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Context-free grammars (CFQ)

alphabet letters (terminal symbols) variables (non-terminal symbols)

T > ={a,b} V={BS)

transition rules (productions)

S — aSb S — s rewrite rules
L={a"sb":neN}

stateless pushdown automata
Graibach normal form: without &-transitions

S — aSB S — s B — b

s 2. SB S 2. oz B —— ¢
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Context-free gra hS

Basic Process Alge

> ={a,b} V={BS)

s . s S . - Bt

* processes (conhigurations) = words over V' o € V*
* prefix rewriting

a a a
S » SB » SBB > -
£ | B [« BB [«

b b b

the simplest model of recursive programs
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Deterministic context-free graphs

Simple grammars
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Deterministic context-free graphs

Simple grammars

for every alphabet letter a,
Y. ={a,b} V ={B,S} every variable has at most one a-rule

s = SB S = ¢ B2 =«

N
A 4
n
oy
A4
o
o
oy
\4

£ | B [« BB |«
b b b

determinism:  for every alphabet letter a, every
process has at most one a-successor
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Y, ={a,b} V ={B,S}

a S b

S — SB S — ¢ B— ¢

* processes (configurations) = multisets over V' o ¢ 1/*
* unrestricted rewriting

b b b
A
{5} - » (S, B} - » (S, B,B) - > ...
S S S
\ 4 \ 4 \4
() - B} - B, B} |«
b {B} b { } b
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Commutative context-free

Basic Parallel Processes (BPP

>, ={a, b}

a

V =1{B,S}

S — SB

S

8
-

o
L

B —

b

o
|

* processes (configurations) = multisets over

e unrestricted rewriting

b b b
A
[S) - » (S, B) —>{{5.B, B} -
S S S
\ 4 \ 4 \4
0 - |B} - |B, B} =
b b b

the simplest model of parallel programs

graphs

acV”

> -
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* Background
* Context-free graphs and commutative context-free graphs

e Bisimulation equivalence problem
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Bisimulation Game

A
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\4 \4 \4
B B,B
() - b | B} |« ™ (B, B) |- -

Two-player game (between Spoiler and Duplicator)

proceeding in rounds
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Two-player game (between Spoiler and Duplicator)

proceeding in rounds

Configurations = pairs of processes (o, 3) € V* x V*
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Bisimulation Game

b b b
e A
{S} - \>\{SD —>{S.B,B} >

S S S
Y Y Y
0 - {B} < /{B:B}<
b b ~Ne—“ b

Two-player game (between Spoiler and Duplicator)
proceeding in rounds

Configurations = pairs of processes (o, 3) € V* x V*

o ~ [ aff Duplicator has a winning strategy from (o, )
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Bisimulation equivalence

R C V*xV*

R 1s a bisimulationif R C exp(R)

(o, B) € exp(R) <=
Va o — o = B — B and (¢/,B8)€ER
B B = a = o and (¢/,B8)€ER

Bisimulation equivalence 1s the union of all bisimulations

~ U {R: R is a bisimulation}

Bisimulation equivalence 1s the greatest bisimulation.
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Other equivalences

(tree semantics)

Y

bisimulation semantics

Y

2-nested simulation semantics

1; ssible worlds semantics

ready trace semantics

simulation semantics \ /

fatlures semantics
completed trace semantics

trace semantics

grat®

ready smmlu!mn sem
é possible-futures semantics

failure trace semantics readiness semantics

3t
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Decision problem

Given a plain/commutative CFG and two processes
a,BeV”
decide whether they are equivalent

a ~ B 1
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* Bisimulation equivalence problem
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Norm

Norm of a variable X 1s the 1ength of the shortest path to €

X 2 0 2 ¢

(if such path exists)
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D

N O rm . the empty

process

{

Norm of a variable X 1s the length of the shortest path to ¢

X 2 0 2 oe
(if such path exists)
Example:
Xl AN E XQ AN X1 X2 L Xle X3 AN XQ

X, 2 X.Xs X4 = X, X X, X: % XaX,

Xy =1 |Xo|=2 [X3|=3 |X4|=6 |Xs|=7

Norms can be easily computed

X S YZ |X|=|Y|+|Z]+1
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A variable X 1s normed if X has finite norm.
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A variable X 1s normed 1t X has finite norm.
if X generates a word.

A grammar 18 normed 1if every 1ts variable 1s normed.
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Fact: Norm of a variable is at most exponential:

X S YZ |X|=|Y|+|Z]+1

Fact: Bisimulation equivalence 1s norm-preserving:

X ~Y = |X| = |V

Normedness simplifies the bisimulation equivalence problem
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Norm

Fact: Norm of a variable is at most exponential:

X S YZ |X|=|Y|+|Z]+1

Fact: Bisimulation equivalence 1s norm-preserving:

X ~Y = |X| = |V

Normedness simpliﬁes the bisimulation equivalence problem

but does not simplify the language equivalence problem
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* Bisimulation equivalence problem
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e History of the problem
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Complexity of
bisimulation equivalence

EXPTIME-hard
in 2-EXPTIME

P-complete PSPACE-complete
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Complexity of
bisimulation equivalence

EXPTIME-hard

in 2-EXPTIME . m.}.-n..,,, /
N
PSPACE-complete \ﬁm/

This motivates searching for ethcient polynomial-
time algorithms, aiming at understanding better
the structure of bisimulation over BPA and BPP
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0”8 [L., Rytter 2006] Steffen 1995]
n”5 [Czerwiniski, L. 2010] «2-EXPTIME [Jancar 2013]
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normed unnormed
1angu.age *n”\7 [Bastien, Czyzowicz, Fraczak, Rytter 2005] «2-EXPTIME [Korenjak,
e.qm}" *n”6 [L., Rytter 2006] Hopcroft 1966]
simple
P | \nA3 [Crerwinski’s PhD thesis 2012] “EXPTIME [Caucal 1990]
grammars
*decidable [Beaten, Bergstra, Klop 1987]
*EXPTIME [Huettel, Stirling 1991] «decidable [Christensen,
*NPANP [Huynh, Tian 1994] Hirshfeld, Stirling 1995]
~ BPA | <P [Hirshfeld, Jerrum, Moller 1996] * 2-EXPTIME [Burkart, Caucal,
n"8 [L., Rytter 2006] Steffen 1995]
n?5 [Czerwinski, L. 2010] *2-EXPTIME [Jancar 2013]
'n’*4 [Czerwiniski's PhD thesis 2012]
) *decidable [Christensen,
_ BPP OP [leshfeld, Jerrum, MOHEI‘ 1996] Hirshfeld, MOHGI‘ 1995]
*n”3 [Jancar, Kot 2004] «PSPACE [Jancar 2003]

bisimulation equivalence in presence of
silent steps (weak bisimulation,
branching bisimulation)

state-extended BPA and BPP
(pushdown systems, Petri nets)

lower bounds EPXTIME/PSPACE

equivalence with a finite state system
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H |St0ry (upper bound)

normed unnormed
langu.age *n”\7 [Bastien, Czyzowicz, Fraczak, Rytter 2005] «2-EXPTIME [Korenjak,
e.qu“l" *n’6 [L., Rytter 2006] Hopcroft 1966]
simple
P | \nA3 [Crerwinski’s PhD thesis 2012] “EXPTIME [Caucal 1990]
grammars
*decidable [Beaten, Bergstra, Klop 1987]
*EXPTIME [Huettel, Stirling 1991] «decidable [Christensen,
*NPANP [Huynh, Tian 1994] Hirshfeld, Stirling 1995]
~ BPA | <P [Hirshfeld, Jerrum, Moller 1996] * 2-EXPTIME [Burkart, Caucal,
n"8 [L., Rytter 2006] Steffen 1995]
n?5 [Czerwinski, L. 2010] *2-EXPTIME [Jancar 2013]
'n’*4 [Czerwiniski's PhD thesis 2012]
) *decidable [Christensen,
_ BPP OP [leshfeld, Jerrum, MOHEI‘ 1996] Hirshfeld, MOHCI‘ 1995]
*n”3 [Jancar, Kot 2004] «PSPACE [Jancar 2003]

bisimulation equivalence in presence of
silent steps (weak bisimulation,
branching bisimulation)

state-extended BPA and BPP
(pushdown systems, Petri nets)

lower bounds EPXTIME/PSPACE
equivalence with a finite state system

finiteness up to bisimulation

BPA vs. BPP
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Outline

* Background
* Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
e History of the problem

 Unique decomposition
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Congruence

a ~ o and 8 ~ B = af ~ o f

Fact: Bisimulation equivalence is a congruence,

both over BPA and BPP.




From now on we restrict ourselves to

normed
BPA and BPP

$roda, 21 sierpnia 2013



Unicabue decomposition
oth for BPA and BPP)
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Unicabue decomposition
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order variables according to norm: |Xi| < [X3| < ... < [X,)]
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Unicabue decomposition
oth for BPA and BPP)

order variables according to norm: |Xi| < [X3| < ... < [X,)]

ChOOS€ a congruence =

decomposition: X,

Qe Q & {Xl---Xi—l}*




Unicabue decomposition
oth for BPA and BPP)

order variables according to norm: |Xi| < [X3| < ... < [X,)]

ChOOS€ a congruence =

decomposition: X; = q, ae{X: ... X1}

Def: A variable is decomposable if it admits a non-trivial
decomposition; otherwise it 1s prime.
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Unicabue decomposition
oth for BPA and BPP)

order variables according to norm: |Xi| < [X3| < ... < [X,)]

choose a congruence =
decomposition:  X; = a, ae{X;...X;_1}

Def: A variable is decomposable if it admits a non-trivial
decomposition; otherwise it 1s prime.

Def: A congruence has unique decomposition property if
every variable has a unique decomposition into primes.
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Unicabue decomposition
oth for BPA and BPP)

order variables according to norm: |Xi| < [X3| < ... < [X,)]
choose a congruence =
decomposition: X; = q, ae{X: ... X1}
Def: A variable is decomposable if it admits a non-trivial
decomposition; otherwise it 1s prime.

Def: A congruence has unique decomposition property if
every variable has a unique decomposition into primes.

Fact: Every variable has a decomposition into primes.
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Unicabue decomposition
oth for BPA and BPP)

order variables according to norm: |Xi| < [X3| < ... < [X,)]

choose a congruence =
decomposition:  X; = a, ae{X;...X;_1}

Def: A variable is decomposable if it admits a non-trivial
decomposition; otherwise it 1s prime.

Def: A congruence has unique decomposition property if
every variable has a unique decomposition into primes.

Fact: Every variable has a decomposition into primes.

Thm: Bisimulation equivalence has unique decomposition

property, both over BPA and BPP.
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Unique decomposition

Example:

X, -~ ¢ X, % X, X, X XXy X: 2= X,

a b a a

X4 — X3Xo Xy — Xy Xs — Xy X — X3X3

Xy =1 |Xa|=2 [X3|=3 |X4|=6 |Xs5|=7




Unique decomposition
1s it BPA or BPP?

X, -~ ¢ X, % X, X, X XXy X: 2= X,

a b a

X, L X3X, X, — X, X = X, X: L X3X,

Example:

Xy =1 |Xa|=2 [X3|=3 |X4|=6 |Xs5|=7
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Example:
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1s it BPA or BPP?

X, -~ ¢ X, % X, X, X XXy X: 2= X,

a b a a

X4 — X3Xo Xy — Xy Xs — Xy X — X3X3

Example:
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X1
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X, -~ ¢ X, % X, X, X XXy X: 2= X,
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X, L X3X, X, — X, X = X, X: L X3X,

Example:

Xy =1 |Xa|=2 [X3|=3 |X4|=6 |Xs5|=7
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X1
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Unique decomposition
1s it BPA or BPP?

X, -~ ¢ X, % X, X, X XXy X: 2= X,

b a a

X, L X3X, X, — X, X = X, X: L X3X,

Example:

Xy =1 |Xa|=2 [X3|=3 |X4|=6 |Xs5|=7

prime variables decomposable variables
X1

Xy 4 X7 X, X3 ~ X1 Xo

X4 # Xia X4 A4 Xsa \

dec(X3)




Unique decomposition
1s it BPA or BPP?

X, -~ ¢ X, % X, X, X XXy X: 2= X,

b a a

X, L X3X, X, — X, X = X, X: L X3X,

Example:

Xy =1 |Xa|=2 [X3|=3 |X4|=6 |Xs5|=7

prime variables decomposable variables
X1
Xy 4 X7 X, X3 ~ X1 Xo
X4 7// Xl()é X Xo \
¢ 7 X dec(X3)

X5
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Algebraic perspective

unique decomposition property says that
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Algebraic perspective

unique decomposition property says that

quotient of " by

pisimulation equivalence ~ 1s a free

semigroup (resp. :

ree commutative semigroup).




Cancellation

ay ~ By = a~f
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Fact: unique decomposition — cancellation
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Cancellation

ay ~ By = a~

Fact: unique decomposition — cancellation

Proof: (both for BPA and BPP)

extend dec to all processes:

dec(a ) = dec(a)dec(S)
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Cancellation

ay ~ By = a~

Fact: unique decomposition — cancellation

Proof: (both for BPA and BPP)

extend dec to all processes:

dec(a ) = dec(a)dec(S)
a~fF <= dec(a)=dec(p)
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Cancellation

ay ~ By = a~

Fact: unique decomposition =  cancellation

Proof: (both for BPA and BPP)

extend dec to all processes:

dec(a ) = dec(a)dec(S)

and observe: an~f <= dec(a)=dec(p)

dec(a) dec(y) = dec(8)dec(y) = dec(a) = dec(p)
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BPA and BPP differ

proofs of unique decomposition

unique decomposition

A\
BPA BPP

cancellation

[ Hirshteld, Jerrum, Moller 1996]

sierpnia 2013
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Base

Base = prime variables + decompositions of other variables

$roda, 21 sierpnia 2013



Base

Base = prime variables + decompositions of other variables

Primes and decompositions may be chosen arbitrarly
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Base

Base = prime variables + decompositions of other variables

Primes and decompositions may be chosen arbitrarly

Example:

X1 = € X2 AN Xl X2 — X1X1 X3 AN X2
X, X X2X, X, — X X X X, X: 5 XaX,

X1 =1 |Xa|=2 [X3|=3 |X4|=6 |Xs|=7
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Base

Base = prime variables + decompositions of other variables

Primes and decompositions may be chosen arbitrarly

Example:

X1 AN E XQ AN X1 XQ — X1X1 X3 AN XQ

X, - XaX,  Xu % X, X: 2 Xy X: % X.X,

X1|=1 |Xo|=2 |X3/=3 |X4|l=6 |X5|/=7
decp(X3)

-

B = ({X17X27X47X5}7 {X3 :Xl XQ})
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Base

Base = prime variables + decompositions of other variables

Primes and decompositions may be chosen arbitrarly

Example:

X, = € X, — Xy X9 ’ :
X, - XaX,  Xu 2 X, X, °

X1 =1 |Xa|=2 [X3|=3 |X4|=6 |Xs|=7

decp(X3)

-

({X17 X27 X47 X5}7 {X3 — Xl XZ})

({ X1, X4}, {Xo=X1,X35=X1 X1, X5=X4})

oy
|
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It 1s suthicient to restrict to

norm-preserving

bases
X| = |decp(X)]
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It 1s suthicient to restrict to

norm-preserving
bases
X| = |decp(X)]

Example:
Xl L € XQ L Xl X2 L X1X1
X, % XaX, X, = X, X: = X,

X1 =1 |Xa|=2 [X3|=3 |X4|=6 |Xs|=7

decp(X3)

; ~

({X17 X27 X47 X5}7 {X3 — Xl X2})

({ X1, X4}, {Xo=X1,X5=X1 X1, X5=X4})
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It 1s suthicient to restrict to

norm-preserving
bases
X| = |decp(X)]

Example:
Xl L € XQ L Xl X2 L X1X1
X, % XaX, X, = X, X: = X,

X1 =1 |Xa|=2 [X3|=3 |X4|=6 |Xs|=7

decp(X3)

; ~

({ X1, X2, X4, X5}, {X3=2X1Xo}) Vyes

({ X1, X4}, {Xo=X1,X5=X1 X1, X5=X4})
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It 1s suthicient to restrict to

norm-preserving
bases
X| = |decp(X)]

Example:
Xl L € XQ L Xl X2 L X1X1 X3
X, % XaXo X, 2 X, X5 % X, X
X1 =1 |X2|=2 |X3]=3 |X4|=6 |X5|=7

decp(X3)
B = ({X17X27X47X5}7 {X3:X1X2}) yes
B = ({X1,X4}, {Xo=X1,X3=X1 X1, X5 =2X4}) 1O
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Base as a representation

extend decp to all processes :

decp(a f) = decg(a) decp(f)




Base as a representation

extend decp to all processes :

decp(a B) = decg(a)decp(5)

congruence represented by a base B:

o« =g B <= decg(a) = decg(h)




Base as a representation

extend decp to all processes :

decp(a B) = decg(a)decp(5)

congruence represented by a base B:

o« =g B <= decg(a) = decg(h)

Fact: A congruence has unique decomposition property
itt

it 1s represented by a base




Outline

* Background
* Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
e History of the problem
* Unique decomposition

e Naive algorithm
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Bisimulation base

Bisimulation equivalence problem:

Given a plain/commutative CFG and two processes
a,BeV”

decide whether they are equivalent:

o~ f

$roda, 21 sierpnia 2013



Bisimulation base

Bisimulation equivalence problem:

Given a plain/commutative CFG and two processes

decide whether they are equivalent:

a,BeV”®

a ~ [ X ~Y
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Bisimulation base

Bisimulation equivalence problem:

decide whether they are equivalent:

Given a plain/commutative CFG and two processes
o, B eV Lo
Y — 5
a ~ [ X ~Y

bisimulation base = base representing a bisimulation
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Bisimulation base

Bisimulation equivalence problem:

Given a plain/commutative CFG and two processes
a, eV A 7 @
Y — 5
decide whether they are equivalent:
a ~ [ X ~Y

bisimulation base = base representing a bisimulation

For solving the bisimulation equivalence problem, it 1s
sufficient to compute a bisimulation base containing the

decomposition X = 1" (if any such exists)
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Naive algorithm
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Naive algorithm

e Guess a base B
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Naive algorithm

* Guess a base B the size of B 1s at most exponential,
as 1t has to be norm-preserving
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Naive algorithm

. )
in BPA, we need a compressed

representation of decompositions

N\

* Guess a base B the size of B 1s at most exponential,
as 1t has to be norm-preserving
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Naive algorithm

e Guess a base B the size of B 1s at most exponential,
as 1t has to be norm-preserving

* For every decomposition

X = «
in B, check whether

(X,a) € exp(=gB)
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Naive algorithm

e Guess a base B the size of B 1s at most exponential,
as 1t has to be norm-preserving

* For every decomposition

X = «
1n B, check whether polynomially many equality tests

(X7 CV) < eXp(EB) decp(8) = decp(v)
X L 5 87 é Y
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Naive algorithm

e Guess a base B the size of B 1s at most exponential,
as 1t has to be norm-preserving

* For every decomposition

X = «
1n B, check whether polynomially many equality tests

(X7 CV) < eXp(EB) decp(8) = decp(v)
X L 5 87 é Y

B C exp(=) = =p C exp(=pB)

[Caucal 1990]
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Compressed representation of strings
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Compressed representation of strings

. straight-line programs
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Compressed representation of strings

. straight-line programs
* acyclic morphisms
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Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word
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Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word

Example: X, — @
X — ab
X, — X1 X
Xs — XX,
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X; — X2 X,




Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word

Example: X, — @
X — ab
Xs — X1Xo  aba
—

Xo X1 abaab




Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word

Example: X, — @
X — ab
X, — XX, aba
X3 — XoXy abaab
aﬂbaababa




Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word

Example: Xy —  «
X — ab
X, — X1 X, ba
X3 — X2Xy baab

paababa
pbaababaabaab
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Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word

Example: Xy —  «
X — ab
X, — X1 X, ba
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pbaababaabaab
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Compressed representation of strings

. straight—line programs
* acyclic morphisms
* grammars generating a single word

Example: Xy —  «
X — ab
Xs — X1 X, aba
X; — X2 X, abaab
abaababa
abaababaabaab

* exponential compression
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Compressed representation of strings

. straight-line programs
* acyclic morphisms
* grammars generating a single word

Example: Xy —  «
X — ab
Xs — X1 X, aba
X; — X2 X, abaab
abaababa
abaababaabaab

* exponential compression
* efhcient manipulation without decompression
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Operations on compressed strings
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Operations on compressed strings

A — BC
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Operations on compressed strings
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Operations on compressed strings

A — BC

A — B(C
X — Y/
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Operations on compressed strings

A — BC

A — B(C
X — Y/

equality test A = X ?
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Operations on compressed strings

A — BC

A — B(C
X — Y/

equality test A = X ?
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Operations on compressed strings

occurence test
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Operations on compressed strings

occurence test
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Operations on compressed strings

occurence test Fact:

The set of occurrences of X in A
touching the cutting point 1s an
arithmetic progression
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Operations on compressed strings

occurence test Fact:

The set of occurrences of X in A
touching the cutting point 1s an
A arithmetic progression

How to compute the occurrence table?
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Computing occurrence table
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Computing occurrence table
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Computing occurrence table
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Computing occurrence table
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BPA and BPP differ

polynomial-time algorithms

A sequence of over-approximating congruences:

EBOQ EBl 2 EBQD D EBn — ~

yielded by an efficient refinement step:

B;, — ref(BZ) — Bi—l—l
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BPA and BPP differ

polynomial-time algorithms

A sequence of over-approximating congruences:

EBOQ EBl 2 EBQD D EBn — ~
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polynomial-time algorithms

A sequence of over-approximating congruences:
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BPA and BPP differ

polynomial-time algorithms

A sequence of over-approximating congruences:

EBOQ EBl 2 EBQD D EBn — ~

>
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Outline

: Background
Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
e History of the problem
e Unique decomposition

* Naive algorithm

e Efficient algorithm for BPA and BPP
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Outline

* Background
* Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
* History of the problem
* Unique decomposition

* Naive algorithm

» Efficient algorithm for BPA and BPP

¢ QOutline of the algorithm
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Outline of the algorithm

1. Compute the imitial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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Novel iIdeas
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Novel Ideas

* application of BPP approximation scheme to BPA




Novel iIdeas

* application of BPP approximation scheme to BPA

In consequence, there 1s essentially one algorithm

for both BPA and BPP
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Novel Ideas

* application of BPP approximation scheme to BPA
* careful exploitation of unique decomposition

In consequence, there 1s essentially one algorithm

for both BPA and BPP
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Novel ideas

* application of BPP approximation scheme to BPA
* careful exploitation of unique decomposition
» etficient operations on compressed strings

In consequence, there 1s essentially one algorithm

for both BPA and BPP
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Number of iterations

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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Number of iterations

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

Fact: The algorithm halts after n iterations.
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Number of iterations

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

Fact: The algorithm halts after n iterations.

Proof:
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Number of iterations

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

Fact: The algorithm halts after n iterations.

Proof: Every iteration increases the number of primes.
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Number of iterations

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

Fact: The algorithm halts after n iterations.

Proof: Every iteration increases the number of primes.

B=(P,E) ref(B)= (P E)
=ref(B) C=p — P QP’
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Initial base

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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Initial base

Outline of W m:

1. Compute thm

2. Compute the r (B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.
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Initial base
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Initial base

Outline of thﬁll&ithm:

1. Compute thm

2. Compute the r (B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.

X1 < | X < ... < X,

primes: P = {Xi}

decompositions: F = {X; =

correctness: ~ C =
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Refinement

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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Refinement

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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Refinement

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem
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4. Assign B := ref(B) and go to step 2.
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Refinement

Outline of the algorithm:
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4. Assign B := ref(B) and go to step 2.

correctness: =.f(B) & =B

$roda, 21 sierpnia 2013



Refinement

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem
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Refinement

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

correctness: =.f(B) & =B

~ C =p — ~ C =ref(B)

=ref(B) — =B — =B =
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Refinement

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

correctness: =.f(B) & =B

@B) = =B) —> =B = ™

~ C =p — ~ C =ref(B)
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Halting conaition

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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Halting condition

Outline of the algorithm:

1. Compute the initial base B
e the refinement ref(B)

en halt and return B

2. Comp
3.1

(ref(B) = B

4. Assign B := ref(B) and go to step 2.
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Halting conaition

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)

3. Ifref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

Fact: ref(B) = B <= =B — =B
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Halting conaition

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)

3. Ifref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

FaCt ref(B) =5 < Eref(B) — =R

Proof:
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Halting conaition

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B)

. If{ret(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.

Fact: ref(B) = B <=

Proof: =) € =B

=ref(B)
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Halting conaition

Outline of the algorithm:

1. Compute the initial base B
e the refinement ref(B)

(ref(B) = B

:= ref(B) and go to step 2.

2. Comp
3.1

4. Assign

en halt and return B

Fact:

Proof:

ref(B) =5 < =ref(B)

=ref(B) & =B

unique decomposition of =g
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Outline

* Background
* Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
* History of the problem
* Unique decomposition

* Naive algorithm

» Efficient algorithm for BPA and BPP

* Outhine of the algorithm

¢ Refinement
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What refinement?

Outline of the algorithm:

1. Compute the initial base B
2. Compute the refinement ref(B) B — ref ( B )

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.
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What refinement?

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem B — ref( B )
3. If ref(B) = B then halt and return B

4. Assign B := ref(B) and go to step 2.
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What refinement?
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1. Compute the initial base B
2. Compute the reﬁnem e f(:)
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4. Assign B := ref(B) and go to step 2.
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What refinement?

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem —  re f(:)
3. If ref(B) = B then halt and return B o o

4. Assign B := ref(B) and go to step 2.

= 1s a congruence with unique decomposition property

\v/

ref(=) is a congruence with unique decomposition property
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What refinement?

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem —  re f(:)
3. If ref(B) = B then halt and return B o o

4. Assign B := ref(B) and go to step 2.

= 1s a congruence with unique decomposition property

\v/

ref(=) is a congruence with unique decomposition property

= = = Nexp(=)
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What refinement?

Outline of the algorithm:

1. Compute the initial base B
2. Compute the reﬁnem —  re f(:)
3. If ref(B) = B then halt and return B o o

4. Assign B := ref(B) and go to step 2.

= 1s a congruence with unique decomposition property

\v/

ref(=) is a congruence with unique decomposition property
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—N\Z= N exp(=)
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= \ZE N exp(=)

Example:
X, - X, -“% X, X, 2 XX, Xs % X,

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
Xy =1 |Xo|=2 |Xs|=3 |Xul=6 [Xs|=7
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= \ZE N exp(=)

Example:
b

” a r a r r r v e a r
/\1 — E 1\2 — )&1 /\2 — /\1A1 z\3 — /\2
a b a a

Xy — X3Xo Xy — Xy X5 — Xy X5 — X3X3
X1 =1 [Xo|=2 |X3|=3 |Xu|=6 |X5|=7

et a = f < |ao| = |f]
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—N\Z= N exp(=)

Example:
X, % = Xo 2 X; Xo i X, Xs % X,
b

Xy ll X3 Xo Xy — Xy X5 Xy X5 X3 X3
X1 =1 |Xo|=2 [X3]=3 |X4=6 |X5=7

b \

a a

et a = f < |ao| = |f]

X7 and X, are primes wrt. = N exp(=)

$roda, 21 sierpnia 2013



—N\Z= N exp(=)

Example:

X1 — 3 Xo = X, Xo , X1X1 X3 = X,

)(4 = )(3 )(2 )(4 —b° )(4 )(5 L )(4 )(5 - 4¥3 JX'S
Xi|=1 [Xo|=2 [X3/=3 [Xu/=6 |X5/=7

let o = <= |a| = |f]

X7 and X, are primes wrt. = N exp(=) (X2, X1X1) ¢ exp(=)
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—N\Z= N exp(=)

Example:
X, % = Xo 2 X; Xo i X, Xs % X,
b

Xy ll X3 Xo Xy — Xy X5 Xy X5 X3 X3
X1 =1 |Xo|=2 [X3]=3 |X4=6 |X5=7

b \

a a

et a = f < |ao| = |f]

X7 and X, are primes wrt. = N exp(=)
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= \ZE N exp(=)

Example:

. a , , . b S
JXI ; £ )&2 2, \1 )\2 - )\1A1
. a S > b , . a >

4X4 : 4X31X2 4X4 — JX4 \5 ‘ JX4

X1 =1 |Xo|=2 [X3]=3 |X4=6 |X5=7

et a = f < |ao| = |f]
X7 and X5 are primes wrt. = N exp(=)

(X1 X1 X1, X1 Xy) € = Nexp(=)

X3
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Right refinement

= — gnrb(= N exp(=))
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Right refinement

= — gnrb(= N exp(=))

greatest
norm-reducing
bisimulation

contained 1n
= N exp(=)




Norm-reducing bisimulation
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Norm-reducing bisimulation

norm-reducing transitions:

a — B Bl <l Bl =lal -1
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Norm-reducing bisimulation

norm-reducing transitions:

a — B Bl <l Bl =lal -1

norm-reducing bisimulation expansion n-r-exp(_)




Norm-reducing bisimulation

norm-reducing transitions:

a — B 8] <] 8] = |a] —1
norm-reducing bisimulation expansion n-r-exp(_)

R is a n-r-bisimulation if R C n-r-exp(R)




Norm-reducing bisimulation

norm-reducing transitions:

a — B 8] <] 8] = |a] —1
norm-reducing bisimulation expansion n-r-exp(_)

R 1s a n-r-bisimulation if R C n-r-exp(R)

Greatest norm-reducing bisimulation contained in = :

def

gnrb(=) U {R : R is a norm-reducing bisimulation, R C =}
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Right refinement

gnrb(= N exp(=))
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Right refinement
gnrb(= N exp(=))

Adaptation of Bisimulation Game:
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Right refinement
gnrb(= N exp(=))

Adaptation of Bisimulation Game:

I}
@

* positions always belong to = 0

(otherwise Spoiler wins)

* Spoiler may freely use norm-reducing transitions
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Right refinement
gnrb(= N exp(=))

Adaptation of Bisimulation Game:

I}
@

* positions always belong to = 0

(otherwise Spoiler wins)

* Spoiler may freely use norm-reducing transitions

* Spoiler may use an arbitrary transition once,
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Right refinement
gnrb(= N exp(=))

Adaptation of Bisimulation Game:

I}
@

* positions always belong to = 0

(otherwise Spoiler wins)

* Spoiler may freely use norm-reducing transitions
* Spoiler may use an arbitrary transition once,

thus declaring the move to be the last one
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Correctness of refinement

= — gnrb(= N exp(=))
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Correctness of refinement

= +— gnrb(= N exp(=))

Theorem:

= 1s a congruence with unique decomposition property

Vg
gnrb(= N exp(=)) is a congruence

with unique decomposition property




Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

\v/

gnrb(= Nexp(=)) isa congruence

with unique decomposition property
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Proof ot for 8Pa and BPP)

Theorem:

@is a congruence with unique decomposition property
1S NOrm-preserving

\v/

gnrb(= Nexp(=)) isa congruence

with unique decomposition property
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Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

N
gnrb(@ GX@) 1S a congruence

with unique decomposition property
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Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

N
gnrb(@ GX@) 1S a congruence

is a congruence with unique decomposition property
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Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

@E N exp(=)) is a congruence

wit ique decomposition property
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Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

\v/

gnrb(= N exp(=)) is a con
@:‘;ﬁomposiﬁon p@
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Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

N
gnrb(= N exp(=)) is a con
@iﬁomposiﬁon p@

Lemma:
gnrb(= N exp(=)) has unique decomposition property
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Proof ot for 8Pa and BPP)

Theorem:

= 1s a congruence with unique decomposition property

\v/

gnrb(= N exp(=)) is a con
@qﬂaﬁomposiﬁon p@

Lemma:
gnrb(= N exp(=)) has unique decomposition property

a crucial technical observation

$roda, 21 sierpnia 2013



Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:
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Lemma.
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
{(a,8) : (av,B87) € gnrb(= N exp(=))}

1s a norm-reducing bisimulation contained in = N exp(=)
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
{(a,8) : (av,B87) € gnrb(= N exp(=))}

1s a norm-reducing bisimulation contained in = N exp(=)

Uniqueness of prime decomposition by induction on norm
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
{(a,8) : (av,B87) € gnrb(= N exp(=))}

1s a norm-reducing bisimulation contained in = N exp(=)

Uniqueness of prime decomposition by induction on norm
(P1 e Pnan e Qm) c gIll”b(E M exp(z))
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
{(a,8) : (av,B87) € gnrb(= N exp(=))}

1s a norm-reducing bisimulation contained in = N exp(=)

Uniqueness of prime decomposition by induction on norm

(P1 Pnan Qm) c gIll"b(E M exp(E))
n,m# 1
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
{(a,8) : (av,B87) € gnrb(= N exp(=))}

1s a norm-reducing bisimulation contained in = N exp(=)

Uniqueness of prime decomposition by induction on norm
(P1 . Pnan e Qm) = gIll”b(E M exp(z))
n,m #* 1

Pp, = @Qm by induction assumption
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPA:

Existence of prime decomposition by induction on norm

Cancellation: ay ~ 87y = a ~ 8
{(a,8) : (@7,87) € gurb(= N exp(=))}

1s a norm-reducing bisimulation contained in = N exp(=)

Uniqueness of prime decomposition by induction on norm
(Py ... P,Q1 ... Q) € gnrb(= Nexp(=))
n,m #* 1
Pp, = @Qm by induction assumption
the lemma follows by cancellation and induction assumption
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:
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Lemma.
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

$roda, 21 sierpnia 2013



Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

(X0t X0 X0 X0 € gnrb(= Nexp(=))

n
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

(X0t X0 X0 X0 € gnrb(= Nexp(=))

n

[Xa| < [ Xa] < .0 <X
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

aq an, bl bn p— p—
(X7t ..o X X7t Lo X)) € gnrb(= N exp(E)) Xl < 1Kl < ... < X

let m = max{? : a; # b;}
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

X X% xbi o xba = =
(X3 n o X1 ') € gnrb(= N exp(=)) X1 < [Xo] < ... < |X,|

let m = max{i : a; # b;} U > by,
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm
aq an, bl bn p— p—
(X7 oo Xom o X7 Lo X)) € gnrb(= N exp(=)) Xl < %] < ... < |Xy
let m = max{i : a; # b;} U > by,

Case I:  a; > 0 for some i < m
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm
aq an, bl bn p— p—
(X7 oo Xom o X7 Lo X)) € gnrb(= N exp(=)) Xl < %] < ... < |Xy
let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

$roda, 21 sierpnia 2013



Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

X X% xbi o xba = =
( 1 n 1 n ) S gIlI'b( ﬂeXp( )) ’Xﬂ < ’X2’ < ... < ‘X'n‘

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; > 0 for some 7 > m
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

X X% xbi o xba = =
( 1 n 1 n ) S gIlI'b( ﬂeXp( )) ’Xﬂ < ’X2’ < ... < ‘X'n‘

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; >0 for some i >m  Spoiler moves on the left
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

X X% xbi o xba = =
( 1 n 1 n ) S gIlI'b( ﬂeXp( )) ’Xﬂ < ’X2’ < ... < ‘X'n‘

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; >0 for some i >m  Spoiler moves on the left

Case III: an = 2
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

aq an, bl bn p— p—
(X7t ..o X X7t Lo X)) € gnrb(= N exp(E)) Xl < 1Kl < ... < X

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; >0 for some i >m  Spoiler moves on the left

Case III: an = 2
b,, =0
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

X X% xbi o xba = =
( 1 n 1 n ) S gIlI'b( ﬂeXp( )) ’Xﬂ < ’X2’ < ... < ‘X'n‘

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; >0 for some i >m  Spoiler moves on the left

Case III: apm =2
bmn =0  Spoiler moves on the left
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

X X% xbi o xba = =
( 1 n 1 n ) S gIlI'b( ﬂeXp( )) ’Xﬂ < ’X2’ < ... < ‘X'n‘

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; >0 for some i >m  Spoiler moves on the left

Case III: an = 2

b = Spoiler moves on the left
b =1
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Lemma:
gnrb(= N exp(=)) has unique decomposition property

Proof for BPP:

Existence of prime decomposition by induction on norm

Uniqueness of prime decomposition by induction on norm

aq an, bl bn p— p—
(X7t ..o X X7t Lo X)) € gnrb(= N exp(E)) Xl < 1Kl < ... < X

let m = max{i : a; # b;} U > by,

CaseI:  a; >0 for somei <m  Spoiler moves on the left

Case II: a; >0 for some i >m  Spoiler moves on the left

Case III: apm =2
bmn =0  Spoiler moves on the left
b 1

Spoiler moves on the right
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One common algorithm.

What about one common proof?

unique decomposition

BPA/]\ \LBPP

cancellation

$roda, 21 sierpnia 2013



One common algorithm.

What about one common proof?

possible in the setting of
partially-commmutative
context-free graphs

unique decomposition

BPA/]\ \LBPP

cancellation
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Outline

* Background
* Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
* History of the problem
* Unique decomposition

* Naive algorithm

» Efficient algorithm for BPA and BPP

* Outhine of the algorithm
e Refinement

e Efficient computation of refinement for BPA
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Computation of refinement

= +— gnrb(= N exp(=))

Fact: (a,8) egnrb(=) < o =p and (a,f) € n-r-exp(gnrb(=))
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Computation of refinement

= +— gnrb(= N exp(=))

Fact: (a,8) egnrb(=) < o =p and (a,f) € n-r-exp(gnrb(=))
fixpoint characterization




Computation of refinement

= +— gnrb(= N exp(=))

Fact: (a,8) egnrb(=) < o =p and (a,f) € n-r-exp(gnrb(=))

Proof:

$roda, 21 sierpnia 2013



Computation of refinement

= +— gnrb(= N exp(=))

Fact: (a,8) egnrb(=) <= a =p and (a,B) € nr-exp(gnrb(=))

Proof: The following relation 1s an n-r-bisimulation:
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Fact: (o,8) e gnrb(=) —

a =0 and («,f) € n-r-exp(gnrb(=))

Proof: The following relation 1s an n-r-bisimulation:

{(a, B) :a« = B and (o, ) € n-r-exp(gnrb(=))}

Corollary:
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Computation of refinement

= +— gnrb(= N exp(=))

Fact: (a,8) egnrb(=) <= a =p and (a,B) € nr-exp(gnrb(=))

Proof: The following relation 1s an n-r-bisimulation:

{(a, B) :a« = B and (o, ) € n-r-exp(gnrb(=))}

Corollary: Let B’ = ref(B). Then (X;,a)€ =g iff




Algorithm 1 Naive algorithm
1: initialise B = (P, E') as the base of =;

2: P = P:

3: repeat

4: E" = 0;

5: for all X; € ({Xq,....X,,} \ P) do

6: for all o such that |a| = |X;| do

7 if teSt(p/’EI)(‘Xi, ai) then

8: E'=FE U{(X; =a)};

9: break the inner for loop;

10: end if

11: end for

12: if the inner for loop not broken then
13: P =P U{X;}:

14: end if Outhine of the algorithm:
15: end for

1. Compute the initial base B
2. Compute the refinement ref(B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.

16: P:=P; FE :=FE"

17: until P does not change
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Algorithm 1 Naive algorithm
1: initialise B = (P, E') as the base of =;

2: P .= P;

3: repeat

4: E = (Z)

5: for all X; E({XQ....,Xn}\P) do

6: ' '

7 X, =g «

8: , (a) (Xj.«a)€ =p

9: break the inner for loop:; (b) (X, a) € exp(=p)

10: end if i .
. ond for (¢) (Xj.«) € nr—exp(=p’)
12: if the inner for loop not broken then

13: P =P U{X;}:

14: end if Outhine of the algorithm:

15: end for

1. Compute the initial base B
2. Compute the refinement ref(B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.

16: P =P F:=FE;
17: until P does not change
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Algorithm 1 Naive algorithm
1: initialise B = (P, E') as the base of =;

2: P = P:

3: repeat

4: E" = 0;

5: for all X; € {Xs X, 1\ P)do

6: forCall a such that |a| do

7 , ) then

8: E'=FE U{(X; =a)};

9: break the inner for loop;

10: end if

11: end for

12: if the inner for loop not broken then
13: P =P U{X;}:

14: end if Outhine of the algorithm:
15: end for

1. Compute the initial base B
2. Compute the refinement ref(B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.

16: P =P F:=FE;
17: until P does not change
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Algorithm 1 Naive algorithm
1: initialise B = (P, E') as the base of =;

2: P = P:

3: repeat * small number of candidates «
4: E" = 0;

5: for all X; € {Xs X, 1\ P)do

6: forCall a such that |a| do

7 ) then

8: B = E’ J{(X; = a)}:

9: break the inner for loop;

10: end if

11: end for

12: if the inner for loop not broken then

13: P =P U{X;}:

14: end if Outhine of the algorithm:
15: end for

1. Compute the initial base B
2. Compute the refinement ref(B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.

16: P =P F:=FE;
17: until P does not change
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Algorithm 1 Naive algorithm
1: initialise B = (P, E') as the base of =;

2: P = P:

3: repeat * small number of candidates a
4: E" = 0; * compressed representation of a’s
5: for all X; € {Xs X, 1\ P)do

6: forCall a such that |a| do

7 ) then

8: B = E’ J{(X; = a)}:

9: break the inner for loop;

10: end if

11: end for

12: if the inner for loop not broken then

13: P =P U{X;}:

14: end if Outhine of the algorithm:

15: end for

1. Compute the initial base B
2. Compute the refinement ref(B)

3. If ref(B) = B then halt and return B
4. Assign B := ref(B) and go to step 2.

16: P =P F:=FE;
17: until P does not change
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Until now we dealt with both
BPA and BPP
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Until now we dealt with both
BPA and BPP

From now on we restrict
ourselves to BPA
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| eft-most prime factor (lpf)
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B
iff
Xz' —B Xj Q, for some o € (P M {Xl .. -Xi—l})*
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja, forsomeae (P N {X;...X; 1})"
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Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja, forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— aq; o € {X1.. . X,V
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Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja, forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— aq; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then
Xi —B Xj SU.fﬁX|Xi|_|Xj|(deCB (Oéz))

$roda, 21 sierpnia 2013



| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja, forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— aq; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

XZ- —B Xj SufﬁX|Xi|_|Xj|(deCB(Oéi)) suthx wrt. norm
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja, forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— aq; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

XZ- —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja,|forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

XZ- —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja,|forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

XZ- —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined

Proof:
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja,|forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

Xi —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined

Proof: Bisimulation Game for X; =5 X,
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja,|forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

Xi —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined

Proof: Bisimulation Game for X; =5 X,

. , a
Spoiler’s move: Xi — o
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja,|forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

Xi —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined

Proof: Bisimulation Game for X; =5 X,
Spoiler’s move: X, —
Duplicator’s response:  X; — 7
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff X; = Iptp(X;)
X; =g Xja,|forsomeae (P N {X;...X; 1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then

Xi —B Xj SufﬁX|Xi|_|Xj|(deCB (Ozz)) suthx wrt. norm
may be undefined

Proof: Bisimulation Game for X; =5 X,
Spoiler’s move: Xi — o
Duplicator’s response:  X; — 7 a; =B Y«
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| eft-most prime factor (lpf)

Def: X, € P is left-most prime factor of X; wrt. B

iff

Xj e lpr (Xz)

X; = Xja,|forsomeae (P N {X;...X;_1})"

Fix norm-reducing transitions X; —— a; o € {X1.. . X,V

Facl: If =g is norm-reducing bisimulation and X; = Ipfg(X;) then
Xi —B Xj SUfﬁX|Xi|_|Xj|(d€CB (Oéz))

sufthx wrt. norm

may be undeﬁned
Proof: Bisimulation Game for X; =5 X,

Spoiler’s move:

X,L' i) 07
: , a .
Duplicator’s response: X; — 7 oF

decp(a;)

B T«
decp(7v) decp(a)




Algorithm 1 Naive algorithm
1: initialise B = (P, E') as the base of =;

2: P':= P;

i repeg}', — ()- * small number of candidates a
5 for all X; € JeEm—— ) do

6 forCall a such that |a| = do

7 if testprpr(7x;, @) then

8 E'=FE U{(X; =a)};

9: break the inner for loop;

10: end if

11: end for

12: if the inner for loop not broken then
13: P =P uU{X;};

14: end if

15: end for

16: P =P F:=FE;

17: until P does not change
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Small number of candidates
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Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:

X, = X« where o = suffix|x, _|x,(decp (a;))

decp (X;) = X, a; €4 X1... X 1}"
decp/(;) defined




Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:
X = X,a where o = suffix|x,|_|x,|(decp: (a;))
deCB/ (XZ) — XJ o o; € {Xl ce X,,;_l}*

In other words, we check whether decp () defined




Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:

X, = X« where o = suffix|x, _|x,(decp (a;))
deCB/(XZ') Xj 8’ a; €{X1...X; 1}

In other words, we check whether decp () defined

] Plp ( ) 1pftestB, (Xzan) subroutine

on the next slide
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Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:

X, = X« where o = suffix|x, _|x,(decp (a;))
deCB/(XZ') Xj 8’ a; €{X1...X; 1}

In other words, we check whether decp () defined

] Plp ( ) 1pftestB, (Xzan) subroutine
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Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:
X = X,a where o = suffix|x,|_|x,|(decp: (a;))
deCB/ (XZ) — XJ o o; € {Xl ce X,,;_l}*

In other words, we check whether decp () defined

] Plp ( ) 1pftestB, (Xzan) subroutine

on the next slide

Proof:
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Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:
X = X,a where o = suffix|x,|_|x,|(decp: (a;))
deCB/(Xi) — X] o oy € {Xl e Xi—l}*

In other words, we check whether decp () defined

] pip (X) lpftest g, (X;, X,;) subroutine

on the next slide

Proof: Again, by unique decomposition property of =g
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Small number of candidates

When computing B’, restrict to candidate
prime decompositions of the following form:
X = X,a where o = suffix|x,|_|x,|(decp: (a;))
deCB/(Xi) — X] o o, € {Xl e Xi—l}*

In other words, we check whether decp () defined

] pip (X) lpftest g (X;, X,) subroutine

on the next slide

Proof: Again, by unique decomposition property of =g
Iptp(Ipfp (X5)) = Ipfp(X;)
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Algorithm 2 Efficient algorithm for CFG
1: initialise B = (P, E) as the base of =q;

2: P’ := P;

3: repeat

4. E' = (0

5. for all X, & (1Xy—— Ipfp(X;) < Ipfp (X;) < X;
6: if ﬁlpftest(p, E,)(X 1pf p g (Xi)) then

7: @!X%}’E)ﬂ — X;_1} N (P"\ P)do
8: if lpftest(p,’E,)(Xi,Xj) then

9: § = deC(p/,E')(ai);

10: E’":= E'"U{(X;, X; suffix|x,|—|x,((5))};
11: break the inner for loop:;

12: end if

13: end for

14: if the inner for loop not broken then

15: P =P uUl{X;};

16: end if

17: else

18: X = 1pf p gy (Xi);

19: s :=dec(ps gr)(@i);
20: E":= E'"U{(X;, X suffix|x, _|x|(5))};
21: end if
22: end for

23: P:=P'; F:=FE"
24: until P does not change
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Algorithm 2 Efficient algorithm for CFG
1: initialise B = (P, E) as the base of =q;

2: P’ := P;
3: repeat
4: E' = (0;
5. forall X; € ({Xa,...,Xn}\ P) do Ipfp(X;) < Ipfp (X;) < X;
6: if -lpftest p. 2pfp g (Ai)) tien
7: for all X, € {lefindex(p,E)-Ha---,Xz'—l}D(P,\P) 0
8: if 1pftest prpyFa=xythen
9: § = deC(p/,E')(ai);
10: E’":= E'"U{(X;, X; suffix|x,|—|x,((5))};
11: break the inner for loop:;
12: end if
13: end for
14: if the inner for loop not broken then
15: P =P uUl{X;};
16: end if
17: else
18: X = 1pf p gy (Xi);
19: s :=dec(ps gr)(@i);
20: E":= E'"U{(X;, X suffix|x, _|x|(5))};
21: end if
22: end for

23: P:=P'; F:=FE"
24: until P does not change
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Algorithm 2 Efficient algorithm for CFG

1: initialise B = (P, E) as the base of =q;

2: P’ := P;
3: repeat
4: E' = (0;
D: for all X; 3, -5 AN do
6: if ¢(lpftest p, g (Xi,1pf pl)(Xi)) then
7 (9) . Index 5 ,...,Xz-_l}ﬂ(P’\P) do
8: if 1pftest p/ gy (Xi, X;) dhen
0 ) = decip e
10: : E’":= E'"U{(X;, X; suffix|x,|—|x,((5))};
11: break the inner for loop:;
12: end if
13: end for
14: if the inner for loop not broken then
15: P =P uUl{X;};
16: end if
17: else
18: X = 1pf p gy (Xi);
19: s :=dec(ps gr)(@i);
20: E":= E'"U{(X;, X suffix|x, _|x|(5))};
21: end if
22: end for

23: P:=P'; F:=FE"
24: until P does not change
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Algorithm 2 Efficient algorithm for CFG
1: initialise B = (P, E) as the base of =q;

2: P’ := P;
3: repeat
4: E' = (0;
5: for all X; = do
6: if (lpftest p g/ (Xi, 1pf pg)(Xi)) then
7: (9) : ..,X,-_l}ﬂ(P’\P) do
8: if 1pftest p/ g hen
10: : E’":= E'"U{(X;, X; suffix|x,|—|x,((5))};
11: break the inner for loop;
12: end if
13: end for
14: if the inner for loop not broken then
15: P =P uUl{X;};
16: end if
17: else
18: X = 1pf p gy (Xi);
19: 8§ = dec(p,,E,)(ai);
20: E":= E'"U{(X;, X suffix|x, _|x|(5))};
21: end if
2% end for before explaining Ipftest
23: P:=P'; E:=FE' P & P ’
24: until P does not change let’s look at an example
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Example:

be a a b
./\1 — E JYQ — )(1 X2 — X1X1 X3 L} XQ
a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
Xy =1 |Xo|=2 |Xs|=3 |Xul=6 [Xs|=7
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Example:
b

” a a r
./\1 — E .XQ — 1\1 XQ — X1X1 X3 L?* XQ
a b a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
Xy =1 |Xo|=2 |Xs|=3 |Xul=6 [Xs|=7

FIX x1 = & Y9 =X1 3 ZXQ (Y4 =X3X2 s =X3X3
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Example:

> a . a . b -
/\1 — E ./\2 — 1\1 XQ — Xl)il X3 L,\ XQ
a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1l =1 |Xo|=2 [X3]=3 |X4=6 |X5=7

FIX 1 = &£ Y9 =X1 3 ZXQ (Y4 =X3X2 (5 =X3X3

XZ'HO&L'
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Example:

r a r a r e b o e a -
/\1 — E /\2 — J\l ,/\2 — 1\1)&1 )\3 — /\2
a b . a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1l =1 |Xo|=2 [X3]=3 |X4=6 |X5=7

FIX 1 = & o = X1 a3 = Xo oy = X3X9 a5 = X3.X3

XZ'%O&L'

Initial base:
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Example:
7 ' 7 7 7 b 7 7 7 7
/\1 L,* E /\2 AN J\l ,/\2 — 1\1)&1 )\3 — /\2
a b a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1l =1 |Xo|=2 [X3]=3 |X4=6 |X5=7

FIX 1 = & o = X1 a3 = Xo oy = X3X9 a5 = X3.X3

XZ%O&L

E={X, = XX
X3 = X1X1X4
Xy = X1 X1X1X1X1X
X5 = X1 X1 X1 X1 X1 X1 X4}
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Example:
Xl AN E )(2 AN Xl XQ L Xle X3 AN XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

a1 £ Y9 — Xl X3 = XQ Yq — X3X2 Q5 — /Y3/Y3
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Example:
X1 AN E X2 AN Xl X2 L X1X1 X3 AN XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

X1 = & Xy = Xl X3 = XQ Xyqg = X3X2 ¥y = X3X3

first iteration
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Example: first iteration

Xl AN E X2 AN Xl X2 L X1X1 X3 AN XQ

a b a

X, 4 X3X, X, — X, X5 X X, X: L X3X;
X1 =1 |Xa|=2 |X3]=3 |Xu|=6 |Xs5|=7

X1 = & Xy = Xl X3 = XQ Xyqg = X3X2 ¥y = X3X3

P ={X}

E=1{X, = XX
X3 = X;1X1X4
X, = XXX XXX
X5 = X1 XiXi X1 X0 XXy}
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Example: first iteration
Xl AN E XQ AN Xl XQ L X1X1 X3 AN
X, % XaX, Xy 2 X, X: % X, X: % X3Xs
Xi|=1 [Xao|=2 |X3/=3 |Xu|=6 |X5/=7
) =€ 9 = Xl g = XQ ¥q = X3X2 (x5 = X3X3
P ={X}
E:{XQ Xle
X3 = X;1X1X4
X, = X1 X1 X1 X1 X1 Xy
X5 X1 X1 X1 X X1 X, Xy}

P, — {X17X27X5 }

X1 Xo
Xo Xo Xo }
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Example: first iteration

a a b
Xl — E )(2 — )(1 XQ — Xle X3 AN XQ

X, -% XaXo Xi —— X, X: % X, X: - XuX,

X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

] = £ (Y9 = Xl g = ){2 g — X3X2 Q5 = 1¥3/Y3
P=1{X)
F={X = XX
— — ?
Xy =p Xysuffix;(decp: (a2)) X1 X1 ! X; = XiX, X
X, = XX XX X)X
Xy = X X1 XX X) X1 X))

P, — {X17X27X5 }

Xy = XoXo X5}
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Example:
Xl AN E X2 AN Xl XQ L X1X1
X4 — X3X2 X4 L X4 X5 AN

Xi|=1 |[X3|=2 |X3/=3 |Xu|=6 |X5/=7
O’5=X3X3

X1 = £ X9 = Xl Xg = XQ Xy = X3X2
X2 — s ¥ X1 SUfﬁXl(deCB/(ag)) — Xl X1 7
Xi =B’ «

(a) (Xij,a)€ =p
(b) (Xi.a) € exp(=p)
(¢) (Xi,«) € nr—exp(=p’)

first iteration
X3 2, Xo

X: L X3X;

P ={X}

E=1{X, = XX
X3 = X;1X1X4
X, = XXX XXX
X5 = X1 XiXi X1 X0 XXy}

P,: {X17X27X5}
F=1{X3s = X1X,
Xy Xo Xo Xo }
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Example: first iteration

Xl AN E X2 AN Xl XQ L X1X1 X3 AN XQ

X, % XaXo Xa —— X, X: % X, X: - XuX,
X =1 |Xo|=2 |X3|=3 [X4|=6 |Xs|=7

X1 = £ X9 = Xl Xg = XQ Xyqg = X3X2 ¥y — X3X3

P ={X}
E={X = XX,
X2 EB/ X]_ SUHiX]_(deCB/(OZQ)) — X]_ X]_ ? nO! (b) X3 _ X1X1X1
Xy = X1 X1 X1 X1 XXy
Xs = X1 X1 X1 X1 X1 X5 X4}
(X)i o) € P’ = {X1,X2, X5 }
a A, ) € =B ’
E = {1 Xy =
(b) (Xi,a) € exp(=p) 1 X3 X1 X2
(¢) (Xi,«) € nr—exp(=p’) X4 — X2 X2 X2}
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Example: first iteration

a a b a
Xl — E )(2 — )(1 XQ — Xle X3 — XQ
a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

E Y9 — Xl ¥y — /YQ Yq — X3X2 X5 — xY3xY3

] =
P ={X}
E=1{X = X X
Xy =p X;psuffix;(decp/(az)) = X;X; 7?7 nolw Y v
X, = X1 X1 X1 X1 X1 Xy
Xg — B/ Xl SUfﬁXg(deCB/(Oég)) — X1 X2 7 oo = XX XXX X
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xi,a)€ =p ’
EF=1X3 = X;3X
(b) (Xj.«a) € exp(=p) { 3 1 <\2
() (Xi,a) € nr—exp(=p) Xy = XoXoX5}
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Example: first iteration

a a b a
Xl — E )(2 — )(1 XQ — Xle X3 — XQ
a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

E Y9 — Xl ¥y — /YQ Yq — X3X2 X5 — xY3xY3

] =
P ={X}
E=1{X = X1X
Xy =p/ Xisuffix;(decp (az)) = X1X; 7?7 nolw Y v
X4 = X1 X1 X1 X1 X1 X4
X3 =B/ Xl SUfﬁXQ(deCB/(OZB)) — Xl X2 ? yeS! X5 = X1 X1 X1X1X7 X1 X4}
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xi,a)€ =p ’
E = 1X3 = X1X
(b) (Xj.«a) € exp(=p) { 3 1 <\2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 X2 }
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Example: first iteration

a a b -
Xl — E )(2 — )(1 X2 — Xl)il X3 L‘ XQ

a - b - a a

X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

] =& ag = X az = Xo g = X3Xo as = X3X3
P ={X}
E=1{X = XX
Xy =p/ Xisuffix;(decp (az)) = X1X; 7?7 nolw Y v
X, = X1 X1 X1 X1 X1 Xy
X3 =B/ Xl SUfﬁXz(deCB/ (()53)) — Xl X2 ? yeS! Xs = X1 X1 X1 X1 X1X1 X4}
X3 =p Xgsuffixy(decp/(asg)) ?
X =p o P’ = { X1, Xz, X )
(a) (Xi,a)€ =p E) o { X o X X
(b) (X, a) € exp(=p) 3 1 <\2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 X2 }
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Example: first iteration

a a b -
Xl — E )(2 — )(1 X2 — Xl)il X3 L‘ XQ
a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
Xy =1 |Xs|=2 |Xs|=3 |Xu =6 |Xs=7

] = & X9 — Xl g — xYQ g =— X3X2 X5 — )’(3){3
P ={X}
E=1{X = X1X
Xy =p/ Xisuffix;(decp (az)) = X1X; 7?7 nolw Y v
Xy = X1 X1 X1 X1 Xhi Xy
X3 =B/ Xl SUfﬁXQ(deCB/(OZB)) — Xl X2 ? yeS! Xs = X1 X1 X1 X1 X1X1 X4}
X3 =p Xosuffix;(decp/ (az)) 7 undefined!
(AX)?J f\B/ ?E P’ = {X17X27X5 }
a, Ai, ) € =B ’
E =1 X3 =
(b) (Xi.a) € exp(=p) { 3 A1 X2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 X2 }
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Example: first iteration
X, X : X, % X, X, X XX, X3 ~ X
X, % XaXo Xy 2 X, X2 X, X: - XaX
X =1 [Xo|=2 |X5|=3 |Xu|=6 |Xs|=7
X1 = & Y9 — Xl g = /YQ Yq — /Y3X2 Q5 — )(3){3
P ={X}
F=1{X = X X
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) Xy = XXX
X, = X1 X1 X1 X1 X1 X,
X3 =p X;suffixy(decp(as) = X3 Xp? yes! Yo = HHEIG K]
X3 =p Xosuffix;(decp/ (az)) 7 undefined!
X4 — oY X1 SU_fﬁX5(d€CB/(Oé4)) — X1 X1 XQ X2 7
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xj.a)€ =p )
| EF = 1X3 = X;7X
(h) (X;.a) € exp(;B) { 3 1 2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 X2}
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Example: first iteration
X, X : X, % X, X, X XX, X3 ~ X
X, % XaXo Xy 2 X, X2 X, X: - XaX
X1 =1 X3 =2 |X3]=3 |Xy4|=6 |X5|=7
X1 = & Y9 — Xl g = /YQ Yq — /Y3X2 Q5 — )(3){3
P ={X1}
E=1{Xs = X1 X
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X;1X77 no! (b) Xz _ XiXin
Xy = X1 X1 X1 X1 X1 Xy
X3 =1 Xl SUfﬁXQ(deCB/(OéB)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xosuffix;(decp/ (az)) 7 undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xj.a)€ =p )
(h) (X;.a) € exp(;B) { 3 1 2
(¢) (Xi,a) € nr—exp(=p/) X4 — X2 X2 X2 }
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Example:

b

first iteration

Xl L‘* E .XQ AN )(1 XQ — X1X1 X3 —
. r . b y . . , , S
X, = X3X, X, — X, X5 = X, X: 5 X3X,
Xy =1 [Xa|=2 |Xs|=3 [Xa|=6 |Xs|=7
X1 = £ Y9 — zYl 3 — 1Y2 Yq — 1Y3)(2 X5 — ,ng‘(;;
P ={X}
E=1{X, X, X
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) X XiXin
Xy X1 X1 X5 X1 X1 Xy
X3 =1 Xl SUfﬁXQ(deCB/ (043)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xosuffix;(decp/ (az)) 7 undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X4 — s ¥ XQSUffiX4(d€CB/(Oé4)) — X2X2X2 7
i(; ff/ )Oée P’ = {X17X27X5 }
a Aj,. O =B )
E = 1X
(h) (X;.a) € exp(zB) { 3 Xl X2
(¢) (Xj,a) € nr—exp(=p) X4 X2 X2 X2 }
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Example:

b

first iteration

Xl L‘* E .XQ AN )(1 XQ — X1X1 X3 —
. — y b . . . , , ——
Xy — X3Xo Xy — Xy X5 — Xy X5 — X3X3
Xy =1 [Xo|=2 |Xs|=3 |X4=6 |Xs|=7
X1 = £ Y9 — zYl 3 — 1Y2 Yq — 1Y3)(2 X5 — ,ng‘(;;
P ={X}
E=1{X X, X
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) Xz XiXin
Xy X1 X1 X1 X1 X1 Xy
X3 =1 Xl SUfﬁXQ(deCB/ (043)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xosuffix;(decp/ (az)) 7 undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X4 — B’ XQSHfﬁX4(d€CB/(Oé4)) = X2X2X2 ? yesl
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xj.a)€ =p ’
E =1 X
(h) (X;.a) € exp(zB) { 3 Xl X2
(¢) (Xj,a) € nr—exp(=p) X4 X2 X2 XQ}
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first iteration

Example:
X, X : X, % X, X, X XX, X3 ~ X
Xy % XsXo Xy Xy X5 S Xy X5 L XX,
Xy =1 [Xo|=2 |Xs|=3 |X4=6 |Xs|=7
X1 = & X9 = /Yl ¥y = JX'Q g — )(3)(2 ¥y — AX3)(3
P ={X}
E=1{X, = XiXi
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1X3 ? no! (b) Xy = XXX,
X, = X1 X1 X1 X1 X1 X,
X3 =1 Xl SUfﬁXQ(deCB/ (043)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xgsuffixi(decp/(asz)) ? undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X4 — B’ X2 SUfﬁX4(d€CB/(Oz4)) = X2 X2 X2 ? yes!
X5 — B/ X1 SUfﬁXG(deCB/(&5)) = X1 Xl X2 X1 X2 7
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xj.a)€ =p ’
E=1X3 = X;1X
(h) (X;.a) € exp(;B) { 3 1 2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 X2 }
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first iteration

Example:
X, X : X, - X, X, X XX, X3
X, % XaXe X, 2 X, X5 X X, Xs - X3X;
X1|=1 |Xz|=2 |X3/=3 |X4|=6 |X5/=7
X1 = & X9 = /Yl Xy = JX'Q g — )(3)(2 x5 = AX3)(3
P ={X}
E = {XQ X1X1
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) X X1 X1 X
X4 X1 X1 X X Xi Xy
X3 =1 Xl SUfﬁXQ(deCB/ (043)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xgsuffixi(decp/(asz)) ? undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X4 — B’ XQSUfﬁX4(d€CB/(Oé4)) = X2X2X2 ? yes!
X5 =p Xisuffixg(decp/(as)) = X1 X1 X2 X1 X2 ?7 nol o
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xj.a)€ =p ’
E =1X3 = X1X
(h) (X;.a) € exp(;B) { 3 1 2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 XZ}
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Example: first iteration
Xl = E )(2 AN )(1 XQ L X1X1 )(3 =
X, % XaXo Xy 2 X, X2 X, X: - XaX
X1 =1 |X2]=2 |X3/=3 |Xy4|=6 |X5|=7
X1 = £ Y9 — ,Xl 3 — XY‘Z Yq — )(3)(2 X5 — )(3)‘(3
P ={X}
FE = {Xz Xl Xl
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) X X, X1 X,
X4 X1 X1 X X Xi Xy
X3 =1 Xl SUfﬁXQ(deCB/ (043)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xosuffix;(decp/ (az)) 7 undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o _
X, =p Xosuffixa(decp (aq)) = X2 XoXo?  yes! X5 — Xﬂ
X5 =p Xisuffixg(decp/ (as)) = X1 X1 X2 X1 X2 ?7 nol’o
Xi =p « P’ = {Xl,XQ,X5}
(a) (Xj.a)€ =p ’
F=1X;s = X;X
(h) (X;.a) € exp(zB) { 3 1 2
(¢) (Xj,a) € nr—exp(=p) X4 X2 X2 X2 }
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Example: first iteration
X 1 AN E )(2 AN )(1 X 2 L X1X1 )(3 al XQ
X, 2 XaXe Xy 2 Xy X5 %Xy X -5 X3X;
X1 =1 |Xo| =2 [X3|=3 |X4|=6 |X5|=7
X1 = £ (Yo = /Yl ¥y — zYQ (Yq — /Y3/Y2 Q5 — 1Y31Y3
P ={X1}
E={X, = X1 X3
X2 =B/ X1 SUfﬁXl(deCB/(Oég)) = Xl X1 7 no! (b) Xs = XXX,
Xy = X1 X1 X1 X1 X1 Xy
X3 =1 Xl SUfﬁXQ(deCB/(OZB)) _ Xl X2 ? yeS! Xs = X1 X1 X1 X1 X1X1 X4}
X3 =p Xgsuffixi(decp/(asz)) ? undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X; 45 X

X4 =p Xssuttixy(decy: = XoXoXo 7 es! 0 4

4 B 2 Su X4( €CB (044)) 2 A2 A2 Y X4 #p X1X2X1X2]
X5 =p Xisuffixg(decp/ (as)) = X1 X1 X2 X1 X2 ?7 nol’o

Xi =p « P’ = {Xl,XQ,X5}

(a) (Xj.a)€ =p ’

EF =1Xs = XX
(h) (X;.a) € exp(zB) { 3 1 2
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 XQ}
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Example: first iteration
X, X = X, % X, X XXX, X3 %
X, % XaXe X, 2 X, X5 X X, Xs - X3X;
1 X1]=1 |X5|=2 |X3]=3 |X4=6 |X5|=7
] = & Y9 = ‘Xl g = JX'Q g = )(3)(2 Q5 = )(3)(3
P ={X}
FE = {XQ X1X1
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) X X1 X1 X
X4 X1 X1 X X Xi Xy
X3 =1 Xl SUfﬁXQ(deCB/(OZB)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xgsuffixi(decp/(asz)) ? undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X; 5 X
X4 =p Xosuffixy(decp: (o = X5 X0 X5 ? es! 5 4
4 =B 2 s(decpr(a)) 24242 Y X, Zp X1X2X1X2]

X5 =p Xisuffixg(decp/ (as)) = X1 X1 X2 X1 X2 ?7 nol’o
X5 — s ¥ ngufﬁx5(decB/(oz5)) = X2X2X1X2 7

Xi =p « P’ = {Xl,XQ,X5}
(a) (Xi,a)€ =p
, - E={X;s = X1X,
(b) (X, «a) € exp(=p)
(¢) (Xj,a) € nr—exp(=p) X4 — X2 X2 X2 }
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Example: first iteration
X, X = X, % X, X XXX, X3 %
X, % XaXe X, 2 X, X5 X X, Xs - X3X;
1 X1]=1 |X5|=2 |X3]=3 |X4=6 |X5|=7
] = & Y9 = ‘Xl g = JX'Q g = )(3)(2 Q5 = )(3)(3
P ={X}
FE = {XQ X1X1
Xo =pr X1 SUfﬁXl(deCB/(Oég)) = X1 X4 ? no! (b) X X1 X1 X
X4 X1 X1 X X Xi Xy
X3 =1 Xl SUfﬁXQ(deCB/(OZB)) _ Xl X2 ? yeS! X = X1 X1 Xhi X1 X1 XX}
X3 =p Xgsuffixi(decp/(asz)) ? undefined!
X4 =p Xjpsuffixs(decp/(ay)) = X1 X1 X2 X2 7?7 nol!l o
X; 5 X
X4 =p Xosuffixy(decp: (o = X5 X0 X5 ? es! 5 4
4 =B 2 s(decpr(a)) 24242 Y X, Zp X1X2X1X2]

X5 =p Xisuffixg(decp/ (as)) = X1 X1 X2 X1 X2 ?7 nol’o

X5 = Xo SUfﬁX5(deCB/(a5)) = Xo X9 X1 X57 no! )
Xi =p « P’ = { Xl,XQ,X5 }
(a) (Xj.a)€ =p ’
E = 1X3 = X1X
(b) (Xi.a) € exp(=p) { 3 1 2
(¢) (X:i a) € nr—exp(=p) Xy = XoXoXo}
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Example:
Xl AN E )(2 AN Xl XQ L Xle X3 AN XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

a1 £ Y9 — Xl X3 = XQ Yq — X3X2 Q5 — /Y3/Y3
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Example:
Xl AN E X2 AN Xl X2 L X1X1 X3 AN XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

X1 = & Xy = Xl X3 = XQ g = X3X2 ¥y = X3X3

second iteration
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Example: second iteration

X1 AN E X2 AN Xl X2 L X1X1 X3 AN XQ

X, % XaXo Xa —— X, X: % X, X: - XuX,
X =1 |Xo|=2 |X3|=3 [X4|=6 |Xs|=7
) =€ 9 = Xl g = XQ ¥q = X3X2 Q5 = X3X3

P = {X17X27X5}
E=1{Xs = X1 X,
Xy = XoXo Xy}
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Example: second iteration

Xl AN E X2 AN Xl XQ L Xle X3 AN XQ

X, % XaXo X, X, X5 X X, X: % X3Xs
X1|=1 |Xz|=2 |X3/=3 |X4|=6 |X5/=7
] = & 9 = Xl g = XQ ¥q = X3X2 (x5 = X3X3

P = {X17X27X5}
E=1{Xs = X1 X,
Xy = XoXo Xy}
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Example:
Xl AN E )(2 AN Xl XQ L Xle
a b a

Xy — X3Xo Xy — Xy Xy — Xy
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

a] =€ as = Xy g = Xo ay = X3Xo

Xg — s ¥ X1 SUfﬁXg(deCB/(ag)) = XlXQ 7

second iteration

a
X3 — Xo

a

X5 — X3X3

Q5 — /Y3 /Y3

P = {X17X27X5}
E=1{Xs = X1 X,
Xy = XoXo Xy}
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Example: second iteration

Xl AN E XQ AN Xl XQ L X1X1 X3 AN XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

X1 = & Xy = Xl X3 = XQ Xyqg = X3X2 ¥y = X3X3

P = {X17X27X5}

E={X; = X1Xs
Xy = XoXo Xy}
Xg — B/ X1 SUfﬁXg(deCB/(ag)) — X1 X2 7
Xz' =B «
(((ll); ;ti.ﬂ)EEB P’ — { X17X27X47X5 }
Xi,a) € exp(=p) E’ L X — X, X
(¢) (Xi,«) € nr—exp(=p’) { ? b }
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Example: second iteration

Xl AN E XQ AN Xl XQ L X1X1 X3 AN XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

X1 = & Xy = Xl X3 = XQ Xyqg = X3X2 ¥y = X3X3

P = {X17X27X5}

F={X3s = XX
X4 — X2 X2 XQ }
X3 =p Xjysuffixg(decp(ag)) = X1 X7 vyes!
Xz' =R O
(((ll); Eti.ﬂ)EEB P = { X1, Xo, Xy, X5 }
Xi,a) € exp(=p) E’ L X — X, X
(¢) (Xi,«) € nr—exp(=p’) { ’ ! 2}

$roda, 21 sierpnia 2013



Example: second iteration

r e b e ' >
./\1 AN E )(2 AN Xl )&2 — )&1X1 )\3 AN )&2

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

X1 = & Y9 — Xl X3 = XQ Yq — X3X2 Q5 — /Y3/Y3
P = { X17X27X5 }
E=1{X; = XX,
Xy = Xo0XoXs}
Xg — s ¥ X1 SUfﬁXg(deCB/(ag)) = X1 XQ 7 yes!
Xg — s ¥ X2 sufﬁxl(decB/(ag)) 7
Xi =B’ «
((l’)) (ti.n)e - P, — { X17X27X47X5 }
( ) (‘--'v,j.(l) Eexp(zg) E" _ X _ X X
(¢) (Xj,a) € nr—exp(=p) { ? b }
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Example: second iteration

r e b e ' >
./\1 AN E )(2 AN Xl )&2 — )&1X1 )\3 AN )&2

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
X1 =1 |[Xo|=2 |X3|=3 |Xa|=6 |X5=7

X1 = & Y9 — Xl X3 = XQ Yq — X3X2 Q5 — /Y3/Y3
P = { X17X27X5 }
E=1{Xs = XX
X, = X2XoX5)
Xg — s ¥ X1 SUfﬁXg(deCB/(ag)) = X1 XQ 7 yes!
X3 =p Xyosuffixg(decp(as)) 7 undefined!
Xi =B’ «
((l’)) (ii.n)ezB P, — { X17X27X47X5 }
( ) (‘--'v,j.(l) Eexp(zg) E" _ X _ X X
(¢) (Xj,a) € nr—exp(=p) { ? b }
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Example: second iteration

a a b -
Xl — E )(2 — )(1 X2 — Xl)il X3 L‘ XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
Xy =1 |Xs|=2 |Xs|=3 |Xu =6 |Xs=7

1 = £ X9 — Xl ¥y = )’{2 Xq — X3X2 5 = )’(3){3
P = { X17X27X5 }
E={X; = X1 X,
Xy = Xo0Xo Xy}
X3 — B/ X1 SUfﬁXg(deCB/(Oég)) — X1 X2 7 yes!
X3 =p Xosuffix;(decp/ (a3)) 7 undefined!
X4 — B/ X2 SUfﬁX4(deCB/(C¥4)) = X2 X2 X2 7
Xi =R O
((l’)) (t,i.ﬂ)e - P’ — { X17X27X47X5 }
( ) (.ﬂ'"‘j‘.(l) Eexp(zg) E" _ X _ X X
(¢) (Xj,a) € nr—exp(=p) { s ! 2 }
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Example: second iteration

a a b , a
Xl — E )(2 — )(1 X2 — Xl)il X3 — XQ

a b a a

Xy — X3Xo Xy — Xy Xy — Xy X — X3X3
Xy =1 |Xs|=2 |Xs|=3 |Xu =6 |Xs=7

a] = € as = X, az = Xo g = X3X9 as = X3X3
P ={X1,X5,X5}
E=1{Xs = X1 X,
Xy = XX X5}
X3 =p Xysuffixg(decp(a3)) = X1X27 yes!
X3 =p Xysuffixq(decp/(a3)) 7 undefined!

X4 =p Xosuffixg(decp/(ayg)) = XoXoXo? no! m)and©

X4 L X4 =p X2 X9 X5
X2X2X2 L X1X1X2X2
Xi =B
@ (Xia)€ =g P ={X, X5, Xy, X5}
(b) (Xj,«) € exp(=p) E', — { X3 — X1 X2 }
(¢) (Xj,a) € nr—exp(=p)
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Outline

* Background
* Context-free graphs and commutative context-free graphs
* Bisimulation equivalence problem
* Norm
* History of the problem
* Unique decomposition

* Naive algorithm

. Efﬁment algorithm for BPA and BPP

Outline of the algorithm
e Refinement
» Efficient computation of refinement for BPA

e Time-cost analysis
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Algorithm 2 Efficient algorithm for CFG
1: initialise B = (P, F) as the base of =q;

2: P’ := P;

3: repeat

4: E' = (0; 2\ .
5. forall X; € ({Xa,...,X,)\ P) do O(n”) invocations
6: if —1pftest p, gy (Xi,1pf pp)(Xi)) then
7: for all Xj - {lefindQX(p!E)'*'l} ... ,Xi—l} M (Pl \ P) do
8: if 1pftest p, gy (Xi, X;) then

9: § = dec(pz,Er)(a,;);

10: E’":= E'"U{(X;, X; suffix|x,|—|x,((5))};

11: break the inner for loop:;

12: end if

13: end for

14: if the inner for loop not broken then

15: P =P uUl{X;};

16: end if

17: else

18: X = 1pf p gy (Xi);

19: s :=dec(ps gr)(@i);

20: E":= E'"U{(X;, X suffix|x, _|x|(5))};

21: end if

22: end for

23: P:=P'; F:=FE"
24: until P does not change
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Algorithm 2 Efficient algorithm for CFG
1: initialise B = (P, E) as the base of =q;

2: P’ := P;

3: repeat

4: E' =0 : :
5. for al(lo X; e 6% do O(n”) invocations
6: if ¢(lpftest p, g (Xi,1pf pl)(Xi)) then
7: (9) === ,...,Xz-_l}ﬂ(P’\P) do
8: hen

9: : grfenT;

10: E’":= E'"U{(X;, X; suffix|x,|—|x,((5))};

11: break the inner for loop:;

12: end if

13: end for

14: if the inner for loop not broken then

15: P =P uUl{X;};

16: end if

17: else

18: X = 1pf p gy (Xi);

19: s :=dec(ps gr)(@i);

20: E":= E'"U{(X;, X suffix|x, _|x|(5))};

21: end if

22: end for

23: P:=P'; F:=FE"
24: until P does not change
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Xj — lpr/ (Xz)

Xz’ =B’

a = Xjsuffixx, _|x,/(decp (a;))
(a) (X;.a)€ =p

(b) (Xi,a) € exp(=g)

(¢) (X, a)€ nr—exp(EB:)
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Ipftest X = Ipfg (X;)

e STRING(a) for a € ¥: creates a string "a” Ai =@
a = Xjsuffix x, _x,|(decp ()
e CONCATENATE(s1, S2): (a) (Xi,a)€ =g

(b) (Xj,a) € exp(=p)

e SPLIT(s,7): splits into a prefix and suffix (¢©) (X; )€ nr—exp(=p')

e EQUAL(s1,52): equality test
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¢ CONCATENATE(S1, S2):

|pftest

e STRING(a) for a € ¥: creates a string "a”

X; =

Xz’ =B’

o = X] SUfﬁX‘Xi’_’Xj‘(deCB/(ai))

(a) (Xj,a)€ =p

(b) (Xj,a) € exp(=p)

e SPLIT(s,7): splits into a prefix and suffix (¢©) (X;,a) € nr—exp(=p)

e EQUAL(s1,$2): equality test

Example: S0

STRING(a)

STRING(b)
CONCATENATE(Sq, tmp)
CONCATENATE(S1, Sq)
CONCATENATE(S2, S1)
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¢ CONCATENATE(S1, S2):

|pftest

e STRING(a) for a € ¥: creates a string "a”

X; =

Xz’ =B’

o = X] SUfﬁX‘Xi’_’Xj‘(deCB/(ai))

(a) (Xj,a)€ =p

(b) (Xj,a) € exp(=p)

e SPLIT(s,7): splits into a prefix and suffix (¢©) (X;,a) € nr—exp(=p)

e EQUAL(s1,$2): equality test

Example: S0

STRING(a)
STRING(b)

CONCATENATE(Sq, tmp) ab

CONCATENATE(S1, Sq)
CONCATENATE(S2, S1)
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Ipﬂ:eSt X; = Ipfp/ (X;)

e STRING(a) for a € ¥: creates a string "a” Xi =pr @
a = Xjsuffixx, _|x,/(decp (a;))
¢ CONCATENATE(S1, S2): (@) (Xi.a)e=p
| o (b) (Xj,a) € exp(=p)
e SPLIT(s,7): splits into a prefix and suffix (¢) (Xi.a) € nr—exp(=p)

e EQUAL(s1,$2): equality test

Example: Sp = STRING(a)
tmp = STRING(D)
s1 := CONCATENATE(Sqg,tmp) ab
s := (CONCATENATE(S1, Sq) aba
s3 := (CONCATENATE(S2, 1)
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Ipﬂ:eSt X; = Ipfp/ (X;)

e STRING(a) for a € ¥: creates a string "a” Xi =pr @
a = Xjsuffixx, _|x,/(decp (a;))
¢ CONCATENATE(S1, S2): (@) (Xi.a)e=p
| o (b) (Xj,a) € exp(=p)
e SPLIT(s,7): splits into a prefix and suffix (¢) (Xi.a) € nr—exp(=p)

e EQUAL(s1,$2): equality test

Example: s = STRING(a)
tmp = STRING(D)
s1 := CONCATENATE(Sqg,tmp) ab
so = (CONCATENATE(S1, So) aba
s3 = (CONCATENATE(Sq2, S1) abaab
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e STRING(a) for a € ¥: creates a string "a”

¢ CONCATENATE(S1, S2):

|pftest

X

O =

e SPLIT(s,7): splits into a prefix and suffix (c)

Xz’ =B’

Xj SufﬁX‘Xi’_’Xj‘(deCB/(Ozi))

(X;.a) € =B
(Xi,a) € exp(=B)
(X, ) € nr—exp(=p-)

e EQUAL(s1,$2): equality test

Example:

S0

STRING(a)

STRING(b)
CONCATENATE(Sq, tmp)
CONCATENATE(S1, Sq)
CONCATENATE(S2, S1)

ba
baab
baababa

L oL oL oW
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e STRING(a) for a € ¥: creates a string "a”

¢ CONCATENATE(S1, S2):

e SPLIT(s,7): splits into a prefix and suffix

|pftest

X

O =

Xz’ =B’

Xj SufﬁX‘Xi’_’Xj‘(deCB/(Ozi))

(Xj,a) € =p
(Xi,a) € exp(=B)

(X, ) € nr—exp(=p-)

e EQUAL(s1,$2): equality test

Example:

S0

STRING(a)

STRING(b)
CONCATENATE(Sq, tmp)
CONCATENATE(S1, Sq)
CONCATENATE(S2, S1)

ba
baab
baababa
baababaabaab

IR R iR =
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e STRING(a) for a € ¥: creates a string "a”

¢ CONCATENATE(S1, S2):

e SPLIT(s,7): splits into a prefix and suffix

|pftest

X

O =

Xz’ =B’

Xj SufﬁX‘Xi’_’Xj‘(deCB/(Ozi))

(Xj,a) € =p
(Xi,a) € exp(=B)

(X, ) € nr—exp(=p-)

e EQUAL(s1,$2): equality test

Example:

S0

STRING(a)

STRING(b)
CONCATENATE(Sq, tmp)
CONCATENATE(S1, Sq)
CONCATENATE(S2, S1)

ba
baab
baababa
baababaabaab

IR R iR =
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Xj — lpr/ (Xz)

Xz’ =B’

a = Xjsuffixx, _|x,/(decp (a;))
(a) (X;.a)€ =p

(b) (Xi,a) € exp(=g)

(¢) (X, a)€ nr—exp(EB:)
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Ipftest X = Ipfg (X;)

e STRING: O(N log N); Xi =p «Q
a = Xjsuffixx, _|x,/(decp (a;))
e CONCATENATE: O(N polylog(N)); (@) (Xia)e=p

(b) (/Yi.(li) - exp(zB)

e SPLIT: O(N polylog(N)); (¢) (Xj,a) € nr—exp(=p-)

* EqQuaL: O(log N)[Alstrup, Brodal, Rauhe 2000]
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Ipftest X = Ipfg (X;)

e STRING: O(N log N); Xi =p «Q
a = Xjsuffixx, _|x,/(decp (a;))
e CONCATENATE: O(N polylog(N)); (@) (Xia)e=p

(b) (/Yi.(li) - exp(zB)

e SPLIT: O(N polylog(N)); (¢) (Xj,a) € nr—exp(=p-)

* EqQuaL: O(log N)[Alstrup, Brodal, Rauhe 2000]

* exponential compression
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Ipftest X = Ipfg (X;)

e STRING: O(N log N); Xi =p «
a = Xjsuffixx, _|x,/(decp (a;))
e CONCATENATE: O(N polylog(N)); (@) (X;.0)€ =g

(b) (Xj,a) € exp(=p)

e SPLIT: O(N polylog(N)); () (X .a) € nr—exp(=p')

* EQuaL: O(log N)[Alstrup, Brodal, Rauhe 2000]

* exponential compression
* ethicient manipulation without decompression
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Time cost of Ipftest  x. - 11, x,)

X’i =p O

a = Xjsuffix x, —|x, (decp (a;))
(a) (Xi,a) € =p

(b) (X;.«a) € exp(=p)

(¢) (Xj.a) € nr—exp(=p)
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Time cost of Ipftest  x. - 11, x,)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N)):
e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

a = Xjsuffix x, —|x, (decp (a;))
(a) (Xi,a) € =p

(b) (Xj, ) € exp(=p)

(¢) (Xi,«a) € nr—exp(=p’)
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Time cost of Ipftest  x. - 11, x,)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N)):
e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

o = Xj SUfﬁX|Xi|_|Xj|(deCB’(ai))

(X'iva) S =B

(b) (X;.«a) € exp(=p)
()

c (X;,a) € nr—exp(=p’)
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Time cost of Ipftest  x. - 11, x,)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N)):
e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

o = Xj SUfﬁX|Xi|_|Xj|(deCB’(ai))

(Xi, o) € =p decpie) = decsle)

(b) (X;.«) € exp(=pB)
(¢)

c (X;,a) € nr—exp(=p’)
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Time cost of Ipftest  x. - 11, x,)

EQUAL

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N)):
e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

o = Xj SUfﬁX|Xi|_|Xj|(deCB’(ai))

(Xi, o) € =p decpie) = decsle)

(b) (X;.«) € exp(=pB)
(¢)

c (X;,a) € nr—exp(=p’)

$roda, 21 sierpnia 2013




Time cost of Ipftest  x. - 11, x,)

EQUAL

e STRING: O(Nlog N);

O(log N)

e CONCATENATE: O(N polylog(N)):

e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

o = Xj SUfﬁX|Xi|_|Xj|(deCB’(ai))

(Xi, o) € =p decpie) = decsle)

(b) (X;.«) € exp(=pB)
(¢)

c (X;,a) € nr—exp(=p’)
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Time cost of Ipftest  x. - 11, x,)

SPLIT, CONCATENATE

EQUAL

e STRING: O(N log N);

O(log N)

e CONCATENATE: O(N polylog(N)):

e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

o = Xj SUfﬁX|Xi|_|Xj|(deCB’(ai))

(Xi,a) € = deen( ) = deen(e)

(b) (X;.«) € exp(=pB)
(¢)

c (X, ) € nr—exp(=p’)
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Time cost of Ipftest  x. - 11, x,)

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

e STRING: O(Nlog N);
e CONCATENATE: O(N polylog(N));
e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' —pB’

o X suffix| x| x,|(decp/ (;))

(X;.a) € =p decp(X;) = decp(a)

(b) (X;.«) € exp(=pB)
(¢)

c (X, ) € nr—exp(=p’)
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Time cost of Ipftest  x

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

e STRING: O(Nlog N);
e CONCATENATE: O(N polylog(N));
e SpLIT: O(N polylog(N));

e EQUuAL: O(log N).

Xz' =B
X SufﬁX|X| |X |(deCB/(CvZ))

(a) (Xi,a) € =p s = deenl

@ (Xi, o) € exp(=p)

(¢) (X;,a) € nr—exp(=p)
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Time cost of Ipftest  x

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SpLIT: O(N polylog(N));

e EQuAL: O(log N).

Xz' =B
X SufﬁX|X| |X |(deCB/(CMZ))

(a) (Xi,a) € =p s = deenl

@ (Xi, o) € exp(=p)

(¢) (X;,a) € nr—exp(=p)

a

Xi—>’)/ X]—>5
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Time cost of Ipftest  x

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

e STRING: O(N log N):
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuAL: O(log N).

Xz' =B

— X SufﬁX|X —| X |(deCB’(az))

(a) (Xj.«a)e =

decp(X;) = decp(a)

=B
@ (Xi, o) € exp(=p)

(¢) (X;,a) € nr—exp(=p)

X; — v

X; — 6

Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))
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Time cost of Ipftest  x, — 1, x)

SPLIT, CONCATENATE O(N polylog(N))

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuaL: O(lo

EQUAL

g N).

O(log N)

Xz' =p’ «
— X SufﬁX|X|_|X |(deCB’(az))

(a) (X, )€ =g decp(Xi) = decp(a)

@ (X, ) € exp(=p)

(¢) (Xj,«) €Enr—exp(=p’)

Xi i) Y Xj i) 0
Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))
decp(y) = decp(d)suffix|x,|—|x,|(decpr (a;))
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Time cost of Ipftest  x, — 1, x)

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

e STRING: O(N log N):

e CONCATENATE: O(N polylog(N));

e SPLIT: O(N polylog(N));

e EQuaL: O(lo

Xz‘ =p’ &
= X, SufﬁX|X —| X |(deCB/(az))
((L) X,“a — deCB(Xi) — decB( )

=B
@ (X, ) € exp(=p)

(¢) (Xj,«) €Enr—exp(=p’)

Xi i) Y Xj i) 0
Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))
decp(y) = decp(d)suffix|x,|—|x,|(decpr (a;))

gN). O(N?) invocations
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Time cost of Ipftest  x

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuAL: O(log N).

X”L EB/ 8%
X SufﬁX|X —| X |(deCB’(az))
decB(Xi) — deCB( )

(a) (X «a)€

@ (X;,a) € exp(=p)

(¢) (Xj,«) €Enr—exp(=p’)

Xi i) Y Xj i) )
Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))

decp(v) = decp(6) suffix) x,|—|x; | (decpr(ay))

O(N) invocations

O(N?) invocations
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Time cost of Ipftest  x

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N)

O(N? polylog(N))

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuAL: O(log N).

1PfB/ (Xz)

Xz' =p’ «
— X SufﬁX|X|_|X |(deCB’(az))

(X;.0) € =p decp(X;) = decp(a)

€ exp(=p)
(X, a Enr—exp(zBr)

Xi i) Y Xj i) )
Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))

decp(v) = decp(6) suffix) x,|—|x; | (decpr(ay))

O(N) invocations

O(N?) invocations
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Time cost of Ipftest  x

SPLIT, CONCATENATE O(N polylog(N))

EQUAL O(log N )
dominating < polylog(INV))
similarly

STRING: O(N log N );
CONCATENATE: O(N polylog(N)):
SPLIT: O(N polylog(N)):

EqQuaL: O(log N).

X”i =p O

a = Xjsuffix x, —|x, (decp (a;))
(a) (X;.a)€ =g decp(X;) = decp(«a)
>(b) (Xi, @) € exp(=B)
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Total time cost

BPA: O(N* polylog(N))
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Total time cost

BPA: O(N* polylog(N))

Simple grammars: O(N 3 polylog(INV))




Simple grammars

X@' —pB’
O(Npolylog(N)) | o = X suffix|x,|_|x,|(decp(a;))
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Simple grammars

similarly

X”i =B &
o = Xj SU_fﬁX|XZ.|_|Xj | (deCB’ (CVZ))
((L (Xi, ) € =B

X'Lﬁa eexp( )
(X;.a) € nr—exp(=p)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuaL: O(log N).

Xi i) Y Xj i) )
Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))

decp(v) = decp(6) suffix) x,|—|x; | (decpr(ay))

O(N) invocations

O(N?) invocations

$roda, 21 sierpnia 2013




Simple grammars

@ X

< %’Y\I

s S“me {OJ
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Slmple grammars

X
_ e
RV \e

similarly

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuAL: O(log N).

X@' —pB’
Xj SufﬁX|Xi|_|Xj|(deCB/(Cvi))

o =
(a (X, a) € =p
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Slmple grammars  x; - ut,(x,

X3
_ Ao
“me {(],

X@' —pB’

o = Xj SUfﬁX|Xi|_|Xj|(deCB’(ai))

Xi
@ polylog

. (a) (X;,a)€ =g
(ﬂ)b (X;,a) € exp(=p)

similarly (¢) (X;,a) € nr—exp(=p)

e STRING: O(N log N);
e CONCATENATE: O(N polylog(N));
e SPLIT: O(N polylog(N));

e EQuaL: O(log N).

Xi i) Y Xj i) 0
Y =B 5SUfﬁX|XZ.|_|Xj|(deCB/(Oéi))
decp(y) = decp(d)suffix|x,|—|x,|(decpr (a;))

O(N?) invocations in all Ipftest’s
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Total time cost

BPA: O(N* polylog(N))
Simple grammars: O(N 3 polylog(INV))

BPP: O(N?) [Jancar 2003]




Outline

* Background

Context-free graphs and commutative context-free graphs
Bisimulation equivalence problem

Norm

History of the problem

Unique decomposition

Naive algorithm

. Efﬁment algorithm for BPA and BPP

Outline of the algorithm

Refinement

Efficient computation of refinement for BPA
Time-cost analysis

Partially-commutative context-free graphs
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One algorithm for both
BPA and BPP?
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One algorithm for both
BPA and BPP?

Yes, in the framework of
partially-commutative
context-free graphs
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Partial commutation

partially-commutative CFGs :
instead of words or multisets, consider partial orders
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Partial commutation

partially-commutative CFGs :
instead of words or multisets, consider partial orders

Example:
variables: { A4,B,C,D,E}
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\ D/

configuration: €
\
/

A

A —»
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Partial commutation

partially-commutative CFGs :
instead of words or multisets, consider partial orders

Example:
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Partial commutation

partially-commutative CFGs :
instead of words or multisets, consider partial orders

Example:
variables: { A4,B,C,D,E}
dependence: (A, B), (B,C), (C,F), (D,F)

independence: (4,C), (A,D), (A, E), (B,D), (B, E), (C,D)

configuration: C C
g \ ) / \ ]
A ~T e A —» D —

no independence: CABACDE

BPA and BPP are special cases no dependence: A% B (2 DE
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Open question

P-complete

EXPTIME-hard
in 2-EXPTIME

P-complete

PSPACE-complete
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Open question

P-complete

P-complete PSPACE-complete

* the Prover-Refuter Game may be restricted to
configurations of exponential length
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Open question

P-complete

P-complete PSPACE-complete

* the Prover-Refuter Game may be restricted to
configurations of exponential length

* can these configurations be compressed exponentially?
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attractive PhD positions

at the University of Warsaw
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thank you!
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