r €Q : |Vug(x)| < €}.
The main result of the paper is the following theorem:

Theorem. The solution u and its gradient Vu converge almost uniformly
in Q to ug and Vug, respectively, i.e.

t—

Voren  [ult,) —uo()|erry — 0. (3)
where ug is the (unique) minimum of the energy functional £(-). If strong
hypotheses hold, the convergence is uniform in €.

I shall use the following known facts on regularity of u and wyg:

e Regularity of ug:
Voren Jaca) Uo € CHH(LY)

If strong hypotheses hold, we have that ug € C1*(2) [5].
e Interior regularity of u:

Varen EIOcE(O,l) u(t’ ) € CL&(Q,)
and the Holder constant of Vu is bounded independently of ¢ for all
t>1t9>0.
In the case of strong hypotheses we obtain full regularity of
u(t,-):
EI046(0,1) u(tv ) € CLOC(Q)
with Holder constant of Vu bounded independently of ¢ for all ¢ > 0

2].

Remark. The system (2) defines a gradient flow of £ in L?(). In partic-
ular,

W) M) + / (Oaf (@, w)ue) = ~[luelfa@) <0, (4)

Q

so the energy £(u) decreases with t — oo.
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2. CASE OF f=0

" case of

Let us start with a simpler, "toy
u —Apu =0 (5)
In this case we can easily trace the main ideas of the general proof.
We have, by Young inequality

%%HU — uo|lF2(q) = (ue, u — o) 2y = —M (u)(u — uo)
= —M(u)(u) + M (u)(uo)
— —E(u)+ [ |[VulP~2 (Vu, Vug) (6)
/

< —pE(u) + (p — 1) E(u) + E(uo)
= —(E(u) — E(ugp)) <0.

Thus we see that ||u — uoH%Q(Q) is decreasing with t — oo, as ug is a
minimizer for £. On the other hand, ||u — u0||%2(m is bounded from below,
so there must be a sequence t; such that

d 1 1—00
E‘t:ti”u_%”%z(m —0 (7)

To simplify the notation we shall write u;(-) for u(t;,-).
Next, let us notice that, by Bernoulli’s inequality,

B(w) - E(w) = [ [VuP = [ [Vup
Q Q

= [19ap+ [ {190 + 2(Vu0, T = wo)) + 7w~ uo) )" = Vol
Qo Q\Qo

/2

|Vug|? Vol
O\
> Boy(u ) +p [ [VuoP™ (Vuo, Viu—uo)) + 5 [ [Ful 290 - wo)P
Q\Qo 2\ Qo
— Baylu—u0) + M(uo)(u =) + 5[ [VuoP? = uo) .
2\

(8)
On the other hand, ug is a minimizer for E, so M (up)(-) = 0, and we get
E(u) — E(ug) > Eq,(u —up) + g / |Vuo|P 2|V (u — ug) . 9)
2\
At the moment we know by (7) that E(u;) RNy o) (up). We have, however,
proved that E(u(t,-)) is non-increasing, therefore

E(u(t,)) =% B(uo(-)). (10)
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Let us denote the right hand side of (9) by V(u — ug). By (10) we have

t—o00

V(u(t,-) —uo(-)) —— 0. In the next step we shall prove the following
lemma:

Lemma 1.

t—o0 t—o0

Viult,) —uw()) =0 = VYoeap sup|V(u-u)] —0

Proof. Let us suppose otherwise. After passing to a subsequence {t;} — oo,
we have, for a fixed 2’ and some b > 0,

sup |V (u; — ug)| > b.
QI

Let us suppose that, for every i, |V (u;(&) — uo(&))| > b. Again, by passing
to a subsequence, we may suppose that & —— £ € (V.

The functions u; — ug are all in C®, with Hélder constant of the gradient
bounded by some G, independently of i. Thus, there exists p = p(«, G, b, N)
such that V; |V (u; —ug)| > 3bon B,(&)N€Y. For i sufficiently large we have
also [V(u; — ug)| > 3bon S := B, 5(€x0) N Y.

We may always suppose (possibly after enlarging ') that @/ = int(Y’.
Moreover, we may take e small enough to have (. \ Q) < %M(S). Then
either SNQp, or SN\ Q, is of non-zero Lebesgue measure. If u(SNQ) > 0,
then Eq,(u; —up) cannot tend to zero (the integrand is bounded from below
on the set, independently of i), and if u(S NN\ Q) > 0, the second term in
V(u; — up) cannot tend to zero. O

In the case of strong hypotheses we may choose, of course, Q' = Q,
which yelds uniform convergence of Vu to Vug in . This, in turn, im-
plies WP and then, via Sobolev embedding theorem, L* convergence for all
k <np/(n — p), in particular for k = 2:

tllglo Ju(t, ) = uo() |2y — O

If only weak hypotheses hold, we must proceed differently. Notice that
{u(t,-)} form a bounded set in w+ W& P(Q2) — thus, by Alaoglu and Rellich-
Kondrashov theorems, one can find a sequence {u(t;, )} with t;, — oo (as
before, I denote u(t;,-) by u;(-)), such that

Ui — s weakly in w -+ W, P(Q)
u; — Us strongly in L2(€).
By weak convergence in w + Wg P(Q),
M (o) (oo — ;) =20, (11)
but, using Young inequality as in (6) and (10),
M (utne) (100 — 1) > Bt — B(u5) =25 B(toe) — Buig) > 0.

If uoo # wp, then, by uniqueness of minimum of E, F(us — F(up) > 0, which
contradicts the convergence in (11).
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This shows that u(t;, -) % ug(+), but the monotonicity of ||u—uo| z2(q)
L2(Q

implies that this convergence holds, in fact, for t — oo:
t—
lu — ol 2(9) —— 0.

We may also conclude that u(t, ) converges weakly to ug(+) in w + Wol P(Q).
Let us suppose that such a convergence does not hold. There exist thus a
(weak-topology) neighbourhood U of uy and a sequence t; — oo such that
{u(t;, ) }ienNU = 0. On the other hand the sequence {u(t;,-)} is bounded in
w+ VVO1 P(Q2), we may thus choose a subsequence weakly convergent to some
Uso — but the above reasoning shows that this us is equal to ug, which is
a contradiction.

Having established L2-convergence of u to ug, we may now repeat the trick
from lemma 1: for a fixed ' € Q, the functions wu(t,-) — ug(-) are Lipschitz,
with the Lipschitz constant bounded independently of ¢ (V(u—wug) converges
uniformly to 0 in €/, thus it is bounded independently of ¢). If u — ug does
not converge uniformly to 0 in €, we may choose a sequence u; — ug such
that

Vi sup |ui(+) —up(+)| > b >0,
Q/

and thus a set A C €’ of positive measure, on which
VisigVzea [ui(x) —uo(z)| > b/2,

which contradicts the already proved L?-convergence of u to uq.
This concludes the proof of theorem 1 for f = 0.

3. NON-HOMOGENEOUS CASE

In this section we shall prove theorem 1:

Theorem 1. Let u(t,z) be a global solution of (2) in w + W&’p, with f
satisfying the assumptions from Section 1. Then

t—o00

Vorea lult,-) —uo()ller@y — 0,
i.e. u and Vu are, fort — 0o, almost-uniformly convergent to uy and Vug in
Q, where ug is the (unique) minimizer of the energy functional £. If strong

hypotheses hold, the convergence is uniform in €.

Proof. In this case ug(+) is a minimizer for &£, therefore

M(uo)(®)+ [ @af.10).6) =0 Ve (12)
Q
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Let us now calculate a counterpart of (6) in our case:

d1
Eﬁ” U0HL2(Q (ug, u— U0>L2(ﬂ)
= M) = ) = [ (0af 1), wo)
Q

=—M(u)(u—up) — / (Oaf (z,u), u — ug) + M (ug)(u — uo)
Q

+ [ (O2f(x,up),u — up)
/

= —E(u) + M(u)(ug) + M(uo)(u — up) / Oaf (x,u) — Oaf (x,up), u — up)
Q

< —E(u) + M (u)(ug) + M (ug)(u — ug).
(13)

We shall continue this calculation in two ways. In the first one, we use
Holder inequality, obtaining

d1

dt 2

— pE(u / VP2 (Vu, Vuo) + / Vuo|P2 (Vug, V) — pE(uo)

Sllu = uoll 72y < —pE(w) + M (u)(uo) + M (uo)(u — uo)

< —pE(u) +pE(u)(P 1)/pE(u0)1/p —i—pE(u)l/pE(uo)(p 1)/p
=-p (E(u)l/P - E(uo)l/P> <E(u)(P—1)/P _ E(uo)(p—l)/p>
<0.
(14

Notice that in this case we do not necessarily have E(u) > E(ug), because
ug is a minimizer for &£, not for F.
The second continuation of (13) uses Young’s inequality:
d1 ”
dt 2
T / VP2 (Vu, Vo) + M (uo)(u — uo)

u— Uoﬂim) < —pE(u) + M (u)(uo) + M (uo)(u — uo)

IN

—pE(u / [VulP = Vug| + M (ug) (u — o) (15)

IN

—pE(u) + Q/ (22190 + 219ual) + M o) — o)

= —(BE(u) — E(uo) — M (uo)(u — up)).

Using Young inequality once again, this time on M (ug)(u — ug), shows that
the above quantity is still non-positive.
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Just as in the case of f = 0, there exists a sequence t; such that
d i—00
%} Hu—uoH%Q( Q) —— 0. We write u;(-) := u(t;,-).
1—00

The inequality (14) implies that E(u;) —— E(uo), and (15), together

with (8), that V (u; — up) —— 0. Lemma 1 shows then that Vu; is almost-
uniformly (uniformly with strong hypotheses) convergent to Vug in .

We mimic the proof given in the previous section: if strong hypotheses
hold, uniform convergence of Vu; to Vug implies

u; — ug strongly in w 4+ Wy (Q)

4
u; — ug strongly in L¥(Q) for k < np/(n — p).

Next, we need to pass from convergence of the sequence u; to the conver-
gence for all ¢. First, we need to establish the convergence of £(u) to £(up)
with ¢ — oco. By monotonicity of £(u(t,-)) it is enough to prove it for the
sequence t;.

Of the two terms in &£(u;) we already have that E(u;) AN E(up). What
is left to prove is that

/ @ ultinz) — f(o,uo(2))] =2 0.

Q

By convexity of f we have, for some 6 € (0,1) and ug = Qu; + (1 — 0)uo,

[ w) w0 = / (02 f (1), i — o)

Q
1 1
— [ (O2f(x,up), — [ (O2f (2, up), up — up)
09/ 99/ (16)
:/<82f(.%','d0) —UO> ( ) —uo)
Q
> E(uo) — E(u)
Similarly
J 1w =rau) = [ (@) 0~ o)
Q Q
:1_0/<82f1’UQ) —U9§ /anIL‘uZ up)
Q Q
:/ o f (@, u;),ui — uo) = —M (u;)(u; — uo) <“t‘ Ui = U0) 12(q)
Q
< B(on) — Blu) = g1 5llu— ol

(17)
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As we see, both the lower (16) and upper (17) estimate for

JECXDIEER™)
Q
tend, for this particular sequence ¢;, to 0. This concludes the proof of energy

convergence.
Next, notice that by (16) and (8)

£ () — E(up) = B(u) — Eup) + / (e, u) — f(,u)]
Q
> E(u) — E(up) — M (ug)(u — ug)
> V(u—ug) >0,

and, applying lemma 1 we obtain almost uniform (uniform for strong hy-
potheses) convergence of Vu to Vuyg.

In the case of strong hypotheses we already have L?({2)-convergence of
u; to u, which, together with monotonicity of [|u — ug||z2(q), gives us that

u — ug in L2(Q).

If only weak hypotheses hold, we proceed as in the previous section. By
(14) (which implies boundedness of {u(t,-)};~0 in WP(Q)) we can choose a
sequence {t;}, t; — oo, such that

Ui — s weakly in w+ W, P(Q)
u; — Use strongly in L%(Q);

as before, u;(-) = wu(t;,-). By this weak convergence, convexity of f (see
(17)), and Young inequality (like in (15))

E ttoo) — E(u) = Bluoo) — Elug) + / (@ too) — f ()]
Q

< M(uoo)(uoo - uz) + / <62f(x>uoo)auoo - ’LL1> —0
Q

(18)
On the other hand &£ (us) — E(1;) —— (o) — E(ug).

If uso # g, then, by uniqueness of minimum for £, &(ue) — E(ug) > 0,
which gives a contradiction. Therefore us = up in w + WO1 P(Q).

The fact that u(t;,-) converges strongly in L?(2) to ug(-) together with
monotonicity of ||u — ugl| yields

t—o0
u(t, ) —— ug(+)- 19
(1) 52 () (19)
This, together with the fact that w(t,-) are Lipschitz with Lipschitz con-
stant time-independent, gives us the almost uniform (uniform for strong

hypotheses) convergence of u(t,-) to ug(-) (see previous section). This
ends the proof of theorem 1. O
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Remark. The same argument as in the previous section gives us also the
weak convergence

t—oo

u(t, ) — wuo(-) weakly in w + Wol’p(Q).

4. VARIABLE EXPONENT CASE

In this section we shall study the convergence of a counterpart of (1) for
a measurable, bounded exponent function p(z), p1 > p(z) > 2:

(10,0) 2y + M@)(@) + [ (@of @) 0) =0 ¥ rsrg (@0

Q
This time
B(u) = / VP, M (u) (6) = / p(@)|VulP® 2 (Vu, V), (21)
Q Q
E(u) = E(u) + /f(;v,u). (22)

The main difference between the variable exponent case and the preceding
ones is that no partial regularity result for time-dependent solutions of (20) is
known. Therefore the methods used for p = const cannot yield any pointwise
convergence. However, this regularity result (widely believed to be true, at
least under sufficient continuity assumptions on p(z)) is the only missing
detail, and were it proved, one could apply the same technique as for p
constant, obtaining the same convergence result.
From now on:

|f(z,y)| < ClylP™” p(x)* = p(z)N/(N — p())
(Oaf(x,y1) — O2f(x,y2), 51 —y2) > O for a.e. ©

and, as before, we suppose that £(-) is coercive.

Theorem 2. With the above assumptions on p(z) and f(x,y) a global so-

lution u(t,z) of (20) in w + Wol’p(z)(Q) converges to a stationary solution
uo(z) strongly in L*(Q) and weakly in WP (Q).



10 PAWEL GOLDSTEIN

We repeat, with slight alterations, the calculation (13), using Young in-
equality (notice that only pointwise inequalities — i.e. not the Holder in-
equality — can be safely used in the p(z) case):

d1

Eﬁ” U0HL2(Q) (g, u L2()
= —M (u)(u — up) /82fmu U — up)
Q
= —M(u)(u — up) / Do f(z,u),u —ug) + M(up)(u — uo)
Q

+ [ (Oaf(x,up),u — up)
/
=~ M(u)(u — ) + Muo)() [ p)| Vol
Q
/ (02 f(x,u) — Oof (x,u0), u — uo)
Q

< —M(u)(u — ug) / (x)]Vuolp(x)_”Vu\ — /p T ]Vuolp(x)
Q

IN
|

Q
M (u)(u — ug +/ ) — 1)|Vu|P@® +/|Vu|p l‘>—/ (2)|Vuo[P@)

Q Q Q

= E(u) — E(uo) — M (u)(u — uo).
(23)

Applying Young inequality once more, this time to the second term in
M(u)(u — up) = M(u)(u) — M(u)(ug), proves that the right hand side of
(23) is still non-positive. We get thus a sequence ¢; — oo such that

d

- Ju— U0||L2(Q),
dt‘t:tz

in particular
E(’LLZ) — E(’LLQ) — M(ul)(uz — ’LL(]) E— 0,
where, as before, u;(-) = u(t;,-).
This allows us to prove the energy convergence, by estimates similar to
those in (17)

5@%fww=EM—Eww+/ﬂ%w—/ﬂ%w)
Q Q

< B(w) - B(u) + [ (0of (o)~ uo)
9)
= E(u) — E(uo) — M(u)(u — uo) — (ue, u — uo) 120

(24)

= B(u) ~ B(uo) — M(u)(u — o) ~ & lu— o]l (0
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For the sequence ¢t = t; the right hand side of (24) tends to 0 with i — oo,
and &(u) — E(ug) > 0. However, as in the previous sections, the energy &(u)
is decreasing with ¢:

d 2
ES(u) = —M(u)(ut) — / (O2f (x, u), ur) = —lluell 72 (-
Q

therefore we have £(u) LmicN E(up).
We proceed as in the previous section. By coercivity of £ and the con-

vergence of £ proved above, the set {u(t)}:>o is bounded in w + Wol’p(z),
and thus in Wj 2(€2). By Alaoglu and Rellich-Kondrashov theorems we may
choose a sequence t; — oo (u;(+) = u(t;,-)) such that

u; —  Ueo weakly in w + WO1 p(@)

u; — Uso strongly in L?(Q).

Using exactly the same calculation as in (18) I show that us = ug. Mono-
tonicity of [[u—wuol|12(q) ensures that the L2-convergence holds for all ¢, while
the argument from section 2 ({u(t,-)}s~¢ is precompact and every W1P-
weakly convergent sequence with ¢ — oo converges to ug) — that we have

1
w+ W, P@)_eak convergence.
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