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computation in S€LS with atoms




computation in S€tS with atoms

permutation models
sets with urelements [ Mostowski '39]

. sets with symmetry
nominal sets

[ Gabbay, Pitts '99]

Fraenkel-Mostowski sets

named sets

[ Pistore, Montanari '97] ,
nominal G-sets

hereditarily finitely-supported sets
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Turing machines

(any atoms)

* tape alphabet A

e states Q

e subset 6 C QO x AxQx A x {<,—,|]}
e subsets , FC Q
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« states Q

e subset 8 € Q x A x Q x
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Turing machines

(any atoms)

* tape alphabet A

e states Q

orbit-finite sets

e subset & Q Q, < A x Q % A x {e,e, \|/} instead of finite ones

e subsets I, FC Q

Conhgurations = A* x Q x A*
Deterministic machines:

*8:Qx A= QxAx (=)
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Turing machines

(any atoms)

* tape alphabet A

* states Q

orbit-finite sets

e subset & Q Q, < A x Q % A x {e,e, \|/} instead of finite ones

e subsets I, FC Q

Conhgurations = A* x Q x A*
Deterministic machines:

o S:QXA%QxAx{e,e,\L}

Consider only atoms (N, =) in this presentation
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input alphabet:  atoms

language:

tape alphabet:
states:

transitions:
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input alphabet:  atoms

language:

tape alphabet:
states:

transitions:

atoms X (a finite set)

\
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input alphabet:

language:

tape alphabet:
states:

transitions:

atoms

"no atom appears twice':

{aias ... an

a; #CL]’ Whenz#]}
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input alphabet:

language:

tape alphabet:
states:

transitions:

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}
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input alphabet:

language:

tape alphabet:
states:

transitions:

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}
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input alphabet:

language:

tape alphabet:
states:

transitions:

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}

S:QXA — QxAx{e,%,\L}
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input alphabet:

language:

tape alphabet:

states:

transitions:

(

<

if in state start atom a
1s read from tape, goto
state a, write L on

tape, and move right

\

J

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}

5:0xA — QxAx{<,—|}

S(start, a) = (a, 1, =) a € atoms
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input alphabet:

language:

tape alphabet:

states:

transitions:

(

<

if in state aatom b = a
1s read from tape, stay
in state a, write b on
tape, and move right

\

J

atoms

"no atom appears twice':
a; # a when ¢ #]}

{aias ... an

A = atoms U {1}

Q = atoms U {start, accept, ret}

5:0xA — QxAx{<,—|}
d(start,a) = (a, 1, =)

6<§) b) =

(a, b, =)

a € atoms

a # b, a, b € atoms
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input alphabet:

language:

tape alphabet:

states:

transitions:

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}

5:0xA — QxAx{<,—|}

S(start, a) = (a, 1, =) a € atoms
S5(a, b) = (a, b, =) a#b, a, b eatoms
5(a, B) =  (ret, B, <) a € atoms
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input alphabet:

language:

tape alphabet:

states:

transitions:

atoms

"no atom appears twice':

{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}

5:0xA — QxAx{<,—|}

S(start, a) = (a, 1, =) a € atoms

S5(a, b) = (a, b, =) a#b, a, b eatoms
5(a, B) =  (ret, B, <) a € atoms

S(ret, a) = (ret, a, <) a € atoms

sroda, 2 marca 16



input alphabet:

language:

tape alphabet:

states:

transitions:

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}

5:0xA — QxAx{<,—|}

S(start, a) = (a, 1, =) a € atoms
S5(a, b) = (a, b, =) a#b, a, b eatoms
5(a, B) =  (ret, B, <) a € atoms
S(ret, a) = (ret, a, <) a € atoms

S(ret, L) = (start, L, =)
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input alphabet:

language:

tape alphabet:

states:

transitions:

atoms

"no atom appears twice':
{a1a2...ay : a; # a; when i # j}

A = atoms U {1}

Q = atoms U {start, accept, ret}

5:0xA — QxAx{<,—|}

S(start, a) = (a, 1, =) a € atoms
S5(a, b) = (a, b, =) a#b, a, b eatoms
5(a, B) =  (ret, B, <) a € atoms
S(ret, a) = (ret, a, <) a € atoms

S(ret, L) = (start, L, =)
d(start, B) = (accept, B, =)
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Do TMs determinize?




Do TMs determinize?

Example alphabets:

* atoms

* ordered pairs of atoms

* unordered pairs of atoms

 unordered pairs of ordered pairs of atoms

* ordered triples of pairs of atoms modulo
even number of flips




Do TMs determinize?

Example alphabets:

* atoms

* ordered pairs of atoms

* unordered pairs of atoms

 unordered pairs of ordered pairs of atoms

* ordered triples of pairs of atoms modulo
even number of flips

standard




Do TMs determinize?

Example alphabets:

* atoms

* ordered pairs of atoms

* unordered pairs of atoms

 unordered pairs of ordered pairs of atoms

* ordered triples of pairs of atoms modulo
even number of flips

standard

non-standard




alphabet: atoms
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alphabet: atoms

\4
abaeddcdfdgyheusedfergfttfeds
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alphabet: atoms g}less an atom
ditferent than h
\4

abaeddcdfdgyheusedfergfttfeds




alphabet: atoms g}less an atom
ditferent than h
\4

abaeddcdfdgyheusedfergfttfeds

de-atomization:




alphabet: atoms

v

guess an atom
ditferent than h

abaeddcdfdgyheusedfergfttfeds

de-atomization:

* replacing atoms with binary encodings

a
b 101

¢ 1001
d 10001




alphabet: atoms guess an atom
ditferent than h

v
abaeddcdfdgyheusedfergfttfeds

de-atomization:

a 1
* replacing atoms with binary encodings b 101
 atom-less simulation of computation of © 1001
a machine d 10001
C
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alphabet: atoms g}less an atom
ditterent than h

v
abaeddcdfdgyheusedfergfttfeds

de-atomization:

a 1
* replacing atoms with binary encodings b 101
* atom-less simulation of computation of © 1001
a machine d 10001
C

Facl: TMs over this alphabet do determinize




alphabet: ordered pairs of atoms
(a,b) € atoms®  q #£ b
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alphabet: ordered pairs of atoms
(a,b) € atoms®  q #£ b

* input word represents a directed graph
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alphabet: ordered pairs of atoms
(a,b) € atoms®  a £ b

* input word represents a directed graph
* nodes (atoms) can be computed using projections
(a,b) — a (a,b) — b
and stored on the tape

* then any decidable property of directed graphs can be
decided deterministically




alphabet: ordered pairs of atoms
(a,b) € atoms®  a £ b

* input word represents a directed graph

* nodes (atoms) can be computed using projections

(a,b) — a (a,b) — b
and stored on the tape

* then any decidable property of directed graphs can be
decided deterministically

Fact: TMs over this alphabet do determinize
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alphabet: unordered pairs of atoms
{a,b} € Py(atoms)
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alphabet: unordered pairs of atoms
{a,b} € Py(atoms)

* input word represents an undirected graph
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alphabet: unordered pairs of atoms
{a,b} € Ps(atoms)

* input word represents an undirected graph

* can nodes (atoms) be computed?

* then any decidable property of undirected graphs can be
decided deterministically




alphabet: unordered pairs of atoms
{a,b} € Ps(atoms)

* input word represents an undirected graph

* can nodes (atoms) be computed?

{a,b} — a

* then any decidable property of undirected graphs can be
decided deterministically




alphabet: unordered pairs of atoms
{a,b} € Ps(atoms)

* input word represents an undirected graph

* can nodes (atoms) be computed?

—trb————

* then any decidable property of undirected graphs can be
decided deterministically




alphabet: unordered pairs of atoms
{a,b} € Ps(atoms)

* input word represents an undirected graph

* can nodes (atoms) be computed?

—trb————
({a,b},{b,c}) — b

* then any decidable property of undirected graphs can be
decided deterministically




alphabet: unordered pairs of atoms
{a,b} € Ps(atoms)

* input word represents an undirected graph

* can nodes (atoms) be computed?

—trb————
({a,b},{b,c}) — b

* then any decidable property of undirected graphs can be
decided deterministically

Facl: TMs over this alphabet do determinize

8




alphabet: unordered pairs of ordered pairs of atoms

1(a,¢), (b,d)}




alphabet: unordered pairs of ordered pairs of atoms

(a,c), (b,d)}

a——>C
b—d
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alphabet: unordered pairs of ordered pairs of atoms

(a,c), (b,d)}

a—¢C a d b——>d b C
b——d b><c a——¢ a><d
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alphabet: unordered pairs of ordered pairs of atoms

{(a,c), (b,d)}
a—¢C a d b——>d b C
b—d b><c a—¢ a><d
a—¢ Ne—a
b—d ) f— b

simple strips:
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alphabet: unordered pairs of ordered pairs of atoms
{(a,¢), (b,d)}
—d 5% a0
simple strips: Z:g A/; jz

Z’ §><;_/QZ 1s not a simple strip
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alphabet: unordered pairs of ordered pairs of atoms

{(a,c), (b,d)}
a— —C a d b——>d b .
b~—%d b><c a——>¢C a><d

a- >C ye——a

simple strips: i g b
Z :§><; : Z 1s not a simple strip
aAa—>C R .
b——d 'h heither

f/g —1
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alphabet: unordered pairs of ordered pairs of atoms

{(a,c), (b,d)}
a—¢C a d b——>d b C
b— d b><c a—¢C a><d

a——C ye——aQa

simple strips: i g b
Z\_%Ocl><; : Z 1s not a simple strip
a——C Sh .
neither
b‘_%df/g ——1

Are simple strips recognized by a nondeterministic TIM?
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alphabet: unordered pairs of ordered pairs of atoms

{(a,c), (b,d)}
a—¢C a d b——>d b C
b— d b><c a—¢C a><d

a——C ye——aQa

simple strips: i g b
Z\_%Ocl><; : Z 1s not a simple strip
a——C Sh .
neither
b‘_%df/g ——1

Are simple strips recognized by a deterministic TM?
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alphabet: unordered pairs of ordered pairs of atoms

{(a,c), (b,d)}
a—¢C a d b——>d b C
b— d b><c a—¢C a><d

a——C ye——aQa

simple strips: h J b
a—>C e———a . ¢ . 1 ¢ .
" 7 / , 1S not a simple strip
a— ¢ e -h °
' neither
b~—adf/g \

Are simple strips recognized by a deterministic TM?

a——¢c Cc—e€ a—e€
h—sd , d——f > by
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alphabet: unordered pairs of ordered pairs of atoms

(a,c), (b,d)}

a—>C a d b/ﬂd b c
b——d b><c S a><d
. - a—C Se——a
51mple strips: b q e h
a—C e——a . , .
b f—sb 1S not a simple strip
a——C N .
b~_ad/e h neither
f/g — i
Are simple strips recognized by a deterministic TM?
a—C C——e€ Ge— = a a
b~—%d7d\—>f — b— f h ’
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alphabet: unordered pairs of ordered pairs of atoms

{(a,c), (b,d)}
a—c¢ a d b——>d b C
b—d b><c a——¢ a><d

a— >C ye——Q

simple strips: i g b
4—c~_ _se—a . , |
b f—sb 1S not a simple strip
a——C N .
b~—ad/e h neither
f/g Y
Are simple strips recognized by a deterministic TM?
a—C C====—)C Ge— = a—a
b~—%d7d\—>f — b— f h ’

Facl: TMs over this alphabet do determinize

9

sroda, 2 marca 16



Theorem:

There 1s an alphabet A, and a language over A that 1s in NP
but 1s not recognizable by a deterministic TIM.

10
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There 1s an alphabet A, and a language over A that 1s in NP
but 1s not recognizable by a deterministic TIM.

nondet.

10
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Theorem:

There 1s an alphabet A, and a language over A that is in NP
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Theorem:

There 1s an alphabet A, and a language over A that is in NP
but 1s not recognizable by a deterministic TM.

a dithicult

language

nondet.

10
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Theorem:

There 1s an alphabet A, and a language over A that is in NP
but 1s not recognizable by a deterministic TM.

nondet. a dithcult
language

10
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alphabet: ordered triples of ordered pairs of atoms
modulo even number of thips

11
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alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

(a,a’)

Triangle = ((aa CL/), (bv b/)v (Cv C/))

11
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alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

(a,a’)

Triangle = ((av CL/), (bv b/)v (Ca C/))

(c,c) (b,b")

Let triangles with same pairs be equivalent 1if exactly
two pairs are flipped:

11




alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

Triangle = ((a,a), (b,0), (c.c)) "

Let triangles with same pairs be equivalent 1if exactly
two pairs are flipped:

(a,a’) (ala)

0

(¢, ) (b,0") (c!¢) (b, V)

11




alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

(a,a’)

Triangle = ((av CL/), (bv b/)v (Ca C/))

Let triangles with same pairs be equivalent 1if exactly
two pairs are flipped:

(a,a’) (ala)

0

(¢, ) (b,0) (clc) (b, b')

Alphabet = equivalence classes of triangles

11

Sro



alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

(a,a)

equivalence class of i i has four elements:

(¢, ¢) (b, 0")

12
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alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

(a,a’)
equivalence class of . has four elements:
N ()
(aa‘a,) (a:‘a )
(c, c’)/\b, v) (cle) - (b,b")
(a a’) (a/a )




alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

ey b)) ey bb) ﬂlP one pairr edf b)) (de) b

N

ey Wb) (@) Bl ey W) (ed) )

13
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alphabet: ordered triples of ordered pairs of atoms
modulo even number of flips

there 1s no function!

. /—& (a,‘a')
(¢, ) (b,b") (cic) (b,0) a A
(a,‘a') (a,"a ) .
//\\X /{\\\ (C, C’) (b, bl)
ey W) (@d) i)

14
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difficult language

(a,a" (aa o J , ‘
) ' L' la,a la,a (a.d’ o'
(e.c LE) (e h¥ el L) (e s ’ y ' ’
o ' L ") (e ld (e L) (de) Y
la,a” (a)a . ' )
(a,a (a,a — ) .
L' L' la,a la,.a
L N
e 1Y) (N L% ' Ve g 2y ) . ) )
-~ e e (%Y (e, ¢ (X " Ve (e.c 2y

15




sequence
of

elements

’
{a.a')

difficult language

a.4a ) a.a)
c) ¥)
) b b ( ) 1 b)Y !
a,a) ’ ]
a.d) a,a) a.da) {a.a)
‘) ) bb)  (ed) '
b ) ) bb) | )
| ’ ¥ ’
{a.a') {a.a')
(b.5) (e,d) (b.5) (e,c) (b.5)

15

’
{a.a')

(b.b)
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difficult language

(a.d' (a,a (o p
a.a) ) {a,.a') (a,.a) ( ' (
{a.a') {a.a) ( ' (
{a,a') {a,.a)
. (b B ) (b &) ’ T, T,
le,c) .0 leye (e.d) (b.b) (ce) (b &) ( A (b Y ( 1 by
c,c 9 ) C 9 ' ’ ¥ ’ | ’
! (e,d) (b.Y)  (c,c) (b.4)
(a.a') {a.a) (ot (
(a.a) (a.a ) ( ' (
(a,a') (a.a) P ¢
(a.a) {a,.a)
L N
(L' . (b's
( (&5 ) « (&%) } , ]
c) (e,c) dec) (b))  (ed) (b ) | ' (e '
£, \a.9) c,.c \2.9) J , {
' ! c,c) (bb) (c,d) (b&)
| ’ f ’ f ’ f ’
a.a) a.a) a.a) a.a)
[ N N

sequence
of

elements

Language: a word 1s 1n the language 1iff
some sequence of elements 1s conflict-free

15
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difficult language

sequefnce U W U W

elements

Language: a word 1s 1n the language 1iff

some sequence of elements 1s conflict-free
~no conflict

a,a’) < ~ (a,a’)

\ conﬂlct / x

(b, b) (d,d')

15
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difficult language

sequence U U W W
elements

Language: a word 1s 1n the language 1iff
some sequence of elements 1s conflict-free

closely related to Cai-Fuerer-Immerman graphs (1992)

15
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difficult language

............

sequence UJ LU LU

elements

Language: a word 1s 1n the language 1iff
some sequence of elements 1s conflict-free

recognized in NP: guess a sequence of elements

15
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difficult language

..............

sequefnce U W U W

elements

Language: a word 1s 1n the language 1iff
some sequence of elements 1s conflict-free

recognized in NP: guess a sequence of elements

not recognized by a deterministic machine:
enumeration of sequences of elements 1s not
doable by a deterministic machine

15
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n
A~

difficult language

(Ci(j+1)acg(j+1))

> S ~—
—
.
-~
-
~—
L) .
.' .’ .'
—~ . ~—

(a(i+l)ja azi+1)j)

i)

(bija b

(aij, a;j)

i)

(c,-j,c-

16
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difficult language

(Cz'(j-’rl)a C:j(j+1))

(bij, b;;) (@i+1)5> Aig1);)

() (o) (%) (o,0)

For suthciently large size, deterministic
machine can not distinguish an input torus
from a "thpped” one

16
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recent and ON-going work

o effective characterization of standard alphabets using

CSP theory

* model-theoretic characterization of standard alphabets

(homogenizability)
 generalization to other well-behaved atoms
* applications to descriptive complexity

e characterization of standard atoms

17
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classical sets

o translate and investigate other models

sets with atoms (IN, =)
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open problems

o are standard alphabets closed under unio

* 1s every deterministic TM equivalent to

with tape alphabet equal to input alphab

* explore the complexity zoo

o translate and investigate other models

classical sets sets with atoms (IN, =)

general Petri nets elementary nets

18
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open problems

o are standard alphabets closed under unio

* 1s every deterministic TM equivalent to

with tape alphabet equal to input alphab

° explore the comp Pl .

atoms X (a finite set)

classical sets sets with atoms (IN, =) /

general Petri nets elementary nets

18
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open problems

o are standard alphabets closed under unio

* 1s every deterministic TM equivalent to

with tape alphabet equal to input alphab

° explore the comp Pl .

atoms X (a finite set)

classical sets sets with atoms (IN, =) /

general Petri nets elementary nets

data Petr1 nets general Petr1 nets

18
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Atompress HOME  ATOMBOOK  pEosE | QL

Computation with atoms

RECENT POSTS

i COMPUTATION WITH ATOMS

Standard alphabets vs. homog-
enizability This page is devoted to exchanging information regarding computa-

A conjecture concerning Brzo- tion with atoms, and techniques in Computer Science involving sets
zowskd algorithm (PRIZE!)

Derived alphabets

with atoms.

A pumping lemma for autom-
ata with stoms

Sets with atoms are also known under the names:
Fraenkel-Mostowski sets, sets with urelements, permutation mod-

els, nominal sets, and others.

Below are some recent posts about stuff under development.

PAPERS

CHARACTERIZATION OF
STANDARD ALPHABETS

19
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