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Typical examples I

e [i/st monad:
— L(X) = X7
— n%(z) = (2);
— w5 (I, ..., 1n)) = append(ly, . .. append(l,_1,1,)...).

e [erm monad:
- Te(X) = Tx(X); e X = Tx(X)
— g (z) = u: Ts(Tx(X)) = Tn(X)
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(T: K - K,n': Idg — T,put: T;T — T)

given by:
— T=F,G: K— K
— 9t =n: Idgx — F;G
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T=F.G: K— K
Proof cntd. ' 0T = n: Idg — T

pr'=FeG: T;T - T

associativity:

(F:G)-(F-e-G)

F:GF;G;F;G »F. G F.G
(Fe-G)-(F;G) F-cG
Y Y
F:G:F;G FeG - F.G
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Proof cntd. ' 0T = n: Tdg — T

pr'=FeG: T;T - T

associativity:

(F;G)-(F-e-G)
F:GF;G;F;G »F. G F.G
(Fe-G)-(F;G) F-cG
Y Y
F:G:F;G FeG - F.G

Follows by the commutativity of the diagrams below:
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T=F.G: K— K
Proof cntd. ' 0T = n: Tdg — T

pr'=FeG: T;T - T

associativity:

(F;G)-(F-e-G)
F:GF;G;F;G »F. G F.G
(Fe-G)-(F;G) F-cG
Y Y
F:G:F;G FeG - F.G

Follows by the commutativity of the diagrams below:

F(G(F(G(X")))) ~F(G(X"))
F(G(ex/)) EX
Y £ Y
F(G(X')) >~ X'
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T=F.G: K— K
Proof cntd. ' 0T = n: Idg — T

pr'=FeG: T;T - T

associativity:

(F;G)-(F-e-G)
F:GF;G;F;G »F. G F.G
(Fe-G)-(F;G) F-cG
Y Y
F:G:F;G FeG - F.G

Follows by the commutativity of the diagrams below:

G (F¢ € ,
G F.GF (Fe) | G F F(GFGX)))—™) | pa(x))
(e-G)-F £ F(G(ex/)) EX’
Y ) Y Y e Y
G;F > Idg F(G(X')) - X
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Algebras I

Given a monad (T, n, u) in K:
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Given a monad (T, n, u) in K:

The category || Alg(T) || of T-algebras and T-homomorphisms:
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Algebras I

Given a monad (T, n, u) in K:

The category || Alg(T) || of T-algebras and T-homomorphisms:

e T-algebras:
(A€ |Kl|,a: T(A) — A)
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Algebras I

Given a monad (T, n, u) in K:

The category || Alg(T) || of T-algebras and T-homomorphisms:

e T-algebras:
(A€ |K|,a: T(A) — A) such that T(a);a = pa;a

T(a)
T(T(A)) —— T(A)
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Algebras I

Given a monad (T, n, u) in K:

The category || Alg(T) || of T-algebras and T-homomorphisms:

e T-algebras:
(A€ |K|,a: T(A) — A) such that T(a);a = pa;a and na;a = ida

T(T(A)) _Tla) T(A) A —T L T(4)
HA a 1d A a
Y Y Y
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Algebras I

Given a monad (T, n, u) in K:

The category || Alg(T) || of T-algebras and T-homomorphisms:

e T-algebras:
(A€ |K|,a: T(A) — A) such that T(a);a = pa;a and na;a = ida

e T-homomorphism from (A,a: T(A) — A) to (B,b: T(B) — B):
h: A — B such that T(h);b = a;h

T(T(A)) _Tla) T(A) A—" 0 T4 T(A) L) T(B)
HA Qa 1d A a a b

H
=
A
N
N
Y
Ny
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...
For X € [K|, FT(X) = (T(X), pix : T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

X — , 1(x) T(T(X))—X s T(X)
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

Nx 125
X ——» T(X) T(T(X)) ——» T(X)A\
f
A 3|7 =
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For X € [K|, FT(X) =

X — T(X)

T x

Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...

(T(X), ux: T(T(X)) —» T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

X

T(T(X))— T(X
/(()) ()4\

3!
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Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

T x
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((A,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

T x
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

Uniqueness: suppose g: T(X) — A is such that ux;g = T(g);a and f =nx;g.

X — , 1(x) T(T(X))—2 s T(X)
f 9 T(g) g
Y Y Y
A T(4A) —2—» 4
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:

Uniqueness: suppose g: T(X) — A is such that ux;g = T(g);a and f =nx;g.
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit

nx: X = GT(FT(X)) is free over X w.r.t. GT:

Uniqueness: suppose g: T(X) — A is such that ux;g = T(g);a and f =nx;g.
Then T(f);a = T(nx);T(9);a = T(nx)ipx;g = g.
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...

For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit

nx: X = GT(FT(X)) is free over X w.r.t. GT:

Uniqueness: suppose g: T(X) — A is such that ux;g = T(g);a and f =nx;g.
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Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...
For X € [K|, FT(X) = (T(X), ux : T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:
BTW: FT(f: X 5 V) = (f)*
=T(finy)in
= T(f);T(ny)iny
=T(f): (T(X), ux) = (T(Y), py)

Y

Andrzej Tarlecki: Category Theory, 2021 - 155 -



Monadic adjunction I

Let GT: Alg(T) — K be the obvious projection: GT((4,a)) = A4, ...
For X € [K|, FT(X) = (T(X), ux: T(T(X)) — T(X)) with unit
nx: X = GT(FT(X)) is free over X w.r.t. GT:
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

E?A,a>: FT(GT((A,a))) — (4,a) isa: T(A) — A.
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

8211A,a>: FT(GT((A,a))) — (4,a) isa: T(A) — A.

Theorem: (T,n,u) is the monad associated with (FT, GT n &1).
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

elaay: FH(GT((A,a) = (A a) isa: T(4) — A.

Theorem: (T,n,u) is the monad associated with (FT, GT n &1).

o GT(FT(X)) = GT((T(X), ux)) = T(X), for X € [K|, and
GH(F'(f: X = Y)) = GH(T(f): (T(X), ux) = (T(Y), py)) = T(f)
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Given a monad (T, n, 1) in K we have an adjunction

elaay: FH(GT((A,a) = (A a) isa: T(4) — A.

Theorem: (T,n,u) is the monad associated with (FT, GT n &1).

o GT(FT(X)) = GT((T(X), ux)) = T(X), for X € [K|, and
GH(F'(f: X = Y)) = GH(T(f): (T(X), ux) = (T(Y), py)) = T(f)
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

elaay: FH(GT((A,a) = (A a) isa: T(4) — A.

Theorem: (T,n,u) is the monad associated with (FT, GT n &1).
e GT(FT(X)) = GT((T(X), ux)) = T(X), for X € [K], and
GH'F'(f: X =Y))=GYT(f): (T(X), ux) = (T(Y), py)) = T(f)
¢ nN=n

o (F'.et.Gh)x = GT(ggT(X)) = GT(*SEFT(X),MXQ = G (ux) = px, for
X € [K]|.
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All monads arise from adjunctions'

K/
Given a monad (T, n, 1) in K we have an adjunction 4
(FT,GT n,eT): K — Alg(T) kG
Y
SZFAM: FT(GT((A,a))) — (4,a) is a: T(A) — A. K

Theorem: (T,n,u) is the monad associated with (F1 GT n,eT).

Theorem: Given an adjunction (F,G,n,e): K — K’,
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All monads arise from adjunctions'

K/
Given a monad (T, n, 1) in K we have an adjunction 4
(FT,GT,7,eT): K — Alg(T) FIH|G
Y
SZFAM: FT(GT((A,a))) — (4,a) is a: T(A) — A. K

Theorem: (T,n,u) is the monad associated with (F1 GT n,eT).

Theorem: Given an adjunction (F,G,n,e): K — K’,
let (T = F;G,n,ut = F-e-G) be the monad it yields.
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

<FT7 GT7 n, 8T>: K— Alg(T)

eTy o FT(GT((A,a))) = (A,a) is a: T(A) = A.

Theorem: (T,n,u) is the monad associated with (F1 GT n,eT).

Theorem: Given an adjunction (F,G,n,e): K — K’,
let (T = F;G,n,ut = F-e-G) be the monad it yields.
Let then (FT GT,n,eT): K — Alg(T) be the adjunction for T.
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

<FT7 GT7 n, 8T>: K— Alg(T)

eTy o FT(GT((A,a))) = (A,a) is a: T(A) = A.

Theorem: (T,n,u) is the monad associated with (F1 GT n,eT).

Theorem: Given an adjunction (F,G,n,e): K — K’,
let (T = F;G,n,ut = F-e-G) be the monad it yields.

Let then (FT GT,n,eT): K — Alg(T) be the adjunction for T.

K —2 »Alg

Then there is a unique comparison functor ®: K’ — Alg(T) such that ®;GT = G

and F:® = FT.

(T)
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All monads arise from adjunctions'

Given a monad (T, n, 1) in K we have an adjunction

K —2 + Alg(T)

<FT7 GT7 n, 5T>: K— Alg(T)

eTy o FT(GT((A,a))) = (A,a) is a: T(A) = A.

Theorem: (T,n,u) is the monad associated with (F1 GT n,eT).

Theorem: Given an adjunction (F,G,n,e): K — K’,
let (T = F;G,n,ut = F-e-G) be the monad it yields.
Let then (FT GT,n,eT): K — Alg(T) be the adjunction for T.

Then there is a unique comparison functor ®: K’ — Alg(T) such that ®;GT = G
and F:® = FT.

— ®(A) = (G(A'),G(ea): G(F(G(A))) = G(A))
= O(f: A= B) = G(f): (G(A),G(ea)) = (G(B'), G(ep))
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Given a monad (T, n, ) in K:
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Free algebras'

Given a monad (T, n, ) in K:

The Kleisli category

KI1(T)

for T:
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((Kleisli ’65D Free algebras'

Given a monad (T, n, ) in K:

The Kleisli category | K1('T) || for T

e objects: |KI(T)| = |K]
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Free algebras'

Given a monad (T, n, ) in K:

The Kleisli category

KI1(T)

e objects: |KI(T)| = |K]

e morphisms: f: X — Y in K1(T) are morphisms f: X — T(Y) in K

for T:
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Free aIgebrasI

Given a monad (T, n, ) in K:

The Kleisli category

KI1(T)

e objects: |KI(T)| = |K]

e morphisms: f: X — Y in K1(T) are morphisms f: X — T(Y) in K
e composition: given f: X - Y, g: Y — Z in KI(T),
fi9: X - Z in KI(K) is f;T(g);uz: X — T(Z) in K.

for T:
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((Kleisli ’65D Free aIgebrasI

Given a monad (T, n, ) in K:

The Kleisli category | K1('T) || for T

e objects: |KI(T)| = |K]
e morphisms: f: X — Y in K1(T) are morphisms f: X — T(Y) in K
e composition: given f: X - Y, g: Y — Z in KI(T),

fi9: X - Z in KI(K) is f;T(g);uz: X — T(Z) in K.

x—J 5 T(Y) Tlg) T(T(2))—L4s T(2)
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((Kleisli ’65D Free aIgebrasI

Given a monad (T, n, ) in K:

The Kleisli category | K1('T) || for T

e objects: |KI(T)| = |K]
e morphisms: f: X — Y in K1(T) are morphisms f: X — T(Y) in K
e composition: given f: X - Y, g: Y — Z in KI(T),
fi9: X - Z in KI(K) is f;T(g);uz: X — T(Z) in K.
T
X — TV Tlg) T(T(Z))—4 T(2)
Again: there is an adjunction (Fr,Gr,n,e1): K — KI1(T)
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@(Ieisli ’65D Free aIgebrasI

Given a monad (T, n, u) in K:

The Kileisli category || K1('T) || for T

e objects: |K1(T)| = |K]
e morphisms: f: X — Y in KI1(T) are morphisms f: X — T(Y) in K
e composition: given f: X - Y, g: Y — Z in KI(T),

fig: X = Zin KI(K)is f;T(g);uz: X = T(Z) in K.

x —L vy 2YL pr(2))—£2s T(2)

Again: there is an adjunction (Fp, G,n,e1): K — KI(T)
e Fr(X) =X for X € |[K|; Fr(f) = finy for f: X - Y in K.
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@Kleisli ’65D Free aIgebrasI

Given a monad (T, n, u) in K:

The Kileisli category || K1('T) || for T

e objects: |K1(T)| = |K]
e morphisms: f: X — Y in KI1(T) are morphisms f: X — T(Y) in K
e composition: given f: X - Y, g: Y — Z in KI(T),

fig: X = Zin KI(K)is f;T(g);uz: X = T(Z) in K.

x —L o) 29 1r(2)—£2s T2)
Again: there is an adjunction (Fp, G,n,e1): K — KI(T)
e Fr(X) =X for X € |[K|; Fr(f) = finy for f: X - Y in K.
e Gr(X)=T(X) for X € |[KI(K)|, i.e. X € |K];
Gr(f)=T(f);puy for f: X =Y in KI(T), ie. f: X ->T(Y)inK
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Given a monad (T, n, u) in K:
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e objects: |K1(T)| = |K]
e morphisms: f: X — Y in KI1(T) are morphisms f: X — T(Y) in K
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Again: there is an adjunction (Fr,Gr,n,et): K — KI(T) which gives rise to the
monad (T, n, u),
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