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Abstract

We obtain interpolation inequalities for derivatives:

/ My o[V f(2))dz < C [ / My 5(®1 (x| 1, |V f]))de + / My (Ba(, |f], [V f)dz |

and their counterparts expressed in Orlicz norms:

IV f1Fga) < Cll@L, LIV Do) €22, 11V P F D 6

where || - [|(5) is the Orlicz norm relative to the function M;.(t) = t*(In(2 + ¢))". The
parameters p, q,r, o, 3,7, as well as the Carathéodory functions ®1, 9 are supposed to satisfy
certain consistency conditions. Some of the classical Gagliardo-Nirenberg inequalities follow
as a special case. Gagliardo-Nirenberg inequalities in logarithmic spaces with higher order
gradients are also considered.

MSC (2000): Primary 26D10, Secondary 46E35.

1 Introduction and statement of results

The purpose of this paper is to obtain variants of the Gagliardo-Nirenberg interpolation inequalities
for derivatives:

IV® e < ClFI ™ IV 1 (1.1)
(where [ € T/Vlzgl(R”), p,q,r € [1,00], % =(1- %)% + %%, 0 < kK < m and k,m are positive

integers), expressed in logarithmic-type Orlicz spaces instead of LP, L? and L" in (1.1).

Inequalities of the form (1.1) have been extensively investigated and have evolved in many
directions (see [5, 6, 8, 10, 11, 19, 21, 24, 27, 29, 30, 33, 34, 35, 36, 37| and their references), but
their generalizations to Orlicz spaces are nearly missing in the literature. In 1996 Bang [1], see also
[2, 3, 4], proved variants of (1.1) for a one-variable function, within the same Orlicz space L.

*The work of both authors is partially supported by a KBN grant no. 2-PO3A-028-22.



The authors have recently obtained inequalities of the form

[Mvshis < o [ w1+ [ 1092 fl)da), (1.2
IVfIBy, < CllflanI V@ o (13

dealing with functions of n variables and Orlicz spaces L™, L¥ and L7 defined by possibly distinct
Young functions M, H, J which satisfy certain compatibility conditions (see [26]). In this work we
adapt this abstract approach to Young functions M; .(t) = t*(In(2+1¢))", with related Orlicz norms
denoted by || - [|(s,x)-

The parameters we deal in Theorems 1.1, 1.2 and 1.3 stated below will be subject to the following
two consistency conditions:

1 1 2a
p+7”’ q =

+

3R

(A) B,veR, p,r>1,(¢g>2,a€Rorqg=2a>0)and (%z

<@

(B) By e€R, a<0,pr>1,¢=2-+;=1, B(r—1)+y>0.

One of our results is the following logarithmic variant of the Gagliardo-Nirenberg inequality.

Theorem 1.1 Suppose that p,q,r,«, 3, are given real numbers such that Condition (A) or (B)
15 satisfied. Then for any smooth function f :R™ — R with bounded support one has:

[ 1vyeds < [ipne i) e+ (1995 e+ 199 ) ds],

and also
IVt < ClAleal IV Fllea, (1.5)
with the constant C' independent of f.

In the particular case when we take a = = v = 0, we obtain the classical Gagliardo-Nirenberg
inequality (1.1) restricted here to ¢ > 2, while for p=¢=1r > 2, a = f = 7 (negative values of «
permitted only for ¢ > 2) and a scalar function f, we retrieve Bang’s result from [1]. Observe that
q is in this case the harmonic mean of p and r, and when p = ¢ = r and (A) holds then « does not
exceed the arithmetic mean of 3 and 7.

The special cases of (1.4), when one of the parameters « or 3 or v equals to zero, follow from our
previous work [25], where we dealt with variants of (1.4) within logarithmic spaces L*(In(u+ L%))%,
with o € {1,2}, under the restriction that one of the spaces considered: for f, |V f| or |V f| was
the homogeneous space L® (see Remark 4.3).

We will prove a more general variant of Theorem 1.1 which reads as follows.

Theorem 1.2 Suppose that p,q,r,«, 3,7 are given real numbers satisfying (A) or (B) and let
Dy, Py : R" x R? — R be Carathéodory functions (i.e. measurable with respect to x € R™ and
continuous with respect to (A1, \o) € R?), such that ®1(z, A1, \2)Pa(x, A1, Xa) = Mo a.e. Take any
smooth function f : R" — R with bounded support. Then, denoting wi(x) = ®,(z,|f|,|VPf]),



wa(z) = O (x, |1, [V S]), we have:

/ «(|Vf(z))dx < C [/ M, 5(wy(x daj—{—/ ))dx] : (1.6)

IV flIfe) < Cllwillps) llwall ., (1.7)
both inequalities holding with a constant C independent of f.

and also

For a particular choice of ®1(z, A1, As) = w(@)AA2, Dz, Ay, Ng) = ﬁ)\%*el/\;(h, where
w: R™ — (0,00) is a measurable, a.e. positive function, we obtain the following theorem.

Theorem 1.3 Suppose that p,q,r,«, 3, are given real numbers such that Condition (A) or (B)
is satisfied, let (6y,02) € [0,1])?\ {(0,0),(1,1)} and let w be an arbitrary positive a.e., measurable
function. Then for any smooth function f : R™ — R with bounded support one has:

[ Maal1910de < €| [ M7 192 50he [ 34 (71O ] (1)
and also
IV £lItge) < CIFPIVE £l T VS A2 ), (1.9)
both inequalities holding with a constant C' independent of f, (01,602) and w.

Observe that Theorem 1.1 is a particular case of Theorem 1.3 (it corresponds to ¢; = 1,6, = 0 and
w = 1), but Theorem 1.3 (and so also Theorem 1.2) is more general.

Yet another choice of parameters: ¢; =0y =1/2, p=g=r, a = =+ and w = 1 in Theorem
1.3, yields the following result.

Theorem 1.4 Suppose that either ¢ > 2, € R or ¢ = 2, > 0. Then for an arbitrary smooth
function f :R"™ — R with bounded support we have

[ al19 )iz < € [ 31,0015 9 1, (1.10)

IV fllgey < CIN IV £l g0, (1.11)

and also

both inequalities holding with a constant C' independent of f.

For completeness we write down the statement of Theorem 1.3 in homogeneous spaces (o =

B=~=0).



Corollary 1.1 If p,q,r are given real numbers such that (¢ > 2,p,r > 1) and % = % + %, then
for arbitrary (61,65) € [0,1]*\ {(0,0),(1,1)}, an arbitrary f € C(R™) and any positive a.e.,
measurable function w we have:

([ 1vsirdapin < o [(F1H9O sPopan ? [T it yant, (L)
with a constant C' independent of f, (01,0,) and w.
We also point out two special cases of Corollary 1.1.

Corollary 1.2 (0, =6, = %,w =1lL,p=q=r) Ifq>2 and f € C°(R"), we have

[ 1951z < [(51192 1)
with a constant C' independent of f.

Corollary 1.3 (02 =0) Ifp,q,r are given real numbers such that (¢ > 2,p,r > 1) and % = 217 + %,
then for an arbitrary 6 € [0,1], any f € CP(R™) and an arbitrary measure p(dx) = w(x)dx with a
positive weight w, we have

([ 1vstanie < e [Qaman o [ (17100 )y o) (113
with a constant C' independent of f, 6 and w.

Note that on the right hand side of (1.13) we can manage the terms [ |f|*du with s = 6p being
smaller than 1 and an arbitrary weighted measure u(dx) = w(z)dz, with a positive weight w. In
such a case || f|zs = ([ | f|°dp)"/* is no longer a norm.

Although in this paper we deal mostly with derivatives of order 0, 1 and 2, some generalisations
to higher order derivatives are also possible. This results in Theorem 4.3, where some cases of
Theorem 1.1 are generalised to higher order derivatives. We also obtain stronger variants of in-
equalities (1.4), (1.6) and (1.8) (Theorem 4.1). As we deal with the logarithmic functions, we were
able to get nonlinear variants of inequalities (1.6), i.e. such inequalities between Young functionals:
I = [ M, (|Vf)dz, Iy = [ M,g(wi)dx and I, = [ M, (ws)dz, with w; and wy introduced in
Theorem 1.2, where [; is estimated from the above by a nonlinear expression involving Iy and /.
The precise statement is given in Theorem 4.2.

In the proof of Theorem 1.3 we adapt abstract techniques described in [26]. These techniques
specialized to logarithmic Orlicz spaces require an additional and independent analysis (see also
Remark 4.3). The results obtained (Theorems: 1.1,1.2; 1.3 and 1.4) are in general new, while
results within homogeneous spaces (Corollaries 1.1-1.3) are also covered by the abstract approach
presented in [26]. On the other hand, the additional results presented in Section 4 (Theorems
4.1, 4.2 and 4.3) are based on the special structure of logarithmic Orlicz spaces and they have no

abstract counterparts previously treated in [26]. The importance of logarithmic Orlicz spaces in
various disciplines of analysis and PDE’s (e.g. [7], [9], [12], Section 4.3, [13], [14], [15], [16], [17],
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[18], [20], [22], [23], [31], [38], Theorems 11.7 and Corollary 15.4, and references therein), to our
opinion justifies separate investigation of the logarithmic-type Gagliardo-Nirenberg inequalities.

Notation. Throughout the paper, the symbol V®) f stands for the k—th gradient of the mapping
f:R" — Rie. the vector (D%f)jq=x- If A is a vector or a matrix, by |A| we denote its Euclidean
norm induced by the standard scalar product (-,-), while A stands for its transposition.

By ¢* we will denote the Holder conjugate to a real number 1 < g < co and by C' — a general constant
whose value can change even within the same line. When the domain of integration is not specified, it is
meant to be the whole of R™. If F' is a Young function, by F* we denote its Legendre transform, defined
by F*(t) = supszo[st — F(s)].

Suppose M, N : [0,00) — [0,00) are two given functions. When N(A) < CM(kX) for A > X (for
0 < X < \g; for A > 0) with constants C, k independent of =, then we say that M dominates N at infinity
(near zero; globally). This relation is denoted by M > N. We say that M is equivalent to N (symb.
M ~ N) when M > N and N > M. It is not hard to convince oneself (see e.g. Theorems 2.1 and 3.1 of
[28]) that this domination is reversed by taking the Legendre transform of Young functions: M > N (at
infinity, near zero, globally) implies N* = M* (at infinity, near zero, globally). Note that if M satisfies
the Ag-condition then M > N if and only if N(\) < CM(\) with some constant C' independent of .

When the domain of integration is not specified, it is meant to be the whole of R™.

2 Preliminaries

We will be dealing with the following functions:
M, o(t) :=t"(In(2 +¢))* where ¢ > 1, € R. (2.1)

Within this range of parameters ¢, « all functions M,, are Young functions (i.e. convex,

M, .(0) =0, lim;_o Mq’t”(t) =0, limy_ o Mq’t“(t) = 00). Therefore the set

Ligo) = {f : R" — R measurable s.t. for some K > O/Mq,a(&;q”)d:c < o0}

becomes a Banach space when equipped with the Luxemburg norm:

This is the Orlicz space defined by M, ,. Note that for o = 0 it coincides with the usual L?
space. The functions M, , satisfy the As—condition, i.e. M,,(2t) < CM,,(t), with a constant
C = C(q, «) independent of ¢ > 0. It is known that

[ Maal 2 )de =1 and 1 F ) < [ Myal( (@) + 1 (2:2)

For details we refer the reader to the book [28], Chapter 1.

For later use observe that
Moo M, ~ My geta- (2.3)

Finally, let us prove a lemma.



Lemma 2.1 Suppose that p > 1,k € R and k& > k1 = —k(u* — 1). Then there exists a constant
C > 0 such that for all u,v > 0 one has

uwv < My, . (u) + C M- 5 (v). (2.4)

Proof. It is immediate: as M), .(u) ~ u*(Inu)® for u large, then M} (v) ~ M ., (v), for large
values of v (see [28], Theorem 7.1). On the other hand, for u small we have M, .(u) ~ u*, thus
M (v) ~ " ~ My, for v small. Therefore M;; . ~ M- ., globally.

When & > k1, then M)« ; dominates M, ,, globally, and so, for u,v > 0
uv < Mu,ﬁ(u) + M:,n(v) < Mu,n(u) + CMM*M(U) < Muw(u) + OMu*vr%(U)v

with certain constant C' > 0. O

3 Proofs of Theorems 1.1-1.4

As indicated in Section 1, what only needs to be shown is Theorem 1.2. The remaining results:
Theorems 1.1, 1.3, 1.4 (together with Corollaries 1.1-1.3) follow as consequences.

Proof of Theorem 1.2. The proof is carried out in several steps.
STEP 1. We show that

Fim [ M,V < C [ Myaa(V IS ] do (3.1)

with a constant C' not depending on f (with a slight abuse of notation: the number ¢ — 2 can be
smaller than 1 here, but the formula (2.1) defining M, 5, remains valid).

Proof of this inequality is basically taken from [25]; we sketch it here to make the paper self-
contained.

As M, o(JA]) = My—24(AN) (A, A), where A = (A1, ..., \,), after integrating by parts we obtain

[=— / div (S(Vf(2))) f (x)dz, (3.2)

where S = (51, ..., 5,) and S;(A) = My_5(|A|)A; (since ¢ > 2 this integration by parts is allowed
according to the Nikodym ACL Characterization Theorem, see [32], Th.2, Sec. 1.1.3).

In particular S;(Vf) = qugya(IVng—wfi, and so
M5, (IVf])
IV /]

Elementarily we check that M , ,(t) ~ My_24(t)t" on the positive half-line. Moreover |v*Av| <
|A| |v]? and |tr A| < v/n|A| (so that |Af| < /n|VP® f]). This gives

div S(Vf) = VAV FIVI] + Myoal VDAL

|div S(Vf)| < CMy—24(IVF)IVP S,

and together with (3.2) completes the proof of (3.1).
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STEP 2. Now assume that (A) holds. We show that in this case we have, for all u,v,w > 0:

My-g0(u)vw < Myo(u) + C[My5(v) + Mo (w)] . (3.3)
To see this, first observe that
My_50(8)t* < Myo(8) + My o(t). (3.4)

It is immediate: when ¢t < s, then M,_5 o (8)t* = M, o(s) (ﬁ)Q < M, (s). Since M,_s 4 is increasing,

then for s < ¢ one has M, 5 ,(8)t* < M, 5,(t)t* = M, (t).
Next, take p = %, Kk = ﬂ_Ta, k= %. Under current restriction on the parameters, it is not
hard to convince oneself that & > k; = —r(p* — 1).

Therefore the assumptions of Lemma 2.1 are satisfied and (2.4) can be applied, resulting in the
following series of inequalities:

M9 o(u)vw My o(u) + C M, o(vow)
Mgy o(u) + CMgyq (M/wi(\/;) + Mu*%(\/a))

M, o(u)+C [M%a o MW{(\/E) + M, o0 MHE(\/E)}

(the last line inequality follows from the fact that for an arbitrary nondecreasing function F' satisfy-
ing the Ay—condition one has F'(a+b) < F(2max(a,b)) < F(2a)+F(2b) < C(F(a)+F(b))). Using
now the property (2.3) we see that M, o M, .(v/v) ~ M, s(v) and M, , 0 M« z(v/w) ~ M, (w),
so that (3.3) follows.

STEP 3. THE CONCLUSION UNDER THE CONDITION (A).
Applying (3.1) we get

VAN VANRVA

1<t / oIV FD) - 2011V £]) da (3.5)

Since, by definition of w; and ws, |f(2)||V® f(z)| = wi(z)ws(x), applying (3.3) and using the
As—condition we get that I is not bigger than

%[4— O/Mpﬂ(wl(x))dﬁ~|—C’/Mr,y(w2($))dif7

(with C possibly different than in (3.5)) which after rearranging yields (1.6).
In order to prove (1.7), fix t1, %, > 0 and write the inequality (3.5) for f = ti We get that

1 ~ .
1<g / M, oo (V) (2Ciiis) da,

where we put w; = 4 (it is so because of the relation |FIIVE f| = tiyaby).

Using (3.3) and repeating the subsequent steps with f,w; and ws replaced by f ,wq and we we

obtain
/Mm |Vf|dx<0</Mpﬂw1dx+/ wgd:v),



with constant C' independent of f and ¢;,t,. Now choose 7 = |[wil(q,), t3 = ||wa||(y)- As the
condition t; = 0 implies wywy = 0, which by the inequality (3.1) forces f = 0 (as f is compactly
supported and smooth) without loss of generality we can assume that tq,t5 > 0. Moreover, we have
| M, 5(w1)dz = [ M, 5( Tl Jdr = 1, and similarly

v (We)dx = - r = 1. We end up wit a Tz < is together
M, d M, ~( ||w1||<m) d W d h [ M, Vf d C. Thi h
with (2.2) gives ||Vf||(q7a) < C+1, so that

IV £ lfge) < (€ + Dllwillps) [lwallea)-

STEP 4. THE CONCLUSION UNDER THE CONDITION (B).
First, apply (3.1), but instead of using (3.3) observe that for ¢ = 2 and a < 0 the function M, 5,
is bounded. Therefore (using the same notation as above)

]§0/|f| |V(2)f|dx:C/w1w2dx.

The conditions imposed on the parameters S and + imply that (see Lemma 2.1)
wiwy < M, 5(wr) + C M, ,(ws), and consequently

r<c (/ M, 5(w,) dz + /MTﬁ(wz) dx) ,

which proves (1.6) in this case. The proof of (1.7) goes now along the same lines as in Step 3 and
so we skip it. 0

4 Extensions and remarks

We start with the following result which shows that inequality (1.6) in Theorem 1.2 and its special
variants: inequalities (1.4) and (1.8), can be transformed into a stronger form, where one of the
summands can be made arbitrarily small. We obtain:

Theorem 4.1 Suppose that p,q,r,«, 3,7 are given real numbers satisfying (A) or (B) and let
Dy, Dy : R" x R? — R be Carathéodory functions such that ®1(x, A1, A2)Pa(x, A1, Aa) = Mo a. e.
Take any smooth function f :R™ — R with bounded support and denote:

wi(z) = @iz, |f], [VPf]), walz) = oz, |f],[VP f]),

B n(6) = M; . (6) for k>0
PR 2+ 1) fork <O.

Then there exists a constant C' = C(3,) such that for an arbitrary 6 > 0 we have:

(4.1)

[ 209 ) < € (al®) [ Mol +1eg(67) [ Mouai ). 42



In particular, for an arbitrary € > 0 there exists a constant C,, depending on €,p,r,3 and v such

that
/ (V@) )de < e / M, 5(wn ())dz + C. / M, . (ws(x))dx, (4.3)
/ M, (V@) < C. / M o(wn ())dz + ¢ / M, . (ws () dz. (4.4)

Proof. Take an arbitrary § > 0 and apply (1.6) with @; = dw; and we = wy/d replacing w; and
wy. Then it suffices to prove that for s > 1,k € R we have

M; (0X) < Chg 5 (6) Ms (M), for 6, A > 0, (4.5)
with C' depending on x only. To obtain (4.5), at first we note that
In(2+d\) < Cln(2+ ) In(2 + N), (4.6)

with C' independent of § and A.

This is easy: suppose that 6 < A, then the left hand side in the inequality above is not bigger
than In(2 + A?) ~ In(2 + \). Also, In(2 +6) > In2 > 0, which completes the proof of (4.6).

Now the inequality (4.5) follows immediately from (4.6) when x > 0, while for negative x we
have:

(24" . n2+3)\™"
Ms,n(é)\) = 0 (m> MS,H()\) < 0 <)\>Ig M) Msv’f(A)
< 5 (iilg %) M, n(N) < Cod*(In(2 4 6-1)) % M, o(),

where for the last inequality we have used (4.6).

This gives (4.2). To derive (4.3) and (4.4) we observe that lims_. hs . (d) = 0, so we can find ¢
such that Ch, (8) = € (for inequality (4.3)) and such that Ch,..(67') = € (for inequality (4.4)). O

Now we will derive multiplicative variants of inequality (1.6) in Theorem 1.2, involving not
Orlicz norms, but Orlicz functionals. Consequently, inequalities (1.4) and (1.8) will also have
multiplicative counterparts involving Orlicz functionals.

The result presented below is restricted to the case 3,7 > 0. When § < 0 or v < 0, then a
similar statement will hold, but the third and fourth factors in (4.7) will be different.

Theorem 4.2 Suppose that p,q,r,«, 3,7 are given real numbers satisfying (A) or (B), 5,7 >0,
and let @1, Py : R" x R? — R be Carathéodory functions such that ®1(z, A1, A2)Po(z, A1, A2) = A1 Ao
a.e. Take any smooth function f :R"™ — R with bounded support and denote:

w1<l’> - (I)l(x7 |f|7 |v(2)f’)7 IUQ(Jf) - (I)Q(x7 |f|7 |v(2)f|)
Then there ezists a constant C = C(p,r,3,7) > 0 such that:

(ftssons)' < o(f o) (oioio)

(me f“Mm o) (l( me (i))jfs))g“'?)




Proof. Let us denote:

a —/ (|Vf(x))dx, b:= /Mpﬁ wy(z))dz, ¢ —C’/Mm(wg(:v))d:r,
where C' is the constant from (4.2). Then (4.2) reads
a < M,s(8)b+ M, (67 ")e, (4.8)

where > 0 can be taken arbitrary.

Now we minimize the right hand side of (4.8) with respect to § > 0. Observe that M, (\) ~
M ,(N)/A, and so the minimum of the right hand side of (4.8) with respect to § > 0 is achieved at
a point dy for which the following is true:

Mpﬂ()‘)

C C
Cl p = R(50> < Cgb, where R()\) Mr,,y()\_l)’

(4.9)
with constants C, Cs independent of ¢ and b.
As R()\) A — 1 for A close to 0, and R()\) ~ AP (In \)? for A large, and

\1 AlY (1/2)P+r(In(1/A))7
(A In A7t ~ Ty /\| for both small and large values of A (here ¢! denotes the function inverse to
¢), we verify that the function inverse to R satisfies:

1

_ In(2 + A1)\ 7
R'\) ~ )\(— 4.10
() ( (In(2 4+ \))» (4.10)

Using (4.6) and (4.9) we establish that
N < < - )
CiR (b) <6y < CoR (b) : (4.11)
with C;, Cy not dependent on b and ¢. Moreover, we have

M50 R™H(A) ~ AP (In(2 + A1) 75 (In(2 + A)) . (4.12)

On the other hand, according to (4.11), and using the fact that M, g satisfies the Ay-condition,
M, 5(50)b < M, 3(CoR™" (b))b < C3(M,g0R™ (b))b = A, (4.13)

and by (4.9),
M, (65 )e < O M, 5(80)b < CTA. (4.14)

Now we apply (4.8) with § = dy, and also (4.13), (4.14) and (4.12). This gives
a < M, 5(80)b+ M, (05" )e < CiA < C brir crir (In(2 4 2 ))ﬁ(ln(Z + g))ﬁ,
with C5 independent of b and ¢, and completes the proof of (4.7). O

Remark 4.1 Note that for § = v = 0 (4.7) is exactly the Gagliardo—Nirenberg’s inequality re-
stricted to ¢ > 2.
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The results of Theorem 1.1 can be iterated to higher derivatives. In particular we obtain the
following theorem:

Theorem 4.3 Suppose that k,m € Z,, 0 < k <m and p,q,r,a, 3,7 are given real numbers such
that:

1 k.1 k1
-=1-—)- —|———, p,r > 2 and —<(1

k
—)= = (4.15)
q m’'p - mr q m

Then for any smooth function f :R™ — R with bounded support one has:

[ MO s < (/Mpﬂlf dw+/ "f@hic). (419

IVEF @) g < CHfH(pE) v f\l(ﬁ,w (4.17)

with a constant C independent of f.

Proof. We give the proof of (4.16) only, leaving (4.17) to the reader. As M, 5 < M, , whenever
a < a, it suffices to prove Theorem under the condition:

1 k.1 k1 k k
—z(l——)——i———, p,r>2and——(1——)é+—z. (4.18)
q m’'p  mr q m’'p  mr

For simplicity we will use the following notation. Let D = {( ; ) cx € R\ {0},y € R},
h:D — D and G : Ry X Ry — Ry defined for s € [0, 1], be given by the expression

Y Y/

(E )= (V7)) i) = s+ (1— )%, (4.19)
(o) =(o)

where A\j, As € Ro.
Then conditions (4.18) read

p(8) =y (1( ) (L)) mro2nser (1:20)

We proceed by induction on m > 2 and prove that for k € {1,...,m — 1}, all k,m,q,p,r, a, 3,7
satisfying (4.20) and arbitrary € > 0 there exists a constant C. = C'(e, k, m,p,r,~, ) > 0 such that
for all f € C5°(R™)

LoV ) < el s(1f]) + CLry IV 1)), (4.21)

where I, .(9) = [ M;.(|g])dz

When m = 2,k = 1, then (4.21) is just (4.3) and there is nothing to prove. Suppose then
that (4.21) holds for all m € {2,...,M} and all 0 < k < m, provided that the parameters
k,m,q,p,r,a, 3,7 satisfy (4.20). Now we take m = M + 1,0 < k < M + 1 and denote:

S (&) =nto G (n( ) (7). (122)
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In particular Ay = ( g(; ) = < Z ) and Ay = ( 2]\]\//[[111 ) = < z; > To abbreviate, we will

write Iy = I, o, (|[V® f]). In this notation, the induction step reduces to the proof of
Ik S EI() + CEIM—"-IJ (423)

with C. = C(e, k, M,p,r,3,7) and for all k € {1,..., M}.

To get it, at first we check that ¢; > 2 for i € {0,..., M + 1}, and moreover, for all s,[,¢ such
that 0 <s <l <t <M+ 1 we have

hN) = G (h(X), h(%).

t—s

By the inductive assumption, this implies that (4.21) holds true with parameters: ¢ = ¢, =
a,p=ps,0=a,T=q,v=a,k=10—s,m=t—s, provided 0 <t —s < M. An application of
(4.21) to all g = D*f with |a| = s, with such range of parameters,

together with the inequality:

Mo (IVO) C > My o (VD).

alal=s
with C independent of f, implies that once 0 < s <l <t< M+ 1and t— s < M, then we have
I < el + Cely, (4.24)
with C. = C(e, s,t,1,p,r,a, 3) This gives for all 0 < k < M,
I, <61y + Csly < 61y + Cs(ely, + Celprya),

for every €,0 > 0. Choosing € = ¢5 such that Cse = % and rearranging we obtain (4.23) with all
0< k< M. To get (4.23) with k = M we use the inequalities:

Iy <elpyo1 + Cdpyyr and Iy < 0lg + Cslyy.

They imply
IM S 6(5]0 + €C§IM + CEIM+17

for every €,0 > 0. Take € < €5, where €5 satisfies €5C5 = % After rearranging we obtain
]M S 265]0 + QCEIM_H,

which completes the induction argument and concludes the proof of the Theorem. 0

Remark 4.2 In [26] we have shown that when M is a Young function satisfying the As—condition
with M’ (t)/t bounded next to zero and F is an arbitrary Young function, then for every f € C5°(R")
we have:

[awinis < o[ e/ + [ 3@ fivep),
IVl < ClAlanlVP £llw),

12



where H(t) = M(F(\/t)), J(t) = M(F*(v/t)), and the constant C is independent of f. Analo-
gous results remain true with arbitrary Carathéodory functions ®;, ®, : R® x R?> — R such that
Dy (2, A1, M) Pa(w, M1, Ag) = Mg and wi(x) = @4 (x, |f|, [V f|) and wy(z) = $o(x, |f], [V f]) re-
placing |f(x)| and |[V® f(x)|. In present paper we show that in the particular case of logarithmic-
type functions: M (t) = M, ,(t) and F(t) = M, .(t), with parameters p and « suitably chosen, we
end up with (1.4)—(1.13), illustrating the abstract approach of [26].

Remark 4.3 In our previous work [25] we have dealt with the following logarithmic inequalities:

/ IV (n(+ [V F19)0dr < c(( / FPnG+ 1£17)Pde) 7 V<2)f||r+||V(2)f|ll>, (4.25)

/ IV n(+ (V7)) de < c(( / V@ I (In(e + [V F2)) da) /" f||p+||f||§), (4.26)

/!Vflqdw < C(/!f\p(ln(u+If\“))ﬂda:+/!V(Q)flr(ln(wr\V(z)f\b))”dm),

where p € {1,2}. In the particular case when p = 2, a = b = 1, by the classical Young inequality

(xy < %p + y::, p > 1) applied to (4.25) and (4.26) we see that they both imply (1.4) for 5 or v
equal to 0. The last inequality in this series with a = b =1 and p = 2 is just (1.4) for a = 0. Note
that (4.25) and (4.26) for a = b = 1 and p = 2 are in general stronger than the special case of
(1.4) when 8 or 7 equals zero. It appears that the ranges of parameters in inequalities (4.25) and
(4.26) under the restrictions @ = b = 1 and u = 2 obtained in [25] and that in (1.4) in this paper

are coherent.
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