Cartesian closed categories

CCC
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Cartesian categories I

Definition: A category K is Cartesian if it comes equipped with finite products.

Equivalently:

e 1 € |[K| — a terminal object

e A X B — a product of A and B, for every A, B € |K|

Examples: Set, Pfn, Cpo, semilattices, Cat, T;ﬁb,

Recall the definitions of these categories and

the constructions of products in each of them
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Cartesian closed categories'

Definition: A Cartesian category K is closed if for all B,C € |K| we indicate

[B—C] € |K and e ¢: [B—C] x B — C such that for all A € |K| and
f: Ax B — C there is a unique A(f): A — |B—C] satisfying

(A(f) x idp)iep,c = f
X B

K - K
(B [B—C] x B =50 - C
3LA(f) A(F) % idp "
A AxB

Examples: Set, Cpo, Cat, ...
Heyting semilattices (b < ¢ is such that for all a, a ANb < c iffa < (b < ¢)

: op
Non-examples: Pin, Iy ¢
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Summing upI

A category K is a Cartesian closed category (CCC) if:
e C: K — 1 has a right adjoint C;: 1 — K, yielding 1 € |K|.

e A: K — K x K has a right adjoint _ x _: K x K — K with counit given by
map: Ax B — A and 7Tf4,BZ Ax B — Bfor A,B € |K|.

e for each B € |K|, = x B: K — K has right adjoint [B—_|: K — K, with counit
given by eg ¢: [B—C] x B — C, for C € |K|.
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Spelling this out'
e 1 € |K|

— for A€ |K|: )a: A— 1suchthat ()4, = f forall f: A—1.

o for ABe|K| AxBel|K| map: AxB—A n)yg: AXB— B:
— for C € |K]|, for f: C = A, g: C — B: (f,g9): C — A x B such that
— (fighmap=fand (f,g)imh g =g
— for h: C = Ax B, h= (hima g, bim's )
e for B,C € |K]|, [B=C] € |K]|, egc: |[B—=C]x B —= ("
— for A e |K]|, for f: Ax B— C: A(f): A — [B—C] such that

— (A(f) xidg)iep,c = f
— for h: A — [B—C], A((h x idp)iep.c) = h.
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Typed A-calculus with products'

Types

The set T of types 7 € T is such that
e 17T

o Tx7' €T, forall .7/ €T

o 77 €T, forall 7,7 €T

Contexts
Contexts I' are of the form:
® L1 T1y...,sTnTn,
where n > 0, x1,...,x, are distinct variables, and 7,...,7, €T
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Typed terms in contexts'

I'Et: 7

Typing/formation rules coming next

Omitting the usual definitions, like:
e free variables F'V (M),

e substitution M|N/zx], etc.

Same for the usual simple properties, like:
e weakening — context extension;
e subject reduction;

e uniqueness of types;

e removing unused variables from contexts;

etc
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Typing rules'

T1iTlye e Tn:Tn X T

T1iTlye e T Tn M T

L1:T1ye ooy Xj1:Ti—19 L5141 Tit1y--+yLn:Tn - )\inTi.MI T —T

' M: 177 I'EN:T
' MN: 7

I'-M: T I'-N:7
L'={():1 ' (M,N): <1’

U'E 7y TXT =7 C'Erl _oorxr' =7
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Semantics '

Let K be an arbitrary but fixed CCC.
e Types denote objects, [r] € | K], satisfying:
- [1=1

=[x =17l x17']

= [r=7] =lr]=["]]
e So do contexts:
— [,z =[] X -0 x 7]

e Terms denote morphisms:

[M]: [T] = [7]

defined by induction on the derivation of I' = M : 7 (coming next).
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— | [zi] = 72 [T] — [7]

Semantics of )\-terms'

forI' =x1:71,...,2,:Tn, Where m; is the obvious

projection.

— | [Axi:imi. M) = Ap;[M]): [T7] = [[m]—=[7]] | for T = x1:7m1, ..., 20T,

[V = L1 TlyeeeyXj—1Ti—15Lj4+1Ti415+ -3y LnTn, and I' = M : T, where
p: [I"] x [m:] — [I'] is the obvious isomorphism.

— | [MN] = ([M], [N]}serr1, 77 0] =[]

— | [O] = Opry: [T =1

= [ [(M; V)] = ([M], [N

) [T] = 7] > [']

for’'FM:7—=7" and ' N: 7.

for'FM:7and ' N: 7.

= |lmr ] = Ay s 1e1) - 0] = (7] < [7']—=[7]] | and

|77 ) = ATy o157 o) - E] = (7] [ ] =[]
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Equational 3, n-calculus I

I'-EM=N:T1

Judgements:

forreT, 'EFM:7, TEN:T
Axioms:

(B) T Ae:r.M)N = M|N/x|: 7', for T - Aesr.M: 7—7 , T N: 7

(n) TFAXx:r.Mx=M: 7—=7' for T M: 7—7", * & dom(T')
e 'FM={_:1fory-M:1

e 'tmn(M,N)y=M:7and'tn, _(M,N)=N:1',
forI'WFM: 7 IT'HN: 7

o '-M=(m;M,n. _M): <7’ for ' - M: 771’

» Tt

Rules: reflexivity, symmetry, transitivity, congruence.
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Soundness '

GwvenI'FM:7and ' N: 71

f T+ M = N: 7 then [M] = [N]

Proof: :-)

Just check that the axioms and rules of the equational 3, n-calculus are sound w.r.t.

the semantics in any CCC. For example:

(n) forT'F M: 7—7", x & dom(I"), given the isomorphism p: [['] x [r] — [, z:7]:
[Awr. Mz = A(p;[Mz]) = Ap; (([IM], [2]):e71,177)) =
Aps[M], pilz] e, 11) = MM X ddpry)se ey 1) = [M].

Warning: The “real work” is in the proof of soundess for (3), where induction on the

structure of terms iIs needed.
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Completeness I

GwvenI'FM:7and ' N: T,

if in every CCC, [M] =[N]thenT'F-M =N: 71

Proof: It is enough to prove this for terms in the empty context.

Define a CCC AX:

e Category A:
— objects are all types: |A| =T

— morphisms are A-terms modulo equality: A(7,7")={M | - M: 7—7"}/~,
WhereM%Nlﬂr |_M:N:7-/_)7-

— composition: [M|x~;[N]x = [Mx:m.N(Mz)]~, for W M: 7—=7", = N:17/'—=71"

— identities: id; = [Ax:T.7]~.
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e Products in A:

— terminal object 1 € |A|, with (), = [Ax:7.()]~

— binary product 7x7’, with 7, - = [ 7/]x, 7 =7

! /]~ and pairing

([M]x, [N]) = [(M, N)|~ for - M:7, FN: 7',

e Exponent in X: 7—=7', with e, - = [Ax:(t—=7")X71.(T; 57 72) (7, _x)]~ and
A([M]x) = [Mx:m Ay:7 . M{x, y)]~, for = M: 7x7’'—=7"

T—T1!',T

Now: if in every CCC, [M] = [IN], then this holds in particular in A, and so

I'-M=N:T.

SUMMING UP:

To wrap this up: add constants of arbitrary types

CCCs coincide with \-calculi
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