Error estimates for orthogonal matching
pursuit and random dictionaries *

Pawel Bechler Przemystaw Wojtaszczyk
Warsaw University Warsaw University
pbechler@mimuw. edu. pl wojtaszczyk@mimuw. edu. pl

August 5, 2009

Abstract

In this paper we investigate the efficiency of the Orthogonal Match-
ing Pursuit (OMP) for random dictionaries. We concentrate on dictio-
naries satisfying the Restricted Isometry Property. We also introduce
a stronger Homogenous Restricted Isometry Property which we show
is satisfied with overwhelming probability for random dictionaries used
in compressed sensing. For these dictionaries we obtain upper esti-
mates for the error of approximation by OMP in terms of the error
of the best n-term approximation (Lebesgue-type inequalities). We
also present and discuss some open problems about OMP. This is a
development of recent results obtained by D.L. Donoho, M. Elad and
V.N. Temlyakov.
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1 Introduction

In this paper we investigate the efficiency of the Orthogonal Matching Pursuit
algorithm (OMP), also known in literature as Orthogonal Greedy Algorithm,
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for random dictionaries. OMP (cf. [8, 9]) is a well known greedy algorithm
widely used in approximation theory, statistical estimations and compressed
sensing (for a general review of greedy algorithms see [12]). One of its main
features is that it can be applied for arbitrary dictionary. However the effi-
ciency of the algorithm seems to depend very strongly on properties of the
dictionary.

In this paper we work in the context of a Hilbert space H (which may be
assumed to be finite dimensional) with the scalar product (, ) and the norm
|||. The dictionary is a subset ® = {¢; : j € J} C H such that span ® = H.
We usually assume that ||z|| is close to 1 for x € ®. Usually in the literature
it is assumed that ||z|| = 1 for 2 € ® (see e.g. [12]). However for random
dictionaries it is very rarely satisfied. On the other hand for such dictionary
||z|| is close to 1 with great probability.

In the space 'H we consider the Orthogonal Matching Pursuit algorithm
with respect to the dictionary ®. This algorithm obtains iteratively a se-
quence OMP,, f € H of approximants of a given element f € H in the
following way:

e Define OMP, f = 0.

e Given OMP,,_ f choose j, € J such that

|<f_OMPn—1 f7¢jn>| :Sup{|<f_OMPn—l f7¢j>| IjE J}

and define OMP,, f as the orthogonal projection of f onto the subspace
Span{gbjl, Ce ,qun}.

For a fixed f € H we denote f, = f — OMP,, f.

The standard measure of approximation power of a dictionary is the error
of the best m—term approximation. We define the set of m-sparse vectors
(with respect to the dictionary ®) as

En(®) =%, = {Z a;p;  {pj}ie, C i’} : (1.1)

=1

For a given f € H we define its best error of m—term approximation (cf. [12])
as

on(f,®)=inf{||f— 2| : z€ .} (1.2)

Clearly, we always have 0,,,(f) < [|f — OMP,,,(f)[| = || fuul]-

When our dictionary is an orthonormal basis then, obviously, o,,(f) =
IIf — OMP,,(f)|| for each f € H. Unfortunately, this is the only case when
it is so. The fundamental, and still largely unanswered question is how close
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OMP,,,(f) can get to this optimal rate of approximation given by o, (f). It is
to be expected that the answer to the above question must depend on some
extra properties of the dictionary. We will discuss it in more detail in the
last Section of the paper.

In this paper we concentrate on a random dictionary in R™ of the follow-
ing form: ® = {¢y,...,¢n}, with ¢; = \/Lﬁ(m,j, oy Tny) Where (n;;)i
are independent, identically distributed, mean zero subgaussian random vari-
ables with Eng ; = 1. It is a natural class of dictionaries which recently gained
prominence due to its importance in compressed sensing (see e.g. [2, 5, 4]).
In compressed sensing we think about such a dictionary as a matrix whose
columns are ¢;’s. Then any approximation scheme for such a dictionary
provides a decoder for a measurement matrix ®. For such random dictio-
naries we prove that there exist positive constants ¢, ¢, ¢y such that for
K =cn/logy, N and 0 < k < S < K we have

£l < er(os-k(fs) + c2v/ S/ K [loga (25 = B)TI fell)- (1.3)

As a main application we derive the estimate

||ffm(4log2 m—1)] H < Cam(f) (14)

valid for m < ¢v/K. These results improve for random dictionaries the re-
sults from [6]. Technically speaking, the results in [6] are for dictionaries
having small coherence while we introduce a different assumption: homoge-
nous restricted isometry property.

2 Dictionaries

Despite the fact that we are mostly interested in random dictionaries, our
main results are formally deterministic. We isolate the properties of a dic-
tionary which a random dictionary has with overwhelming probability and
prove our results under the assumption that our dictionary has this property.
A widely used characteristic of a dictionary is its coherence.

Definition 1. The coherence of a dictionary ® is defined as

n =n(®) = sup{[(¢1, P2)| : 1,02 € P, P1 # P2}

Recently, especially in the context of compressed sensing, a restricted
isometry property (RIP for short) became very useful. Let us recall the
following well known definition (c.f. [2]) phrased in terms of dictionary not
a measurement matrix.



Definition 2. The dictionary ® satisfies the Restricted Isometry Property
RIP(K,¢), with 0 < & < 1, if for any subset I C J with #I < K and any
scalars a;, j € I, the following inequality holds:

1/2 1/2
(1—¢) (Zlajlg) <> a0 < (1+¢) (Zlajl2> . (21

Jjel Jjel jel

This definition in particular means that {¢;};c; is a Riesz basis in its
linear span. From [3, Prop. 3.6.4] we get the following

Proposition 2.1. If the dictionary ® satisfies RIP(K, &) with I C J such
that #1 < K and f € span{¢; : i € I}, then

n 1/2
(1=o)lfll = (ZW, @M?) <@+ lf1-

The following is true:

Proposition 2.2. (i) If the dictionary ® has coherence n then it satisfies
RIP(K,n(K — 1)) for K <n~'+1.

(i) If the dictionary ® satisfies RIP(K ¢), then n(®) <e(2+¢).

Proof. (i) is shown in [6, Lemma 2.1]. (ii) is obtained by straightforward
calculation. N

In this paper we concentrate on a random dictionary in R™ of the follow-
ing form: ® = {¢y,...,dn} where ¢; = \/Lﬁ(m,j, ... 7ny;) where (1)1, 0,
are independent, identically distributed, mean zero subgaussian random vari-
ables with ETMQ, ; = 1. In compressed sensing we think about such a dictionary
as a random matrix whose columns are ¢;’s.

Let us introduce the following

Definition 3. The dictionary ® has homogenous restricted isometry prop-
erty HRIP(k,§), 0 < § < 1 if for any set T C {1,..., N} with #7 =1 < k

and any sequence of numbers a; we have
1/2 1/2
(1-3/7) (Z W) <[Sae) < (1+5/2) (Z ,aj|2> |
JET
(2.2)

JET jeT

The following theorem whose proof uses standard arguments justifies this
definition.



Theorem 2.3. Suppose that integers n, N and numbers 0 < 6 < 1 and
a > 0 are given and suppose that the dictionary ® = {¢1,..., 05} C R”
1s as described above. Then there exist ¢ > 0 which depend only on the

subgaussian distribution involved, d and a such that dictionary ® satisfies
HRIP(k,d) for k = |en/log N| with probability > 1 — 3N~

Proof. Tt is known, see e.g. [11], that such matrices (dictionaries) satisfy the
concentration of measure property of the form: there is ¢y > 0 such that for
each 1 > ¢ > 0 for any 2 € R we have

N
—nc 62
P11 @il = llel2] > ellall?) < 2e7" (2.3)
j=1

Then Lemma 5.1 from [1] says that for any fixed set 7" C {1,..., N} with
#T = [ the inequality (2.1) fails with probability < 2(12/5)'e~(%/2° " Since
there are (]7 ) < (en/ l)l such subsets we see that (2.1) fails for all sets T' with
#T = [ with probability

l l
G

o0 (2.2) fails for all sets T" with #71 = [ with probability

12VE
< 2
< 2( )(5\/)
= 2exp [ (IIneN + 012+ In(1/8) + Ln(k/D) — nl — co0* %]
< 2exp (’yllnN—c()éQi—z)

—c00%In/(4k)

where 7 > 0 is a constant depending on 6. Now we set

k= H—ff : ﬁj (2.5)

where = 4(1 + a/v). We continue our estimates to get
<2exp (y(1 - 4)IInN) =2exp—alln N = 2N~ (2.6)

Summing over [ = 1,2,... we get that HRIP(k, 0) fails with probability at
most 2 0 N~ O




3 Main results

We prove the following theorem, which is a RIP analogue of Theorem 1.3
from [6]:

Theorem 3.1. Assume that the dictionary ® satisfies RIP(2S,¢) and 0 <
k < S. Then

1fsll* < 205ell (o5-4(fi) + 422+ Nlogy SN Ill).— (3.1)

Note that in particular seting &k = 0 we get

Ifsl* < Cllfll(os(f) + Aell£1)). (3.2)

To prove this theorem we require the following proposition.

Proposition 3.2. Let 0 < ¢ <1 and A = [a;;] be an n X n upper triangular
matrix such that for any x € R”

(1 =¢) flzfl < |Az]] < (1 + &) [|=| (3.3)

and |a;;| > 1—¢ fori=1,...,n. Letiy,ia,...,0, € {0,1,...,n} be such
that
ijy1 > > 7 forj=1,2,...,n—1 and In < M.

Let B = [b; j| be another n x n matriz, with

0 otherwise.

CL,L'J Zf 1 S 7 S ’ij
bi,j = .

Then || B|| < 4e[logyn].

The idea of the proof is to cut matrix B into rectangular pieces. In this
we follow [10]. The heart of the proof of Proposition 3.2 is the following
Lemma

Lemma 3.3. Let A be an n X n matriz as in Proposition 3.2. Let 1 <r <n
and Ay and Ay be respectively r x r and (n — 1) X (n — 1) upper diagonal

matrices such that L C
A
i o] »

Then Ay and Ay satisfy (3.3) and ||C]| < 4e.



Y
0

any y € R” the matrix A; satisfies:

Proof. For y € R" and = = € R™ we have ||Az|| = ||A1y||. Hence, for

(=) vl < Al < (T +2) |yl (3.5)

Because the inequality (3.3) is also satisfied if A is replaced by A analogous
argument gives that the same estimates hold for A,.

We now estimate ||C]|. Clearly ||C|| < ||A]| < 2 so we need to consider
only ¢ < 3. Let z € R™™" be such that ||Cz| = ||C|| and ||z| = 1. From
(3.5) it follows that A; is onto, so there exists y € R” such that ||y|| = 1 and
Ay = ACx for some A > 0. Therefore [|A1y + Cz|| = || Ayl + ||Cz||. Let

T B} € R". Then ||z||® =2 and Az = [Aly +Cxzx

. Hence
Agl'

2(1+e)* 2 [|Az]* = | Ay + Ca* + || Aser||”
= ([ Awyll + IC2[})* + || Az
>(1=e+ (-2 +Cl)’
=2(1 <)’ +2(L—e) IOl +|IC]”.

Solving this inequality for ||C|| we obtain ||C]| < 4e. O

Proof of Proposition 3.2. We first prove the proposition for n = 2™. For
k=1,2,...,n—1wefixr =0,1,...,m — 1 such that 2" < k < 2"*! and
define

Je=2"""12(k-2") + 1)+ 1.

Let Cj be the matrix obtained from A by setting to 0 all the coefficients
except those at the intersections of columns ji, jr + 1,...,jx + 2™ "1 with
rows 1,2,...,4;. We have ||Cy|| < 4e.

Now let D = [d; ;] and E = [e;;] be two matrices obtained from A by
setting some of the coefficients to 0. We define D \ E = [f; ;] as the matrix
obtained from A by setting to 0 all coefficients except those which are non-
zero in D and equal to zero in F, i.e.

f . i j if di,j 7é 0 and €ij = 0
710 otherwise.

For r=0,1,...,m — 1 we now define
2rtl_1 27—1
B, = ( > ck) \ (ch>.
k=1 k=1
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We show that || B,|| < 4e. Let D; = C;\ (Zﬁ;ll Cl>. Because ||C;|| < 4e and
D, is obtained from C by setting some rows to 0, we have || D;|| < 4e. Observe
that B, = 12;;_1 B, and each of the matrices Dor, Doryq, ..., Dor+1_1 has

non-zero coefficients in different rows and columns. Hence
| B,|| < max (|| Dar|| , [[Daryill ;- - - s [| Dorsr_q]]) < 4e.

Because B = By + By + -+ + By,—1 we get | B|| < m-4e = 4e - logyn.

We deal with the situation when n # 2™ in the following way: let m =
[logyn]. We extend the matrix A to a 2™ x 2™ matrix A" = [a;;];;_; by
defining

1 forn+1<i=75<2™
ig = 0 forn+1<i<2Morn+1<j5<2™,

For j =n+1,...,2™ we define i; = j—1. The matrix A’ satisfies the assump-
tions of the lemma and the matrix B’ obtained from A’ satisfies || B'|| < 4e-m.
Because B is a sub-matrix of B’, we have | B|| < ||B'|| < 4e - [logyn]. The
proof of the lemma is complete. Il

Proof of Theorem 3.1. We assume that fi # 0. Otherwise fs = 0 as well
and the inequality (3.1) is trivially satisfied.

For a given closed subspace U C H let Py be the orthogonal projection
onto U. Let ¢1, ¢o, ..., ¢ps € ® be the distinct elements returned by the first
S iterations of the OMP when applied to f. For U, = span(¢y,...,¢,) and
k <v < S we have

Lv=f—Pu,f=fu—Pufr (3.6)

as well as (fi, ¢;) =0 for j € {1,...,k}.
For f € 'H let
d(f) = sup [{f, 9)]-

ged

Let us fix ¢ € U, with ||| = 1 and ¢ L U,_y. Then || f,—i||> = || f.II> +

<fu—1,¢>2~ Since d(fu—l) = |<fV—17¢V>|7 ||¢V|| <1l+e¢ and |<fu—171/)>| >
[(fo-1: 1ol 7 )| we get

LA < L fomtll? = (14 2)2d(fom1)”.

Repeating this we obtain

S

£l < WAl = @ +2)72 ) d(f.)?

v=k+1



This implies

1/2
1£sI® < 2101 fell | N £l = ( > d(f) ) : (3.7)

v=k+1

We will now provide a lower estimate for (ZV i1 A(f0)?

Let g1,...,95—x € ® be distinct elements which have the biggest scalar
products with f, i.e.

[(fes g0l = 1o 20| = -+ = [(fir gs—)| = sup{[(fk, 9)| : & € D, # g}

and each g¢;, i € {1,...,5 — k}, is different from all ¢;, j € {1,...,k}.
Because fi, # 0, we have d(fx) = [(fkx,91)| > 0. Observe also that g1 = ¢p41.
We will need also another enumeration of g;’s that will allow us to apply
roposition 3.2. To do this we show that there exists a bijective mapping

m:{k+1,...,9 = {1,...,5 — k} such that
if gr() = ¢; then j > v forv=~kk+1,...,95—-1 (3.8)
Let A={g1,..., 95—k} NV {Pht1,- .., Ps-1} ={¢j1, ..., ¥j,}. We assume that
E+1=5<go<---<Jp
Define w(k + p) = ju+1 for p =0,...,7 — 1. The set {g1,...,95-x} \ A is
exhausted in an arbitrary way by Gr(ktr)s - - - » 9n(s—1)- Now the property (3.8)

follows from the fact that g-(x) = @41 and the ordering of ji, ..., j,.
By the definition of d(fy) we have d(f,) > [(f,,9=0))| and by (3.6)

<fwg7r(zz)> = <fk7.g7r(1/)> - <Pny]€7ng'(V)>'
Let us define

~1/2
= (fis Gr(w)) - (Z |{fxs 9 ()] > : (3.9)

v=k+1

(Note that because d(f;) > 0, the sum Zf:kﬂ |(fis gr())|? is positive.) Then
S5 a2 =1 and

v=k+1
S5-1 1/2 s 1/2 s
(Z d(fu)2> > ( Z ’<fuag7r(z/)>|2> > Z au<fm97r(u)>
v=~k v=k+1 v=k+1
S S
> Z au(fk,Qw(u)) - Z au<PUkaag7r(u)>
v=k+1 v=k+1
S—k 1/2 S
= (Z |<fkag’b>|2> - <fka Z al/PUygﬂ'(V)> . (310)
i=1 v=k+1




We now estimate

S S
(for > aPu,gew))| < Il D awPu,gne| -
v=k+1 v=k+1

Now let us consider the system

{¢17"'7¢Sag7r(r+1)a---7g7r(sfk)} (311)

in this particular order. Since this system consists of elements from ® we
will denote it as {¢;}}L, with R =25 —k —r < 2S. Let p(v) be such that
Gr(v) = Gpp) for v =14 1,...,S. Observe that the mapping v — p(v) is
increasing and p(v) > v.

Let now 91, ..., 1Y be the Gram-Schmidt orthonormalization of the sys-
tem (3.11). Then

J
¢ = Zti,jwi (3.12)
i1

and the upper-triangular R x R matrix T' = [t; ;] satisfies the assumptions of
Proposition 3.2, which follows from the RIP property of the dictionary ®.
Note that we have

Py, 9n(v) = Pu,bpt) = Y tiplo) ¥
=1

For each column index j € {1,2,..., R} we define a row index i; so
that i,,) = v and for j ¢ {p(k + 1),...p(S)} we choose i; so that the
sequence (i) is non-decreasing and i; > . Let the matrix B = [b;;] with
1,7 =1,..., R be defined as

ti; f1<i<y;
b@j — . .
0 otherwise.

By Proposition 3.2
HBH < 4e - [log, R].

Let B; denote the i-th column of the matrix B. Let
B = [Byks1)s -+ Bo(s))-
Observe that

1B < HBH < 4e - [log, R] < 4e - [1+log, S1.
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For the vector a = [ag,1,...,as]” (defined in (3.9)) we have ||al| = 1 and

S

Z auPUng(u)

v=k+1

= [|Bal| < [|B]/[la]] <4 [log,(25 —k)].  (3.13)

1/2
Next we estimate the term <Zf:_1k |<fk,gi)]2> . Let ny,....,n5_ € P
be distinct elements such that for V' = span(n, ..., ns_x) we have
os—k(fr) = I fr — Pvfell-
Let the scalars bq,...,bs_ be such, that

S—k

Py fir = Z bjn;-
j=1

Observe, that || Py fi|| > || fell —0s—k(fx), which combined with the RIP gives
us

S—k 1/2
<Z|bﬂ'|2> = ! (I fell = 05—k (fr))- (3.14)

1+e¢

Using Proposition 2.1 and RIP we next obtain

S—k 1/2 S—k 1/2
(Z(fk,m)) = (Z(Pvfk,ﬁ])) > (1—¢)||Pyfxll
] j S—k 1/2
> (1—¢)’ (Z |bj|2> . (3.15)

From (3.14) and (3.15) we get

S—k 1/2 S—k 1/2 (1— )2
(Z|<fk,gi>|2> > (Z|<fk,nj>|2> > S (1l - s ()
- " (3.16)

From (3.7), (3.10), (3.16), (3.12) and (3.13) we obtain

1fsll” < 20fell ((352) sl i) + (1= (152)° + 4271 + log, S1) 1fill)
< 2| fell (o5-k(fi) + (2 + [logy 1) 1l ).

The proof is complete. O
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For dictionaries with coherence J. Tropp [13], slightly improving the es-
timate from [7], showed

Theorem 3.4. If the dictionary ® has coherence n then

[ fmll < V1 +6moy(f) (3.17)
form < (2n)~.
Using the above theorem we obtain

Theorem 3.5. Assume that the dictionary ® satisfies HRIP(k,0). Then
there exists a constant Cs such that for m < v/k/(66) we have

HmelogQ m—1] H < Cégm(f) (318)
Proof. By HRIP and Proposition 2.2 the dictionary ® has coherence

)
ns NG
We take .
m < 65_1k1/2’ (3.19)

so that (3.17) holds. We define m; := m(2! — 1) for [ = 1,2,.... Let us fix

S = ak?, where v € (3,2) and a € (0,1) is chosen so that S is sufficiently
large and integer. By HRIP the dictionary ® satisfies RIP(295, ¢) with

e=aidk . (3.20)

Lemma 3.6. There exists a constant B = B(d, a,~y) such that

1 8y 3
oy —T )5
( +<47—3>1nz> 4

4¢(2 + [log, S1) < Bm~Y*, (3.21)

Proof. By (3.19) we have m~Y/4 > Y/4k~1/8§1/4. Because S = ak” and ¢ is
given by (3.20), we need

Al

B(d,a,v) < 91T553~

and

B > 2i371a26%*k'/3(2 + [log, S1).
A routine calculation shows that

2 + [logy ST < 3 + vlog, k.
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Hence, it suffices that B = 2743714631 . sup, _, h(k), with
hk) =k 5t3(34+logy k), k> 0.

The function h has the maximum value of

_1.3 8y
2TEE (24— ).
‘ ( +<47—3>1nz)

O

Using Theorem 3.1, inequality (3.21) and the fact that o,(fx) < o,—x(f)
for k < n we get

| flI” < 2| s || (0 (F) + Bm || fr ]]) (3.22)

as long as m; < S.
If we know that || fm, || < Diim¥o(f) for v > 1, from (3.22) using
inequality /1 + z < 24/z for z > 1 we obtain

[ fing || < 2D1-1 B2 50, (f). (3.23)

Let D; =7, so that (1+6m)"/? < ¢;m!'/2. From (3.17) and (3.23) we obtain
(iteratively for | = 2,3,4)

| fnall < 8DLB*2m! B0, (f). (3.24)

Denote D, = 8D, B>/2,
If m'/® < 4BDy, then

[ fns ]l < 4BDion(f), (3.25)

which ends the proof, yielding Cs > 4BD3.
From now on we assume that

4BDym™ Y8 < 1. (3.26)

Then the following is true:

Lemma 3.7. Forl > 4 we have
1l < Dim?™ " 0 (), (3.27)

and D; < 4Dy,.

13



Proof. By (3.25) the lemma holds for [ = 4. We now proceed by induction.
Assume that the lemma holds for some I > 4. From (3.22) and (3.26) we
have

e [* < 200m> ™ (14 BDam~ 2" ) (£
< 2Dm>""! (1 + 4BD4m*é) om(f)?

<4Dm* o (f)2

Hence | foniri1l| < 2D,"*m? 'o0(f) = Diyim?® o (f) and Dypy < 2D} <
2(4D4)"? < 4Dy, 0

We now take [ = [* such that m2 " < 2. A routine calculation shows

that it suffices to take I* = [log,log, m] + 1. We then have

HmelogQTnfﬂ H < ||fml* < 8D40m(.f)

Hence, if (3.19) holds, we can take C5 = 8D, = 64 - 7- B(d, a,~)*?. O

Clearly, the constants we got in the above argument are far from being
optimal.

4 Comments and Remarks

Our results are a contribution to the general problem of comparing || f,| =
IIf —OMP,, f|| with o,,(f). There are two main types of inequalities one may
seek. One is the inequality of the form

[fmll < Crnom(f) (4.1)

where we want the constant C, to be small-preferably independent of m.
Another one is the inequality of the form

Hf??(m)H < COm(f) (4'2)

where n(m) is certain function of m — preferably not much bigger than m.
Clearly the combination of both types is possible. Important factor in such
inequalities is the range of m’s for which it is valid. Our Theorem 3.1 (and
Theorem 1.3 from [6]) provide a tool to pass from inequality (4.1) to inequal-
ity (4.2) with n(m) ~ [mlogm]|.

The main drawback of Theorem 3.5 is the restriction m < ¢/vk. The
inspection of the proof shows that it is caused by the analogous restriction

14



in Theorem 3.4. It is rather unlikely that the range of applicability of this
theorem can be significantly improved as it uses only coherence of the dictio-
nary. On the other hand the value /1 + 6m which appears in Theorem 3.4 is
not very essential. Replacing it by m to any fixed power would be sufficient
for our argument to work. Thus it seems to be an interesting problem to
establish an analogon of Theorem 3.4 that for dictionaries with HRIP. So let
us state it as a conjecture:

Conjecture Assume that the dictionary satisfies HRIP(k,0). There exist
constants C, ¢, a and [ (possibly depending on §) such that for every f and
for mlog® m < ck we have

Hf[mlog"‘ m] ” < Cmﬂam(f)

Especially interesting would be to have a = 0. This however may require
some restrictions on m. We have the following Proposition to support this
claim

Proposition 4.1. For each 0 < € < 1 and n 1,2,... there exists a
1

dictionary satisfying RIP(2n, €), having coherence < —= and a vector x such

that o, (x) =0 but x — OMPLx # 0 for k < n -+ e2\/n

Take z = (\/Lﬁ, . \/LH,O, ...,0) € R*" with n square roots, i.e. ||z] = 1.
Let us consider the dictionary: ey,...,e, plus ©; = ¢; + \%x for j = n+
1,...,n + s plus orthonormal vectors which are orthonormal to all those to
make a basis in R?". We assume 3 > 1.

max(2,62)
n

The coherence is < . We calculate scalar products of different

vectors. (¢, ) = 72 while (e;, 1) = 2. All other scalar products are zero.
For [ < s let us calculate:

l

n l n l
15
1Y Saje; + > bibasill = 1> aje; + > biens; + T(ij) Xl
j=1 j=1 =1 =1 n

J=1

ﬁ l
< \/Za§+2b§+ﬁ;|bj|

IA
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To estimate from below we get
!

n l n l
B
1Y aje; + > bibull = 11> ajej+ > biens +%(Z b;) - x|
Jj=1 Jj=1 j=1 j=1

Jj=1

USRS RSN
\/Za§+2b§—\/z% i\bj|2+2|ajy2
> <1—\/Z%)\/Za§+2b§.

This shows that for any p < 2n our dictionary has RIP(u, 81/min(s, p)/n).
Now let us see how OMP acts for vector z. Clearly (z,e;) = \/iﬁ and

v

(x, 1) = \% Note that [[¢;]| > 1 and other elements from the dictionary
have norm one. To avoid undue preference for ¢;’s we may normalise them. If
we not do this we will be choosing v;’s longer. This normalisation introduces

the factor , /#ﬁz into the second scalar product. But

I} n - 1

VAT R
for 8 > /-5 so for such 8 we choose 1;, first. After the first step of OMP
we get

1 B 5 5
Tr— <$a,¢}j1>¢j1 ”wleQ = - \/ﬁ(l +ﬁ2n_1)(€j1 + ﬁ)
. ———.
i+ ) T T

Note that if in the second step we get 1, in the corresponding sum vector x

2
will appear with multiple (Fnﬁ?) etc. This means that

!
a:—OMPlx:Za“eju—i—(

pu=1

n

m)lx. (4.3)

From this we infer that if we look at next scalar products e;’s will give
\/Lﬁ while v;’s after normalisation will give

n n f
n+ 32\ n+32vn
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So we will be getting 1;’s as long as

!
n n f 1
—_— _— > — 4.4
(n+ﬁ2) n+32yn " n (4.4)
Proof of Proposition 4.1. Let us fix 3 = /n. This gives coherence < - and

NG
RIP(2n,¢€) as long as s < €2\/n. Substituting 3 into (4.4) we infer that we

will be getting v;’s for first [ steps of OMP as long as

I+1/2 1
> .
) %

(n—i— NG

Inverting and taking In we get
11 > (1+1/2)In(1+ ! )
Tk n Tn

Since In(1 + \/Lﬁ) < \/iﬁ we get | < Ty/nlnn. Since s < €?\/n we infer that
first we choose all 9;’s, and only then we start picking e;’s. O
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