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Monads I

A monad in a category K is a triple:

(T: K—=>K,n: Idg — T, u: T;T — T)

such that for each X € |K]|

® NT(X)MX = idT(X) = T(nx);ux ® Ur(Xx)MhXxX — T(px)inx
T-n n-T T
T > T:T < T T T:T —T:T
vd K vd ,LL-T U
L Y ) Y
T ;T > T
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Trivial examples I

e /dentity monad
e [erminal monad

e Monads in partial orders: closure operators
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Simple Examples'

e Partiality monad:
— P(X)=X+{1},
- nx(z) = 1;

—ph @) =cforze X, p(x)=Lforz g X.

e Exceptions monad;

— EX)=X+E;

- nk(z) ==

— p&(@)=xforxe X, us(e) =eforec E.
e Nondeterminism monad:

— P(X) = 2%;

— nx(x) = {z};

— uB(U)=U for U € 22" .
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Typical examples I

e [i/st monad:
— L(X) = X7,
— n%(z) = (z);

— p5 (.. 1)) = append(ly, . . . append (L, _1,1,) .. .).

e [erm monad:

— Ts(X) =T=(X);

— 32 t) = tlidr,x)) for t € Ts(Ts(X)).
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Difficult(?) examples I

e Side-effects monad:
- S(X) = (X x 8)%
— nx(2)(s) = (z,5);
— 1 (f)(s) = g(s') where f(s) = (g, s"), for f € (X x §) x 9)*.
e (Continuation monad:
— K(X) = A4,
— nk(z)(k) = k(2);
— W5 (F)(k) = f(hg € AN - g(k)), for f € AT

(AX>))
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Instead of more examples'

Adjunctions give rise to monads

Fact: For any adjunction (F,G,n,¢): K — K’, we have the monad:

(T: K - K,n': Idg — T,put: T;T — T)

given by:
— T=F,G
— nt =n: Idg — F;G

— ut' =FeG: F;(GF);G — F;G
(ie. px = Glerx)): G(F(G(F(X)))) = G(F(X)))
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Proof'

unit laws:

e (Gn);(e-G) = idg implies (F-(Gn));(F-e-G) = idp.q
o (n-F);(F-¢) = idp implies (n-F)-G);(F-e-G) = idp.c

F:G)- (F:G
F.G S | parg < 1ES F.G

ZdF,G FE:G'

Y
F:G
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Proof cntd. '

(F:G)-(F-e-G)

associativity:

F.G:F.G.F:G » F.G:F.G
(F-e-G)-(F;G) FeG
F;GZF;G FeG F;YG
Follows by the commutativity of the diagrams below:
GFGF — ") GF  RGEGX) Y B (x)
(e-G)-F £ F(G(ex)) EX
GY;F 2 - I(IK F(GY(X)) -X . X

Andrzej Tarlecki: Category Theory, 2018

- 161 -



@Eilenberg—l\/loore ’65)]

Given a monad (T, n, u) in K:

The category || Alg(T) || of T-algebras and T-homomorphisms:

e T-algebras:
(A e |K|,a: T(A) — A) such that T(a);a = pa;a and na;a = idg

e T-homomorphism from (A,a: T(A) — A) to (B,b: T(B) — B):
h: A — B such that T(h);b = ash

T(a) 1A T(h)

T(T(A)) — T(A) A——— T(A) T(A) — T(B)
HA Qa 1d A Qa a b
Y a Y Y Y h Y
T(A) —2— 4 A A ~ B
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux : T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. G:

nNx M X
X — , 1x) T(T(X))—= s T(X)—\
f T(f) T(T(f)) T(f)
Y Y Y
AT A) T(T(A)) —2 % T(A) 7] fi;);a
1d A a T(CL) a

D
]

E-<
l@
N
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

<FT7 GT7 n, 8T>: K- Alg(T)

eaay: FR(GT((A,a)) — (A a) is a: T(A) — A.

Fact: (T,n,u) is the monad associated with (F*,GT n,eT).

Fact: Given an adjunction (F,G,n,e): K =+ K/, let (T = F;G,n, uT = F-¢-G) be
the monad it yields, and then let (FT, GT,n,eT): K — Alg(T) be the adjunction

for T. Then there is a unique comparison functor ®: K’ — Alg(T) such that
$:GT = G and F;® = FT.

(A) = (G(A'), G(ea)): G(F(G(A))) = G(A))
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((Kleisli ’65))

Given a monad (T, n, u) in K:

Free aIgebrasI

The Kleisli category || K1(T)

e objects: |K1(T)| = |K]

e morphisms: f: X — Y in K1(T) are morphisms f: X — T(Y) in K

e composition: given f: X - Y, g: Y — Z in KI(T), f;9: X — Z in KI(K) is
f;T(g);py: X — T(Z) in K.

vt T(Y) _T) T(T(Z)) X T(2)

Again: there is an adjunction (FT, GT n,eT): K — KI(T) which gives rise to the
monad (T, n, u), and for any adjunction (F,G,n,¢): K — K’ which also gives rise

to this monad, we have a comparison functor ¥: K’ — KI(T) such that U:GT = G
and F:¥ = FT.
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Triples I

A triple in K:
(T, (1))
where
o T: K| — K|,

e Na: A—T(A) for all A € K|,

o f*:T(A) —T(B) forall f: A—T(B)
are such that

— 4 = idpca) for all A € K|

— na;f*=fforall f: A—T(B)

— f*59" = (f;g%)" forall f: A —T(A),
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Triples as monads, monads as triples I

Given a monad (T, n, u) in K, put:
e T(A)=T(A) for A € K],
e Na=na: A—=T(A) for A € |K]|,

o f*=T(f);pua: T(A) — T(B) for
f: A—=T(B).

This yields a triple {T',n, ()*).

“Triple” the monads given as examples

Given a triple (T',n, (0)*) in K, put:
e T(A) = T(A) for A € |K]|, and
T(f) = (fins)* for f: A— B,
e na=na: A—=>T(A) for A € |[K|,
o pa = idpay: T(T(A)) — T(A)
for A € K|,

This yields a monad (T',n, u).
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Further monadic concepts'

e Most importantly:

Functional programming with effects

Given a triple (T',n, (_)*):
— return__: a = Ta i1s 1,
— _>>=_:Ta— (a—Tp) = TP is given by x>>=f = f*(x)

— do-notation from __>>=__ and A-notation
e Strong (context-preserving) monads
e Monad composition and distributivity laws for monads

e Monad transformers
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