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I. INTRODUCTION 

This a r t i c le  con t inues  the po in t  of v iew that  the "natura l "  theory  of 

au tomata  on t rees  is that  of au tomata  wh ich  are  a l te rna t ing  in the sense  of 

Mu l le r  and Schupp [ 2 ] .  We reca l l  the bas ic  de f in i t ions  be low.  In th is a r t i c le  we 

use a l te rna t ing  au tomata  to give a "d i rec t "  a u t o m a t a - t h e o r e t i c  cha rac te r i za t i on  of  

the languages  of k -a ry  t rees which are  weak l y -de f i nab le ,  that  is to say,  de f i nab le  

by a fo rmu la  in the weak m o n a d l c  log ic  of the t ree where  one a l lows 

quant i f i ca t ion  only over f in i te sets. We def ine  a "weak" a c c e p t a n c e  cond i t ion  and 

show that a l anguage  is weakly  de f inab le  If and only If it is accep ted  by an 

a l te rna t ing  au tomaton  using the weak a c c e p t a n c e  cond i t i on .  Second ly ,  a l te rna t ing  

au tomata  are c lose ly  re la ted to complex i ty  and we give a s imp le  proof  of a bound 

on the complex i ty  of dec id ing  fo rmu las  whose prenex norma l  fo rm has n 

a l te rna t ions  of quant l f le rs .  

The study of au tomata  on inf in i te t rees  rests on the fundamenta l  

a r t i c les  of Rabin [ 3 , 4 ] .  In [ 4 ]  Rabin gave an ingeneous  cha rac te r i za t i on  of 

weak ly  de f inab le  languages  and our  p roo f  uses one d i rec t ion  of his resul t  in an 

essent ia l  way. We thus beg in  with a d iscuss ion  of a c c e p t a n c e  cond i t i ons  and 

exp la in  Rabin 's  resul t .  In his p ionee r i ng  work  on f in i te au tomata  accep t i ng  inf in i te 

wo rds  Bi3chi worked  with nonde te rm in i s t i c  au tomata  and supposed  the 

a c c e p t a n c e  cond i t i on  to be def ined by a subset  F of the state set  Q. An 

in f in i te  ca lcu la t ion  h of the au tomaton  accep ts  if h con ta ins  s o m e  state f rom 

F inf in i te ly  of ten.  The p r o b l e m  with nonde te rm in l s t t c  au toma ta  is, of cou rse ,  

c o m p l e m e n t a t i o n ,  and given a B0chi  au tomaton  on in f in i te  wo rds ,  it is not  

genera ty  t rue that  the re  is a de te rm in i s t i c  BEtchl au toma ton  which accep ts  the 

same  language .  In o rde r  to be abte to de te rm in t ze ,  one must  use the 

a c c e p t a n c e  cond i t i on  of Mul ler  wh ich  is de f ined  by a fami ly  F of subsets  of the  

state set.  An inf in i te ca lcu la t ion  h of the au tomaton  accep ts  if In f (h )  ~ F 

whe re  In f (h)  Is the s e t  of s tates occu r r i ng  inf in i te ly  of ten in h. McNaugh ton  

proved that  any regu la r  set of in f in i te words  can be a c c e p t e d  by a de te rm in i s t i c  
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au tomaton .  The re la t ionsh ip  between Mul ler  accep tance  and c o m p l e m e n t a t i o n  is 

not surp r i s ing  when one notes that  the den ia l  of a Bi~chi accep tance  cond i t ion  

is not  a cond i t ion  of the same type whi le  the den ia l  of the Mul ler  cond i t ion  

def ined by a fami ly  F is s imply  the cond i t i on  def ined by the c o m p l e m e n t a r y  

fami ly  F, 

Rab in  [ 3 ]  showed that  it was necessary  to use Mul ler  accep tance  when 

cons ide r i ng  au tomata  on t rees.  In the t ree case one canno t  de te rm in l ze  and a 

s imp le  solut ion for c o m p l e m e n t a t i o n  requ i res  a l te rna t ing  au tomata .  None the less ,  

au tomata  using the Bt3chi accep tance  cond i t i on  are used by Rabin [ 4 ]  to 

cha rac te r i ze  the weakly de f inab le  l anguages .  Rabln ca l ls  such au tomata  ,special 

but we shal l  cal l  then Bi~chi and we say that  a l anguage  is Bi3chi if It is 

accep ted  by a Bi~chi au tomaton .  Rabin proves that  a l anguage  L is weakly 

de f inab le  if and only if both L and L are  Bi~chi. There  are severa l  

cha rac te r i za t i ons  of this genera l  cha rac te r  In log ic  and set theory ,  rang ing  f rom 

the basic  fact  that  a set S of natura l  numbers  Is recurs lve  If and only if both 

S and S are recurs ive ly  e n u m e r a b l e ,  to the cons ide rab l y  less ev ident  fact  

that  a set X of real  numbers  is Borel  If and only If both X and X are  

ana ly t ic .  

We shal l  cons ide r  a "weak a c c e p t a n c e  cond i t i on "  which would  be 

ex t remely  weak fo r  nonde te rm in l s t i c  au tomata .  We shal l  cons ide r  a l te rna t ing  

au tomata  whose state set is wr i t ten as a d is jo in t  union Q = UQi and we 

suppose  that  there  is a par t ia l  o rde r ing  on the co l lec t ion  of the Qi. 

Fu r t he rmore ,  we suppose  that  the t rans i t ion  funct ion is such that  g iven a 

q e Qi, then if q'  is any state occu r r i ng  in 8a (q )  then q' E Qj where  

Qi. Thus If h Is an Inf ini te Indiv idual  h istory,  f rom some point  onward al l  

the states in h be long to the same set  QI. We say that  Qi = f (h )  is the 

f inal i ty  of h. We suppose that  each Qi is des igna ted  as accep t ing  or 

re jec t ing .  The history h is accep t ing  if f ( h )  is an accep t ing  set. For 

a l te rna t ing  au tomata ,  weak accep tance  gives exact ly  weak def inabi l i ty .  

Qj 

T h e o r e m  I Let L be a language  of k -a ry  t rees labe l led  f rom an a lphabet  

Then L Is weak ly  de f inab le  If and only If L Is accep ted  by an a l te rna t ing  

au tomaton  using the weak accep tance  cond i t ion .  

)-:, 
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We shal l  s imply  say that  an a l te rna t ing  au tomaton  using the weak 

a c c e p t a n c e  cond i t ion  is a weak a t te rnat in  9 au tomaton .  This a r t i c le  has the 

fo l lowing p lan.  We f i rst  reca l l  the bas ic  de f in i t ions  abou t  a l te rna t ing  au tomata  

f rom [ 2 ]  and the c o m p l e m e n t a t t o n  t h e o r e m ,  which rema ins  vat ld for  weak  

a c c e p t a n c e  : if M accep ts  a l anguage  L then the dual  au tomatan  I~ 

accep ts  ~_. The c lass  of l anguages  accep ted  by weak a l te rna t ing  au toma ta  is 

thus c losed under  c o m p l e m e n t a t i o n .  The p roo f  of the t h e o r e m  then p roceeds  in 

two steps.  We f i rst  show that  the c lass of l anguages  accep ted  by weak 

a l te rna t ing  au tomata  inc ludes all weakly  de f inab le  l anguages ,  S ince we a l ready  

have c losure  under  c o m p l e m e n t a t l o n  it suf f ices to es tab l ish  c losure  under  f in i te 

quant i f i ca t ion  and this is an easy l emma.  We next show that a weak a l te rna t ing  

au tomaton  M can be s imu la ted  by a Bt~chi au toma ton  N. S ince we have 

c losu re  under  c o m p l e m e n t a t t o n ,  if L is accep ted  by a weak  a l te rna t ing  

au tomaton  then both L and L are  Bi~chl and L- is thus weakly  de f i nab le  

by Rab in 's  t heo rem.  Note that  we have used only one d i rec t ion  of Rab ln 's  

t heo rem and this d i rec t ion  is, in fac t ,  the one with the shor te r ,  m o r e  concep tua l  

proof .  Most  of the space  in Rabln 's  a r t i c le  [ 4 ]  Is devoted to showing  that  if L 

is weakly de f inab le  then both L and ~. a re  Indeed BI3chi, but th is fact  is a 

c o n s e q u e n c e  of the two lemmas  c i ted above.  We v iew this as s t reng the r i ng  our  

con ten t ion  that  it is s imp ly  much eas ie r  to ca lcu la te  with a l te rna t ing  au tomata .  

We then cons ide r  the complex i ty  of dec id ing  the truth of fo rmu las  with n 

a l te rna t ions  of quant l f ie rs .  

It. WEAK ALTERNATING AUTOMATA ON THE TREE 

We rev iew our  concep t i on  of a l te rna t ing  au tomata  as g iven in [ 2 ] ,  In 

Rab in 's  theory  of nonde te rm in i s t i c  au tomata  on the b inary  t ree ,  a s ing le  copy  of 

the au tomaton  beg ins in its ini t ia l  s tate at the root  of the t ree.  The au tomaton  

then spl i ts  into two cop ies ,  one mov ing to the left successo r  and the o the r  

mov ing to the r ight  successor .  The states of the two cop ies  are  given by a 

nonde te rm in i s t i c  cho ice  f rom the poss ib i l i t i es  a l lowed by the t rans i t ion  func t ion .  In 

Rab in 's  nota t ion,  if the au tomaton  is in state qo read ing  the le t ter  a, the 

value of the t rans i t ion  funct ion for  ( qo ,  a) m igh t  be ( ( q ] , q 2 )  ( q o ,  q 3 ) )  

whe re  the left  ( r i gh t )  m e m b e r  of a pa i r  deno tes  the next state of the au toma ton  

mov ing  to the left ( r i gh t )  successo r  vertex.  We can rep resen t  th is s i tuat ion in 

our  la t t ice fo rmu la t ion  by using the f ree  d is t r ibu t ive  la t t ice L ( { 0 ,  t }  x Q) 

gene ra ted  by all the poss ib le  pai rs  ( d i r e c t i o n ,  s t a te ) .  Namely ,  we wr i te  : 
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( w h e r e .  as usua l ,  /~ has p r e c e d e n c e  ove r  v ) ,  

We i n te rp re t  th is  exp ress i on  as say ing  tha t  the  a u t o m a t o n  has the  

c h o i c e  of sp l i t t ing into one  copy  in s ta te  q l  g o i n g  to the  lef t  successo r  and 

o n e  copy  in s ta te  q2 go ing  to  the  r igh t  s u c c e s s o r  o r  of sp l i t t ing  into one  copy  

in s ta te  qo  go ing  to the lef t  and one  copy  in s ta te  q3 g o i n g  to the  r igh t ,  

We no te  tha t  both "and"  and "or"  a re  p r e s e n t  in the  c o n c e p t i o n  of  an a u t o m a t o n  

on  the  b ina ry  t ree ,  

In the  g e n e r a l  case  of an a l t e rna t i ng  a u t o m a t o n  we a l low 6 a ( q )  

be an a rb i t r a r y  e l e m e n t  of the  f ree  d i s t r i bu t i on  la t t ice  L ( { O . 1 }  x Q) ,  For  

e x a m p l e ,  the dua l  of the  exp ress ion  above  is : 

to 

S ( q o  ) = (O,ql)~(O,qo)v(O.qt)A(1,q3)v(O.qo)A(1,q2)v ( ] , q 2 ) A ( 1 , q 3 ) .  

This exp ress i on  i l l us t ra tes  tha t  we do  no t  requ i re  the  a u t o m a t o n  to send  

c o p i e s  in al l  d i r ec t i ons  ( a l t h o u g h  at  leas t  one  copy  must  go in s o m e  d i r ec t i on )  

and  that  seve ra l  cop ies  may  go  in the  s a m e  d i r ec t i on .  One may  th ink  of an 

a l t e r n a t i n g  a u t o m a t o n  as a sor t  of c o m p l e t i o n  of a n o n d e t e r m l n l s t l c  a u t o m a t o n .  It 

is on ly  by go ing  to L ( { O .  ] } x Q) tha t  o n e  can  a lways  c a l c u l a t e  the  dua l  o f  a 

g i ven  exp ress l on  ~ 

We rev iew  ou r  c o n v e n t i o n s  of the  k - a r y  t ree  T K v iewed  as a 

s t ruc tu re ,  The ver tex  set  of T K is the  set  K ~ of al l  w o r d s  on the  d i rec t i on  

a l p h a b e t  K = {0 . . . . .  k - l } ,  wi th the e m p t y  word  be ing  the o r i g i n  of the  t ree .  

G iven  a ve r tex  v and a le t te r  d ~ K t h e r e  is an edge  e with labe l  d 

f r om v to vd and v is the  d - s u c c e s s o r  of v, The leve l  I v l  of  a ve r tex  

is thus  the  leng th  of v as a wo rd .  We thus  th ink  of t he  e d g e s  in T K as 

be ing  l abe l l ed  by le t te rs  f r om K wh i l e  the  ve r t i ces  a re  u n l a b e l l e d .  

De f in i t i on  t A weak  a l t e rna t i ng  a u t o m a t o n  on  K - a r y  E - t r e e s  is a tup le  

M = <L(KxQ) .  ~ , 6 , q o ,  F> 

w h e r e  K is a set  of d i r e c t i o n s ,  t he  s ta te  set  Q is wr i t ten  as a d is jo in t  un ion  

Q = u Qi w h e r e  t h e r e  is a pa r t i a l  o r d e r  ;~ on the  c o l l e c t i o n  of the  Qi, t he  

set  £: is the  input  a l p h a b e t ,  the  t r ans i t i on  func t i on  
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8 : £, x Q - L(K x Q) 

has the property that if q E Qi and q' occurs  in the express ion 8 ( a , q )  

then q" ~ Qj where  QJ ¢ Qt. The f inal  fami ly  F is a list of these QI 

cons idered to be a c c e p t i n g .  The dual of M is 

= < L ( K  x Q) ,  F_, 3, qo, ~> 

obta ined by dual iz ing the t ransi t ion funct ion by in te rchang ing  ^ and v as usual 

and taking the comp l imen t  t E" of F. 

The reader  should consul t  [=~] for  comple te  detai ls but the on ly  resul t  

f rom [,~] which we use in this ar t ic le  is the fact that  accep tance  of the 

comp lementa ry  language by the dual au tomaton  is an expression of a 

combina tor ia l  re la t ion between a mach ine  and its dual and Is independen t  of the 

accep tance  cond i t ion ,  therefore  remain ing  val id for  weal a l ternat ing automata.  

Complementa t lon  Theorem.  Let M 

L(M)  be the language accepted by 

the comp lemen t  L (M) .  

be a weal~ a l ternat ing automaton and let 

M. Then the dual  au tomaton k~ accepts  

Def ini t ion 2. Let z~ and E be a lphabets  with z~_~ • and let ,q : z~ - • be 

a funct ion which is the identi ty funct ion on E. Let L be a language of k -ary  

t rees label led from E. We def ine the language  ~f(L) on the a lphabet  E 

which is obta ined from L and "q by f ini te pro ject ion.  A t ree t' be longs to 

~f(L) if there exists a t ree t ~ L con ta in ing  only f in i tely many ver t ices labe l led 

f rom Z~-E and such that t" = ~( t )  where ,  as usual ,  ~q(t) denotes  the resul t  

of rep lac ing  the label of each vetex of t by its image under  ~'l. 

Lemma 1 The class of languages accepted  by weak a l ternat ing automata is 

c losed under  f ini te pro ject ion.  
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Proo f  Given a weak  a l t e r n a t i n g  a u t o m a t o n  M = <L(K x Q ) ,  z~0 8, q o . F )  we 

can  cons t r uc t  M'  a c c e p t i n g  ~ f ( L ( M ) )  as fo l lows.  S ince  the  weak  a c c e p t a n c e  

c o n d i t i o n  Is i n d e p e n d e n t  of past  h i s to ry ,  In o r d e r  to s i m u l a t e  the  b e h a v i o u r  of  M 

up to  a f in i te  d i s t ance  It is n e c e s s a r y  to  keep  t r ack  of al l  t he  poss ib le  c o p i e s  

r u n n i n g  in M on ly  up to the  i n f o r m a t i o n  of c u r r e n t  s tate.  We th ink  tha t  ~ v o  

m a c h i n e s  hav ing  the s a m e  I n f o rma t i on  " m e r g e "  and s ince  M is weak .  o n e  has 

no t  last  any  In fo rma t i on .  

The a u t o m a t o n  M' beg ins  in a n o n d e t e r m i n l s t l c  m o d e  whe re ,  at a 

g i ven  ver tex ,  it keeps  t rack  of a poss ib i l i t y  for  an ex is t ing c o l l e c t i o n  of m a c h i n e s  

in M up to the i n f o rma t i on  of c u r r e n t  s tate.  Thus M' r equ i r es  a state set  of 

t he  f o rm  P(Q)  for  Its n o n d e t e r m i n l s t i c  m o d e .  For  S ~ P(Q)  and a le t te r  a 

be ing  read ,  M'  c h o o s e s  a p r e l m a g e  in " q - l ( a ) .  a set  of c h o i c e s  of the c o p i e s  

of  M r e p r e s e n t e d  in S on th is  p r e i m a g e ,  and  sends  in each  d i r ec t i on  d 

t he  c o l l e c t i o n  S d resu l t i ng  f;¢om S and  the  c h o i c e s  m a d e ,  

At  any  ver tex  M' a l so  has the  c h o i c e  of guess ing  that  it wi l l  not  see  

any  m o r e  le t te rs  fo rm z~-E in the  sub t ree  b e g i n n i n g  at the  ver tex .  If M'  

m a k e s  th is c h o i c e  tt en te rs  its a l t e rna t i ng  m o d e  w h e r e  It s imp ly  s imu la tes  M In 

an a l t e rna t i ng  fash ion  but  wi l l  go into a spec ia l  re jec t i ng  s ta te  qr  if It sees  a 

le t te r  of z~-F.. In o r d e r  to do  th is ,  M has a copy  of Q wh ich  is d is jo in t  f rom 

P ( Q ) .  The o r d e r i n g  is P (Q)  > Qi for  each  Qi in the  d e c o m p o s i t i o n  of Q 

tn M. The t rans i t i on  fo rm a "nonde te rmin is~ t i c "  s tate S ~ 0 to the  a l t e rna t i ng  

m o d e  is f rom S to /~qi  w h e r e  ql ~ S. M a lso  has a spec ia l  s tate qo 

i nd i ca t i ng  the a b s e n c e  of  any  copy  of M and  the  t r ans i t i on  f o rm  0 is to 

qo .  The  t r ans i t i on  func t i on  of M'  on  a s ta te  q ~ Q Is exac t l y  the  s a m e  as 

tha t  of  M on le t te rs  f r om ~ but  M'  goes  in to  a spec ia l  r e j ec t i ng  s ta te  q r  

on  any  le t te r  fo rm z~-£. A copy  in qo o r  in q r  a lways  s tays in that  s ta te  in 

e v e r y  d i r ec t i on .  
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The o rde r i ng  on the spec ia l  s ta tes Is Qt ) { q r }  for  each  Qt and 

P(Q) > { q o } -  The f inal  fami ly  F' of M' cons is ts  of the f inal  fami ly  F of 

M toge the r  wi th { q o } .  Note that  P(Q)  is re jec t ing .  Thus that  an ind iv idua l  

h istory h In M' has f ( h )  ~ F' requ i res  that  M' has made  the  t rans i t i on  

to the a l te rna t ing  mode  and that  the s imuta t ton  of M is accep t i ng ,  and that  no 

le t ters f rom z~-E are encoun te red  In the  a l te rna t ing  mode .  The Kbnig Inf ini ty 

l emma assures  that  s ince M' has guessed  on every b ranch the tota l  sub t ree  

covered  in the nondeter rn in is t l c  mode  is indeed f in i te.  We note that  the 

cons t ruc t ion  of M' is real ly  s imply  the subset  cons t ruc t ion . r~  

Lemma 2 A weak a l te rna t ing  au tomaton  can be s imu la ted  by a Bi~chi 

au tomaton .  

Proof Let M = <L(K x Q ) ,  E, 6, qo ,  F> be a weak  a l te rna t ing  au tomaton .  We 

can cons t ruc t  a B0chi  au tomaton  B s imu l ta t ing  M as fo l lows.  AS in the 

proof  of Lemma ] ,  B uses a copy of P(Q)  to keep t rack  of the poss ib i l i t i es  

of mach ines  runn ing in M up to the in fo rmat ion  of cu r ren t  state. But we must  

now test  that  all the Indiv idual  h is tor ies of mach ines  in M are accep t i ng .  Let 

= {Qo . . . . .  Q r - ] }  be a consecu t i ve  l ist of those sets In the d e c o m p o s i t i o n  of 

Q which are  not accep t i ng .  (Th is  index ing has noth ing  to do with the par t ia l  

o rde r  on the Qi ) .  Let Z r be a copy of the in tegers  modu lo  r. An ind iv idua l  

h istory h is re jec t ing  if and only if It eventua l ly  a r r ives  in some set Qi ~ ~ 

and there  af ter  rema ins  in Qi. Let V = {S : S _c Qi- O ~ I ~; r - l }  be the  

co l lec t ion  of subsets  of the Qi occu r r i ng  In F. The state set  of B is 

P(Q) x Z r x V, The P ( Q ) - c o m p o n e n t  is the s imu la t ion  t rack ,  the Z r - c o m p o n e n t  

is the t e s t i n g - i n d e x  and the V - c o m p o n e n t  is the t e s t i n g - t r a c k .  The in i t ia l  s tate of 

B is ( { q o } ,  0, 0 ) .  As in the prev ious  l e m m a ,  if a copy of B reads  a 

le t ter  a at a ver tex and S is the f i rst  c o m p o n e n t  of the cu r ren t  s tate,  then 

B se lec ts  a set of poss ib le  cho ices  for the cop ies  of M rep resen ted  in S 

and,  in each d i rec t ion  d, puts the co l lec t ion  S d, resu l t ing  f rom S and the 

cho ices  made ,  in the s imu la t ion  t rack.  
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Suppose  that  the tes t ing t rack  con ta ins  g, 

the tes t ing  index ( m o d u l o  r) by one ,  say to 1, and,  

S d n Q| in the tes t ing t rack.  

tn th is case ,  S advances  

for  each  d i rec t ion  d,  puts 

Suppose now that  the test ing index Is i and that  the test ing t rack  

con ta ins  a n o n - e m p t y  set  C c S. In each d i rec t i on  d, B puts In the test ing 

t rack  the se~t c d wh ich  cons is ts  of those states in S d n Qt which ar ise f rom 

a state in C. Thus C d reco rds  these  cop ies  In C wh ich  rema in  in a state 

f rom Qi a c c o r d i n g  to the se lec t ion  of cho i ces  made  for  the s imu la t ion  t rack,  

(No te  that  s tates not  In C may give r ise to s ta tes  in Ql but these are  not  

r e c o r d e d  In C d ) .  If C d = g the test tng t rack  ts d i scha rged .  The accep tance  

cond i t i on  for B Is that  one encoun te rs  g in f in l te ly  often in the test ing t rack.  

This cond i t ion  exact ly  prevents  an inf in i te h is tory of a copy of M f rom forever  

r ema in i ng  In a re jec t ing  set Qi. Thus B accep ts  an input  If and only if M 

does.  r~ 

I I I , -  THE COMPLEXITY OF WEAK MONADIC THEORIES 

A l te rna t ing  au tomata  give a very s imp le  proof  of an ( n + l ) - e x p o n e n t l a l  

comp lex i t y  bound on dec id ing  the c lass F n of fo rmu las  of the weak monad l c  

theory  which are  in prenex norma l  fo rm and wh ich  have n a l te rna t ions  of 

quant t f ters ,  The natura l  ob jec t  of study here  is, in fact ,  the monad tc  theory  of 

the k - a r y  t ree  T K toge the r  wi th an a rb i t ra ry  par t i t ion  ~ = {S 1 . . . . .  Sp}  of T K 

into f in i te ly  many subsets .  We suppose  that  the  m o n a d l c  l anguage  conta ins  only 

set  var iab les ,  the set  cons tan ts  S 1 . . . . .  Sp, the  cons tan t  v o deno t ing  the set  

whose only e l emen t  Is the o r ig in ,  for  each d e K, the se t - va lued  successo r  

funct ion a d,  y ie ld ing  for  a subset  X _c T K the set  X~ d = {xd ; x e X} of d -  

successo rs  of e lemen ts  of X, and the re la t ion ¢ of set  inc lus ion  and the 

unary ~elat lon tXl  = ] .  ( C o m p a r e  Mul ler  and Schupp  [ 1 3 ) ,  
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The Idea of an au tomaton  M (o f  any type wha tever )  with an o rac le  

fo r  ~ is very s imp le ,  The au tomaton  M has a co l l ec t i on  { s i }  of t rans i t ion  

func t ions  and M app l ies  6 t at exact ly  those po in ts  be long ing  to the set  s I 

of the par t i t ion.  For a l te rna t ing  au toma ta ,  the dual  au tomaton  has the co l lec t ion  

{~' i}. The l emmas  which we have proved and the c o m p l e m e n t a t l o n  t h e o r e m  

relat lvt~e immed ia te l y  to the case of au toma ta  with o rac les .  

S ince for  weak  a l te rna t ing  au toma ta ,  c o m p l e m e n t a t i o n  cos ts  no states 

wh i le  a b lock of ex is tent ia l  quant l f ie rs  costs  one exponen t ia l ,  the au tomaton  Me 

assoc ia ted  wi th a fo rmu la  in F ( n , r P ,  the sen tences  of WMT(TK, [ I )  In p renex  

no rma l  fo rm with n a l te rna t ions  of quan t i f l e rs ,  have a state set whose size Is 

n exponent ia ls .  One app l i ca t ion  of Lemma 2 conver ts  to a BDchi au tomaton .  

The empt iness  p rob lem for  Bi~chi au tomata  w i thout  o rac le  is po lynomia l  by Rabin 

r 4 ] .  Thus we have 

T h e o r e m  II. Let ~ = {S 1 . . . . .  Sp}  be an a rb i t ra ry  par t i t ion  of T K. Let 

F ( n , • )  be the set  of fo rmu las  of WMT(TK ,~ )  having n a l te rna t ions  of 

quant i f ie rs  in prenex norma l  fo rm.  There  is an ( n + ] ) - e x p o n e n t t a l  reduc t i on  of 

dec id ing  F ( n ,  ]'[) to the empt iness  p rob lem for  Bl~chi au tomata  with an o rac le  

for  ~. 
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