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Abstract

We obtain interpolation inequalities for derivatives:∫
Mq,α(|∇f(x)|)dx ≤ C

[∫
Mp,β(Φ1(x, |f |, |∇(2)f |))dx +

∫
Mr,γ(Φ2(x, |f |, |∇(2)f |))dx

]
,

and their counterparts expressed in Orlicz norms:

‖∇f‖2
(q,α) ≤ C‖Φ1(x, |f |, |∇(2)f |)‖(p,β) ‖Φ2(x, |f |, |∇(2)f |)‖(r,γ),

where ‖ · ‖(s,κ) is the Orlicz norm relative to the function Ms,κ(t) = ts(ln(2 + t))κ. The
parameters p, q, r, α, β, γ, as well as the Carathéodory functions Φ1,Φ2 are supposed to satisfy
certain consistency conditions. Some of the classical Gagliardo-Nirenberg inequalities follow
as a special case. Gagliardo-Nirenberg inequalities in logarithmic spaces with higher order
gradients are also considered.

MSC (2000): Primary 26D10, Secondary 46E35.

1 Introduction and statement of results

The purpose of this paper is to obtain variants of the Gagliardo-Nirenberg interpolation inequalities
for derivatives:

‖∇(k)f‖Lq ≤ C‖f‖1−k/m
Lp ‖∇(m)f‖k/m

Lr , (1.1)

(where f ∈ Wm,1
loc (Rn), p, q, r ∈ [1,∞], 1

q
= (1 − k

m
)1

p
+ k

m
1
r
, 0 < k < m and k, m are positive

integers), expressed in logarithmic-type Orlicz spaces instead of Lp, Lq and Lr in (1.1).

Inequalities of the form (1.1) have been extensively investigated and have evolved in many
directions (see [5, 6, 8, 10, 11, 19, 21, 24, 27, 29, 30, 33, 34, 35, 36, 37] and their references), but
their generalizations to Orlicz spaces are nearly missing in the literature. In 1996 Bang [1], see also
[2, 3, 4], proved variants of (1.1) for a one-variable function, within the same Orlicz space LM .

∗The work of both authors is partially supported by a KBN grant no. 2-PO3A-028-22.
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The authors have recently obtained inequalities of the form∫
M(|∇f |)dx ≤ C(

∫
H(|f |)dx +

∫
J(|∇(2)f |)dx), (1.2)

‖∇f‖2
(M) ≤ C‖f‖(H)‖∇(2)f‖(J) (1.3)

dealing with functions of n variables and Orlicz spaces LM , LH and LJ defined by possibly distinct
Young functions M, H, J which satisfy certain compatibility conditions (see [26]). In this work we
adapt this abstract approach to Young functions Ms,κ(t) = ts(ln(2+ t))κ, with related Orlicz norms
denoted by ‖ · ‖(s,κ).

The parameters we deal in Theorems 1.1, 1.2 and 1.3 stated below will be subject to the following
two consistency conditions:

(A) β, γ ∈ R, p, r > 1, (q > 2, α ∈ R or q = 2, α ≥ 0) and
(

2
q

= 1
p

+ 1
r
, 2α

q
≤ β

p
+ γ

r

)
,

(B) β, γ ∈ R, α < 0, p, r > 1, q = 2, 1
p

+ 1
r

= 1, β(r − 1) + γ ≥ 0.

One of our results is the following logarithmic variant of the Gagliardo-Nirenberg inequality.

Theorem 1.1 Suppose that p, q, r, α, β, γ are given real numbers such that Condition (A) or (B)
is satisfied. Then for any smooth function f : Rn → R with bounded support one has:∫

|∇f |q(ln(2 + |∇f |))αdx ≤ C

[∫
|f |p(ln(2 + |f |))βdx +

∫
|∇(2)f |r(ln(2 + |∇(2)f |))γdx

]
, (1.4)

and also
‖∇f‖2

(q,α) ≤ C‖f‖(p,β)‖ ‖∇(2)f‖(r,γ), (1.5)

with the constant C independent of f .

In the particular case when we take α = β = γ = 0, we obtain the classical Gagliardo-Nirenberg
inequality (1.1) restricted here to q ≥ 2, while for p = q = r ≥ 2 , α = β = γ (negative values of α
permitted only for q > 2) and a scalar function f, we retrieve Bang’s result from [1]. Observe that
q is in this case the harmonic mean of p and r, and when p = q = r and (A) holds then α does not
exceed the arithmetic mean of β and γ.

The special cases of (1.4), when one of the parameters α or β or γ equals to zero, follow from our
previous work [25], where we dealt with variants of (1.4) within logarithmic spaces Ls(ln(µ+La))α,
with µ ∈ {1, 2}, under the restriction that one of the spaces considered: for f , |∇f | or |∇(2)f | was
the homogeneous space Ls (see Remark 4.3).

We will prove a more general variant of Theorem 1.1 which reads as follows.

Theorem 1.2 Suppose that p, q, r, α, β, γ are given real numbers satisfying (A) or (B) and let
Φ1, Φ2 : Rn × R2 → R be Carathéodory functions (i.e. measurable with respect to x ∈ Rn and
continuous with respect to (λ1, λ2) ∈ R2), such that Φ1(x, λ1, λ2)Φ2(x, λ1, λ2) = λ1λ2 a.e. Take any
smooth function f : Rn → R with bounded support. Then, denoting w1(x) = Φ1(x, |f |, |∇(2)f |),
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w2(x) = Φ2(x, |f |, |∇(2)f |), we have:

∫
Mq,α(|∇f(x)|)dx ≤ C

[∫
Mp,β(w1(x))dx +

∫
Mr,γ(w2(x))dx

]
, (1.6)

and also
‖∇f‖2

(q,α) ≤ C‖w1‖(p,β) ‖w2‖(r,γ), (1.7)

both inequalities holding with a constant C independent of f .

For a particular choice of Φ1(x, λ1, λ2) = ω(x)λθ1
1 λθ2

2 , Φ2(x, λ1, λ2) = 1
ω(x)

λ1−θ1
1 λ1−θ2

2 , where

ω : Rn → (0,∞) is a measurable, a.e. positive function, we obtain the following theorem.

Theorem 1.3 Suppose that p, q, r, α, β, γ are given real numbers such that Condition (A) or (B)
is satisfied, let (θ1, θ2) ∈ [0, 1]2 \ {(0, 0), (1, 1)} and let ω be an arbitrary positive a.e., measurable
function. Then for any smooth function f : Rn → R with bounded support one has:

∫
Mq,α(|∇f |)dx ≤ C

[∫
Mp,β(|f |θ1|∇(2)f |θ2ω)dx +

∫
Mr,γ(|f |1−θ1|∇(2)f |1−θ2ω−1)dx

]
, (1.8)

and also
‖∇f‖2

(q,α) ≤ C‖|f |θ1|∇(2)f |θ2ω‖(p,β)‖ ‖|f |1−θ1|∇(2)f |1−θ2ω−1‖(r,γ), (1.9)

both inequalities holding with a constant C independent of f , (θ1, θ2) and ω.

Observe that Theorem 1.1 is a particular case of Theorem 1.3 (it corresponds to θ1 = 1, θ2 = 0 and
ω ≡ 1), but Theorem 1.3 (and so also Theorem 1.2) is more general.

Yet another choice of parameters: θ1 = θ2 = 1/2, p = q = r, α = β = γ and ω ≡ 1 in Theorem
1.3, yields the following result.

Theorem 1.4 Suppose that either q > 2, α ∈ R or q = 2, α ≥ 0. Then for an arbitrary smooth
function f : Rn → R with bounded support we have∫

Mq,α(|∇f |)dx ≤ C

∫
Mq,α(

√
|f | |∇(2)f |)dx, (1.10)

and also

‖∇f‖(q,α) ≤ C‖
√
|f | |∇(2)f |‖(q,α), (1.11)

both inequalities holding with a constant C independent of f .

For completeness we write down the statement of Theorem 1.3 in homogeneous spaces (α =
β = γ = 0).
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Corollary 1.1 If p, q, r are given real numbers such that (q ≥ 2, p, r > 1) and 2
q

= 1
p

+ 1
r
, then

for arbitrary (θ1, θ2) ∈ [0, 1]2 \ {(0, 0), (1, 1)}, an arbitrary f ∈ C∞
0 (Rn) and any positive a.e.,

measurable function ω we have:

(

∫
|∇f |qdx)2/q ≤ C(

∫
(|f |θ1|∇(2)f |θ2ω)pdx)1/p(

∫
(|f |(1−θ1)|∇(2)f |1−θ2ω−1)rdx)1/r, (1.12)

with a constant C independent of f , (θ1, θ2) and ω.

We also point out two special cases of Corollary 1.1.

Corollary 1.2 (θ1 = θ2 = 1
2
, ω ≡ 1, p = q = r) If q ≥ 2 and f ∈ C∞

0 (Rn), we have∫
|∇f |qdx ≤ C

∫
(|f | |∇(2)f |)q/2dx,

with a constant C independent of f .

Corollary 1.3 (θ2 = 0) If p, q, r are given real numbers such that (q ≥ 2, p, r > 1) and 2
q

= 1
p

+ 1
r
,

then for an arbitrary θ ∈ [0, 1], any f ∈ C∞
0 (Rn) and an arbitrary measure µ(dx) = ω(x)dx with a

positive weight ω, we have

(

∫
|∇f |qdx)2/q ≤ C(

∫
(|f |θpdµ)1/p(

∫
(|f |(1−θ)|∇(2)f |)rω−

r
p dx)1/r, (1.13)

with a constant C independent of f , θ and ω.

Note that on the right hand side of (1.13) we can manage the terms
∫
|f |sdµ with s = θp being

smaller than 1 and an arbitrary weighted measure µ(dx) = ω(x)dx, with a positive weight ω. In
such a case ‖f‖Ls

µ
= (

∫
|f |sdµ)1/s is no longer a norm.

Although in this paper we deal mostly with derivatives of order 0, 1 and 2, some generalisations
to higher order derivatives are also possible. This results in Theorem 4.3, where some cases of
Theorem 1.1 are generalised to higher order derivatives. We also obtain stronger variants of in-
equalities (1.4), (1.6) and (1.8) (Theorem 4.1). As we deal with the logarithmic functions, we were
able to get nonlinear variants of inequalities (1.6), i.e. such inequalities between Young functionals:
I1 =

∫
Mq,α(|∇f |)dx, I0 =

∫
Mp,β(w1)dx and I2 =

∫
Mr,γ(w2)dx, with w1 and w2 introduced in

Theorem 1.2, where I1 is estimated from the above by a nonlinear expression involving I0 and I2.
The precise statement is given in Theorem 4.2.

In the proof of Theorem 1.3 we adapt abstract techniques described in [26]. These techniques
specialized to logarithmic Orlicz spaces require an additional and independent analysis (see also
Remark 4.3). The results obtained (Theorems: 1.1,1.2, 1.3 and 1.4) are in general new, while
results within homogeneous spaces (Corollaries 1.1–1.3) are also covered by the abstract approach
presented in [26]. On the other hand, the additional results presented in Section 4 (Theorems
4.1, 4.2 and 4.3) are based on the special structure of logarithmic Orlicz spaces and they have no
abstract counterparts previously treated in [26]. The importance of logarithmic Orlicz spaces in
various disciplines of analysis and PDE’s (e.g. [7], [9], [12], Section 4.3, [13], [14], [15], [16], [17],
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[18], [20], [22], [23], [31], [38], Theorems 11.7 and Corollary 15.4, and references therein), to our
opinion justifies separate investigation of the logarithmic-type Gagliardo-Nirenberg inequalities.

Notation. Throughout the paper, the symbol ∇(k)f stands for the k–th gradient of the mapping
f : Rn → R i.e. the vector (Dαf)|α|=k. If A is a vector or a matrix, by |A| we denote its Euclidean
norm induced by the standard scalar product 〈·, ·〉, while At stands for its transposition.

By q∗ we will denote the Hölder conjugate to a real number 1 < q < ∞ and by C — a general constant
whose value can change even within the same line. When the domain of integration is not specified, it is
meant to be the whole of Rn. If F is a Young function, by F ∗ we denote its Legendre transform, defined
by F ∗(t) = sups≥0[st− F (s)].

Suppose M,N : [0,∞) → [0,∞) are two given functions. When N(λ) ≤ CM(kλ) for λ ≥ λ0 (for
0 ≤ λ ≤ λ0; for λ ≥ 0) with constants C, k independent of x, then we say that M dominates N at infinity
(near zero; globally). This relation is denoted by M � N. We say that M is equivalent to N (symb.
M ∼ N) when M � N and N � M. It is not hard to convince oneself (see e.g. Theorems 2.1 and 3.1 of
[28]) that this domination is reversed by taking the Legendre transform of Young functions: M � N (at
infinity, near zero, globally) implies N∗ � M∗ (at infinity, near zero, globally). Note that if M satisfies
the ∆2-condition then M � N if and only if N(λ) ≤ CM(λ) with some constant C independent of λ.

When the domain of integration is not specified, it is meant to be the whole of Rn.

2 Preliminaries

We will be dealing with the following functions:

Mq,α(t) := tq(ln(2 + t))α where q > 1, α ∈ R. (2.1)

Within this range of parameters q, α all functions Mq,α are Young functions (i.e. convex,

Mq,α(0) = 0, limt→0+
Mq,α(t)

t
= 0, limt→∞

Mq,α(t)

t
= ∞). Therefore the set

L(q,α) = {f : Rn → R measurable s.t. for some K > 0

∫
Mq,α(

|f(x)|
K

)dx < ∞}

becomes a Banach space when equipped with the Luxemburg norm:

‖f‖(q,α) := inf{K > 0 :

∫
Mq,α( |f(x)|

K
)dx ≤ 1}.

This is the Orlicz space defined by Mq,α. Note that for α = 0 it coincides with the usual Lq

space. The functions Mq,α satisfy the ∆2−condition, i.e. Mq,α(2t) ≤ CMq,α(t), with a constant
C = C(q, α) independent of t ≥ 0. It is known that∫

Mq,α( |f(x)|
‖f‖(q,α)

)dx = 1 and ‖f‖(q,α) ≤
∫

Mq,α(|f(x)|)dx + 1. (2.2)

For details we refer the reader to the book [28], Chapter 1.

For later use observe that
Mq,α ◦Mµ,κ ∼ Mqµ,qκ+α. (2.3)

Finally, let us prove a lemma.
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Lemma 2.1 Suppose that µ > 1, κ ∈ R and κ̃ ≥ κ1 = −κ(µ∗ − 1). Then there exists a constant
C > 0 such that for all u, v ≥ 0 one has

uv ≤ Mµ,κ(u) + CMµ∗,κ̃(v). (2.4)

Proof. It is immediate: as Mµ,κ(u) ∼ uµ(ln u)κ for u large, then M∗
µ,κ(v) ∼ Mµ∗,κ1(v), for large

values of v (see [28], Theorem 7.1). On the other hand, for u small we have Mµ,κ(u) ∼ uµ, thus
M∗

µ,κ(v) ∼ vµ∗ ∼ Mµ∗,κ1 , for v small. Therefore M∗
µ,κ ∼ Mµ∗,κ1 globally.

When κ̃ ≥ κ1, then Mµ∗,κ̃ dominates Mµ∗,κ1 globally, and so, for u, v ≥ 0

uv ≤ Mµ,κ(u) + M∗
µ,κ(v) ≤ Mµ,κ(u) + CMµ∗κ1(v) ≤ Mµ,κ(u) + CMµ∗,κ̃(v),

with certain constant C > 0. �

3 Proofs of Theorems 1.1–1.4

As indicated in Section 1, what only needs to be shown is Theorem 1.2. The remaining results:
Theorems 1.1, 1.3, 1.4 (together with Corollaries 1.1–1.3) follow as consequences.

Proof of Theorem 1.2. The proof is carried out in several steps.
Step 1. We show that

I :=

∫
Mq,α(|∇f |)dx ≤ C

∫
Mq−2,α(|∇f |)|f | |∇(2)f | dx, (3.1)

with a constant C not depending on f (with a slight abuse of notation: the number q − 2 can be
smaller than 1 here, but the formula (2.1) defining Mq−2,α remains valid).

Proof of this inequality is basically taken from [25]; we sketch it here to make the paper self-
contained.

As Mq,α(|λ|) = Mq−2,α(λ)〈λ, λ〉, where λ = (λ1, ..., λn), after integrating by parts we obtain

I = −
∫

div (S(∇f(x)))f(x)dx, (3.2)

where S = (S1, ..., Sn) and Si(λ) = Mq−2,α(|λ|)λi (since q ≥ 2 this integration by parts is allowed
according to the Nikodym ACL Characterization Theorem, see [32], Th.2, Sec. 1.1.3).

In particular Si(∇f) = Mq−2,α(|∇f |) ∂f
∂xi

, and so

div S(∇f) =
M ′

q−2,α(|∇f |)
|∇f |

[∇f ]t[∇(2)f ][∇f ] + Mq−2,α(|∇f |)∆f.

Elementarily we check that M ′
q−2,α(t) ∼ Mq−2,α(t)t−1 on the positive half-line. Moreover |vtAv| ≤

|A| |v|2 and |tr A| ≤
√

n|A| (so that |∆f | ≤
√

n|∇(2)f |). This gives

|div S(∇f)| ≤ CMq−2,α(|∇f |)|∇(2)f |,

and together with (3.2) completes the proof of (3.1).

6



Step 2. Now assume that (A) holds. We show that in this case we have, for all u, v, w ≥ 0:

Mq−2,α(u)vw ≤ Mq,α(u) + C [Mp,β(v) + Mr,γ(w)] . (3.3)

To see this, first observe that

Mq−2,α(s)t2 ≤ Mq,α(s) + Mq,α(t). (3.4)

It is immediate: when t ≤ s, then Mq−2,α(s)t2 = Mq,α(s)
(

t
s

)2 ≤ Mq,α(s). Since Mq−2,α is increasing,
then for s ≤ t one has Mq−2,α(s)t2 ≤ Mq−2,α(t)t2 = Mq,α(t).

Next, take µ = 2p
q
, κ = β−α

q
, κ̃ = γ−α

q
. Under current restriction on the parameters, it is not

hard to convince oneself that κ̃ ≥ κ1 = −κ(µ∗ − 1).

Therefore the assumptions of Lemma 2.1 are satisfied and (2.4) can be applied, resulting in the
following series of inequalities:

Mq−2,α(u)vw ≤ Mq,α(u) + CMq,α(
√

vw)

≤ Mq,α(u) + CMq,α

(
Mµ,κ(

√
v) + Mµ∗,κ̃(

√
w)

)
≤ Mq,α(u) + C

[
Mq,α ◦Mµ,κ(

√
v) + Mq,α ◦Mµ∗,κ̃(

√
w)

]
(the last line inequality follows from the fact that for an arbitrary nondecreasing function F satisfy-
ing the ∆2−condition one has F (a+b) ≤ F (2 max(a, b)) ≤ F (2a)+F (2b) ≤ C(F (a)+F (b))). Using
now the property (2.3) we see that Mq,α ◦Mµ,κ(

√
v) ∼ Mp,β(v) and Mq,α ◦Mµ∗,κ̃(

√
w) ∼ Mr,γ(w),

so that (3.3) follows.

Step 3. The conclusion under the Condition (A).
Applying (3.1) we get

I ≤ 1

2

∫
Mq−2,α(|∇f |) ·

(
2C|f ||∇(2)f |

)
dx. (3.5)

Since, by definition of w1 and w2, |f(x)||∇(2)f(x)| = w1(x)w2(x), applying (3.3) and using the
∆2−condition we get that I is not bigger than

1

2
I + C

∫
Mp,β(w1(x))dx + C

∫
Mr,γ(w2(x))dx,

(with C possibly different than in (3.5)) which after rearranging yields (1.6).

In order to prove (1.7), fix t1, t2 > 0 and write the inequality (3.5) for f̃ = f
t1t2

. We get that

I ≤ 1

2

∫
Mq−2,α(|∇f̃ |) (2Cw̃1w̃2) dx,

where we put w̃i = wi

t2i
(it is so because of the relation |f̃ ||∇(2)f̃ | = w̃1w̃2).

Using (3.3) and repeating the subsequent steps with f, w1 and w2 replaced by f̃ , w̃1 and w̃2 we
obtain ∫

Mq,α(|∇f̃ |)dx ≤ C

(∫
Mp,β(w̃1)dx +

∫
Mr,γ(w̃2)dx

)
,
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with constant C independent of f and t1, t2. Now choose t21 = ‖w1‖(q,β), t22 = ‖w2‖(r,γ). As the
condition ti = 0 implies w1w2 = 0, which by the inequality (3.1) forces f ≡ 0 (as f is compactly
supported and smooth), without loss of generality we can assume that t1, t2 > 0. Moreover, we have∫

Mp,β(w̃1)dx =
∫

Mp,β( w1

‖w1‖(p,β)
)dx = 1, and similarly∫

Mr,γ(w̃2)dx =
∫

Mr,γ( w2

‖w1‖(r,γ)
)dx = 1. We end up with

∫
Mq,α(|∇f̃ |)dx ≤ C. This together

with (2.2) gives ‖∇f̃‖(q,α) ≤ C + 1, so that

‖∇f‖2
(q,α) ≤ (C + 1)‖w1‖(p,β) ‖w2‖(r,γ).

Step 4. The conclusion under the Condition (B).
First, apply (3.1), but instead of using (3.3) observe that for q = 2 and α < 0 the function Mq−2,α

is bounded. Therefore (using the same notation as above)

I ≤ C

∫
|f | |∇(2)f |dx = C

∫
w1 w2 dx.

The conditions imposed on the parameters β and γ imply that (see Lemma 2.1)
w1w2 ≤ Mp,β(w1) + CMq,γ(w2), and consequently

I ≤ C

(∫
Mp,β(w1) dx +

∫
Mr,γ(w2) dx

)
,

which proves (1.6) in this case. The proof of (1.7) goes now along the same lines as in Step 3 and
so we skip it. �

4 Extensions and remarks

We start with the following result which shows that inequality (1.6) in Theorem 1.2 and its special
variants: inequalities (1.4) and (1.8), can be transformed into a stronger form, where one of the
summands can be made arbitrarily small. We obtain:

Theorem 4.1 Suppose that p, q, r, α, β, γ are given real numbers satisfying (A) or (B) and let
Φ1, Φ2 : Rn × R2 → R be Carathéodory functions such that Φ1(x, λ1, λ2)Φ2(x, λ1, λ2) = λ1λ2 a. e.
Take any smooth function f : Rn → R with bounded support and denote:

w1(x) = Φ1(x, |f |, |∇(2)f |), w2(x) = Φ2(x, |f |, |∇(2)f |),

hs,κ(δ) =

{
Ms,κ(δ) for κ ≥ 0

δs ln(2 + 1
δ
)−κ for κ < 0.

(4.1)

Then there exists a constant C = C(β, γ) such that for an arbitrary δ > 0 we have:∫
Mq,α(|∇f(x)|)dx ≤ C

(
hp,β(δ)

∫
Mp,β(w1(x))dx + hr,γ(δ−1)

∫
Mr,γ(w2(x))dx

)
. (4.2)
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In particular, for an arbitrary ε > 0 there exists a constant Cε, depending on ε, p, r, β and γ such
that ∫

Mq,α(|∇f(x)|)dx ≤ ε

∫
Mp,β(w1(x))dx + Cε

∫
Mr,γ(w2(x))dx, (4.3)∫

Mq,α(|∇f(x)|)dx ≤ Cε

∫
Mp,β(w1(x))dx + ε

∫
Mr,γ(w2(x))dx. (4.4)

Proof. Take an arbitrary δ > 0 and apply (1.6) with w̃1 = δw1 and w̃2 = w2/δ replacing w1 and
w2. Then it suffices to prove that for s > 1, κ ∈ R we have

Ms,κ(δλ) ≤ Chs,κ(δ)Ms,κ(λ), for δ, λ ≥ 0, (4.5)

with C depending on κ only. To obtain (4.5), at first we note that

ln(2 + δλ) ≤ C ln(2 + δ) ln(2 + λ), (4.6)

with C independent of δ and λ.

This is easy: suppose that δ ≤ λ, then the left hand side in the inequality above is not bigger
than ln(2 + λ2) ∼ ln(2 + λ). Also, ln(2 + δ) ≥ ln 2 > 0, which completes the proof of (4.6).

Now the inequality (4.5) follows immediately from (4.6) when κ ≥ 0, while for negative κ we
have:

Ms,κ(δλ) = δs

(
ln(2 + δλ)

ln(2 + λ)

)κ

Ms,κ(λ) ≤ δs

(
sup
λ>0

ln(2 + λ)

ln(2 + δλ)

)−κ

Ms,κ(λ)

≤ δs

(
sup
λ>0

ln(2 + λδ−1)

ln(2 + λ)

)−κ

Ms,κ(λ) ≤ Cκδ
s(ln(2 + δ−1))−κMs,κ(λ),

where for the last inequality we have used (4.6).

This gives (4.2). To derive (4.3) and (4.4) we observe that limδ→0 hs,κ(δ) = 0, so we can find δ
such that Chp,β(δ) = ε (for inequality (4.3)) and such that Chr,γ(δ−1) = ε (for inequality (4.4)). �

Now we will derive multiplicative variants of inequality (1.6) in Theorem 1.2, involving not
Orlicz norms, but Orlicz functionals. Consequently, inequalities (1.4) and (1.8) will also have
multiplicative counterparts involving Orlicz functionals.

The result presented below is restricted to the case β, γ ≥ 0. When β < 0 or γ < 0, then a
similar statement will hold, but the third and fourth factors in (4.7) will be different.

Theorem 4.2 Suppose that p, q, r, α, β, γ are given real numbers satisfying (A) or (B), β, γ ≥ 0,
and let Φ1, Φ2 : Rn×R2 → R be Carathéodory functions such that Φ1(x, λ1, λ2)Φ2(x, λ1, λ2) = λ1λ2

a.e. Take any smooth function f : Rn → R with bounded support and denote:

w1(x) = Φ1(x, |f |, |∇(2)f |), w2(x) = Φ2(x, |f |, |∇(2)f |).

Then there exists a constant C = C(p, r, β, γ) > 0 such that:(∫
Mq,α(|∇f(x)|)dx

) 2
q

≤ C

(∫
Mp,β(w1(x))dx

) 1
p
(∫

Mr,γ(w2(x))dx

) 1
r

·

·
(

ln(2 +

∫
Mp,β(w1(x))dx∫
Mr,γ(w2(x))dx

)

) γ
r
(

ln(2 +

∫
Mr,γ(w2(x))dx∫
Mp,β(w1(x))dx

)

)β
p

. (4.7)
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Proof. Let us denote:

a :=

∫
Mq,α(|∇f(x)|)dx, b := C

∫
Mp,β(w1(x))dx, c := C

∫
Mr,γ(w2(x))dx,

where C is the constant from (4.2). Then (4.2) reads

a ≤ Mp,β(δ)b + Mr,γ(δ−1)c, (4.8)

where δ > 0 can be taken arbitrary.

Now we minimize the right hand side of (4.8) with respect to δ > 0. Observe that M
′
s,κ(λ) ∼

Ms,κ(λ)/λ, and so the minimum of the right hand side of (4.8) with respect to δ > 0 is achieved at
a point δ0 for which the following is true:

C1
c

b
≤ R(δ0) ≤ C2

c

b
, where R(λ) :=

Mp,β(λ)

Mr,γ(λ−1)
, (4.9)

with constants C1, C2 independent of c and b.

As R(λ) ∼ λp+r

| ln λ|γ = 1
(1/λ)p+r(ln(1/λ))γ for λ close to 0, and R(λ) ∼ λp+r(ln λ)β for λ large, and

(λ| ln λ|)−1 ∼ λ
| ln λ| for both small and large values of λ (here φ−1 denotes the function inverse to

φ), we verify that the function inverse to R satisfies:

R−1(λ) ∼
(

λ
(ln(2 + λ−1))γ

(ln(2 + λ))β

) 1
p+r

. (4.10)

Using (4.6) and (4.9) we establish that

C̃1R
−1

(c

b

)
≤ δ0 ≤ C̃2R

−1
(c

b

)
, (4.11)

with C̃1, C̃2 not dependent on b and c. Moreover, we have

Mp,β ◦R−1(λ) ∼ λ
p

p+r (ln(2 + λ−1))
γp

p+r (ln(2 + λ))
βr

p+r . (4.12)

On the other hand, according to (4.11), and using the fact that Mp,β satisfies the ∆2-condition,

Mp,β(δ0)b ≤ Mp,β(C̃2R
−1(

c

b
))b ≤ C3(Mp,β ◦R−1(

c

b
))b := A, (4.13)

and by (4.9),
Mr,γ(δ−1

0 )c ≤ C−1
1 Mp,β(δ0)b ≤ C−1

1 A. (4.14)

Now we apply (4.8) with δ = δ0, and also (4.13), (4.14) and (4.12). This gives

a ≤ Mp,β(δ0)b + Mr,γ(δ−1
0 )c ≤ C4A ≤ C5 b

r
p+r c

p
p+r (ln(2 + b

c
))

γr
p+r (ln(2 + c

b
))

βr
p+r ,

with C5 independent of b and c, and completes the proof of (4.7). �

Remark 4.1 Note that for β = γ = 0 (4.7) is exactly the Gagliardo–Nirenberg’s inequality re-
stricted to q ≥ 2.
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The results of Theorem 1.1 can be iterated to higher derivatives. In particular we obtain the
following theorem:

Theorem 4.3 Suppose that k,m ∈ Z+, 0 < k < m and p, q, r, α, β, γ are given real numbers such
that:

1

q
= (1− k

m
)
1

p
+

k

m

1

r
, p, r > 2 and

α

q
≤ (1− k

m
)
β

p
+

k

m

γ

r
. (4.15)

Then for any smooth function f : Rn → R with bounded support one has:∫
Mq,α(|∇(k)f(x)|)dx ≤ C

(∫
Mp,β(|f(x)|)dx +

∫
Mr,γ(|∇(m)f(x)|)dx

)
, (4.16)

‖∇(k)f(x)‖(q,α) ≤ C‖f‖1− k
m

(p,β) ‖∇
(m)f‖

k
m

(r,γ), (4.17)

with a constant C independent of f .

Proof. We give the proof of (4.16) only, leaving (4.17) to the reader. As Mq,α̃ ≤ Mq,α whenever
α̃ ≤ α, it suffices to prove Theorem under the condition:

1

q
= (1− k

m
)
1

p
+

k

m

1

r
, p, r > 2 and

α

q
= (1− k

m
)
β

p
+

k

m

γ

r
. (4.18)

For simplicity we will use the following notation. Let D = {
(

x
y

)
: x ∈ R \ {0}, y ∈ R},

h : D → D and Gs : R2 × R2 → R2 defined for s ∈ [0, 1], be given by the expression

h

(
x
y

)
=

(
1/x
y/x

)
, Gs(λ1, λ2) = sλ1 + (1− s)λ2, (4.19)

where λ1, λ2 ∈ R2.

Then conditions (4.18) read

h

(
q
α

)
= G k

m

(
h

(
p
β

)
, h

(
r
γ

))
, p, r > 2, γ, β ∈ R. (4.20)

We proceed by induction on m ≥ 2 and prove that for k ∈ {1, ...,m− 1}, all k,m, q, p, r, α, β, γ
satisfying (4.20) and arbitrary ε > 0 there exists a constant Cε = C(ε, k, m, p, r, γ, β) > 0 such that
for all f ∈ C∞

0 (Rn)
Iq,α(|∇(k)f |) ≤ εIp,β(|f |) + CεIr,γ(|∇(m)f |), (4.21)

where Is,κ(g) =
∫

Ms,κ(|g|)dx.

When m = 2, k = 1, then (4.21) is just (4.3) and there is nothing to prove. Suppose then
that (4.21) holds for all m ∈ {2, . . . ,M} and all 0 < k < m, provided that the parameters
k, m, q, p, r, α, β, γ satisfy (4.20). Now we take m = M + 1, 0 ≤ k ≤ M + 1 and denote:

λk :=

(
qk

αk

)
= h−1 ◦Gk/(M+1)

(
h

(
p
β

)
, h

(
r
γ

))
. (4.22)
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In particular λ0 =

(
q0

α0

)
=

(
p
β

)
and λM+1 =

(
qM+1

αM+1

)
=

(
r
γ

)
. To abbreviate, we will

write Ik = Iqk,αk
(|∇(k)f |). In this notation, the induction step reduces to the proof of

Ik ≤ εI0 + CεIM+1, (4.23)

with Cε = C(ε, k,M, p, r, β, γ) and for all k ∈ {1, . . . ,M}.
To get it, at first we check that qi > 2 for i ∈ {0, . . . ,M + 1}, and moreover, for all s, l, t such

that 0 ≤ s < l < t ≤ M + 1 we have

h(λl) = G l−s
t−s

(h(λs), h(λt)).

By the inductive assumption, this implies that (4.21) holds true with parameters: q = ql, α =
αl, p = ps, β = αs, r = qt, γ = αt, k = l − s, m = t− s, provided 0 < t− s ≤ M . An application of
(4.21) to all g = Dαf with |α| = s, with such range of parameters,

together with the inequality:

Mql,αl
(|∇(l)f |) ≤ C

∑
α,|α|=s

Mql,αl
(|∇(l−s)Dαf |),

with C independent of f , implies that once 0 ≤ s < l < t ≤ M + 1 and t− s ≤ M , then we have

Il ≤ εIs + CεIt, (4.24)

with Cε = C(ε, s, t, l, p, r, α, β) This gives for all 0 < k < M ,

Ik ≤ δI0 + CδIM ≤ δI0 + Cδ(εIk + CεIM+1),

for every ε, δ > 0. Choosing ε = εδ such that Cδε = 1
2

and rearranging we obtain (4.23) with all
0 < k < M . To get (4.23) with k = M we use the inequalities:

IM ≤ εIM−1 + CεIM+1 and IM−1 ≤ δI0 + CδIM .

They imply
IM ≤ εδI0 + εCδIM + CεIM+1,

for every ε, δ > 0. Take ε ≤ εδ, where εδ satisfies εδCδ = 1
2
. After rearranging we obtain

IM ≤ 2εδI0 + 2CεIM+1,

which completes the induction argument and concludes the proof of the Theorem. �

Remark 4.2 In [26] we have shown that when M is a Young function satisfying the ∆2−condition
with M

′
(t)/t bounded next to zero and F is an arbitrary Young function, then for every f ∈ C∞

0 (Rn)
we have: ∫

M(|∇f |)dx ≤ C(

∫
M(F (

√
|f |))dx +

∫
M(F ∗(

√
|∇(2)f |))dx),

‖∇f‖2
(M) ≤ C‖f‖(H)‖∇(2)f‖(J),
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where H(t) = M(F (
√

t)), J(t) = M(F ∗(
√

t)), and the constant C is independent of f . Analo-
gous results remain true with arbitrary Carathéodory functions Φ1, Φ2 : Rn × R2 → R such that
Φ1(x, λ1, λ2)Φ2(x, λ1, λ2) = λ1λ2 and w1(x) = Φ1(x, |f |, |∇(2)f |) and w2(x) = Φ2(x, |f |, |∇(2)f |) re-
placing |f(x)| and |∇(2)f(x)|. In present paper we show that in the particular case of logarithmic-
type functions: M(t) = Mq,α(t) and F (t) = Mµ,κ(t), with parameters µ and κ suitably chosen, we
end up with (1.4)–(1.13), illustrating the abstract approach of [26].

Remark 4.3 In our previous work [25] we have dealt with the following logarithmic inequalities:∫
|∇f |q(ln(µ + |∇f |a))αdx ≤ C

(
(

∫
|f |p(ln(µ + |f |b))βdx)1/p∗‖∇(2)f‖r + ‖∇(2)f‖r

r

)
, (4.25)∫

|∇f |q(ln(µ + |∇f |a))αdx ≤ C

(
(

∫
|∇(2)f |r(ln(µ + |∇(2)f |b))γdx)1/p∗‖f‖p + ‖f‖p

p

)
, (4.26)∫

|∇f |qdx ≤ C

(∫
| f |p(ln(µ + |f |a))βdx +

∫
|∇(2)f |r(ln(µ + |∇(2)f |b))γdx

)
,

where µ ∈ {1, 2}. In the particular case when µ = 2, a = b = 1, by the classical Young inequality

(xy ≤ xp

p
+ yp∗

p∗
, p > 1) applied to (4.25) and (4.26) we see that they both imply (1.4) for β or γ

equal to 0. The last inequality in this series with a = b = 1 and µ = 2 is just (1.4) for α = 0. Note
that (4.25) and (4.26) for a = b = 1 and µ = 2 are in general stronger than the special case of
(1.4) when β or γ equals zero. It appears that the ranges of parameters in inequalities (4.25) and
(4.26) under the restrictions a = b = 1 and µ = 2 obtained in [25] and that in (1.4) in this paper
are coherent.
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