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Reachability problem

Reachability problem: given a counter program without zero tests

x' += 100

goto 5 or 3 o o, o J.
=1 K =1y why is it important?
goto 2
halt if x' = 0.

can it halt?  (successfully execute its halt command)

Coverability problem: given a counter program without zero tests
« +— 100 with trivial halt command
goto 5 or 3

x+=1 X —=1 y+=2

goto 2

halt.

can 1t halt?
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Part 1lI:

proof of the lower bound

Fk ~-hardness in dimension 5k+2



The set computed by a counter program

initial valuation: all counters 0
Lx4=1 y4=1
: loop
X+=1 y+=1
:for 7 := n down to 1do
loop

2

3

4

5

6: x—=1 z+=1 consider all runs

7 loop . e

. SRR (nondeterminism)
9: loop

10: x—=mn+1 y—=1

11: halt if y = 0.

the set of all valuations at successful halt

11



B-multiplier

B - fixed positive integer

initial valuation: all counters 0

Lx4=1 y+4=1
2: loop

3: x+=1 y+4=1

: for 2 = n down to 1 do

loop

loop
X+=14+1
: loop
10: x —=mn+1
11: halt if y = 0.

4
5
6: x—=1 z+4+=1
7
8
9

e —

y —=1

7

3 distinguished

counters b, C, d

consider all runs
(nondeterminism)
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B - fixed positive integer

initial valuation: all counters 0
Lx4=1 y+4=1
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4: for 7 := n down to 1do

3 loop

6: x—=1 z+=1 consider all runs
fie loop ¢

5 SR (nondeterminism)
9: loop

10: x—=n+1 y—=1

11: halt if y = 0.
*b=58

e c>0

ed=b.c RATIO(b, ¢, d, B)
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o e o b > () ?

e c>0
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B-multiplier

B - fixed positive integer

initial valuation: all counters 0
Lx4=1 y+4=1

2: loop 5 distinguished
Box+=1 yi=1 counters b, ¢, d

4: for 7 := n down to 1do

58 loop i

6: x—=1 z+=1 consider all runs
& loop ¢

. S (nondeterminism)

9: loop
10: x—=mn+1 y—=1
11: halt if y = 0.

s=h= +b>07? 10th Hilbert’s problem!

e c>0

ed=b.c RATIO(b, ¢, d, B)

e all other counters 0
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B-multiplier

B - hixed positive integer

initial valuation: all counters 0

:b4=B d4=B c4=1
2: loop
3: d+= B c+=1

11: halt if y = 0.
*b=58

e c>0

ed=b.c RATIO(b, ¢, d, B)

e all other counters 0
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B-multiplier

B - hixed positive integer

initial valuation: all counters 0
. b+= B d+4+=B c+4+=1
2: loop
3: d+= B c+=1

11: halt if y = 0.
*b=58

e c>0

ed=b.c RATIO(b, ¢, d, B)

e all other counters 0

______________________________________________________

IOne can compute an A/ (n)-multiplier with 5k+2 counters,

.1n tlme polynomlal 1n k n

_______________________________________________________
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Fk ~-hardness in dimension 54+2

program of size n
with two O-tested counters:

Li4=1 x+4=1 y4=1 b4=1 c+=1 d+=1
2: loop

loop at most b times
6 x/ l x+=1 d+=1

does 1t have a halting run

that does (A (n)-1)/2 zero tests?
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Fk ~hardness in dimension 5k+2

program of size n program without 0-tests:

with two O-tested counters:

Li+=1 x4=1 y4=1 b+=1 c+=1 d+=1
2: loop
x+=1 y4+=1 c+=1 d+4+=1
1: loop
loop
6: c—=1i d+
loop at most,

X —=i

9: loop

10: b—=1 4

il loop

12: bY—=1 b+=1

13: loop

14: d—=1 c+=1

1152 loop at most b times

16: X =1 x4=1 d+=1

20: Xx—=1i y—=1
21: halt if y =10

does 1t have a halting run

that does (A (n)-1)/2 zero tests?

does it halt?

13



Fk ~hardness in dimension 5k+2

program of size n
with two O-tested counters:

Li+=1 x4=1 y4=1 b+=1 c+=1 d+=1
2: loop
3 x+=1 y4+4=1 c+=1 d+=1
1: loop
loop
6: c—=i d+
loop at most
X —= | +=i+1
9: loop
10: b—=1 4
il loop
12: bY—=1 b+=1
13: loop
14: d—=1 c+=1
1152 loop at most b times
16: X—=1 x+=1 d+=1
20: x—=i y—=1
21: halt if y =10

does it have a halting run

that does (A (n)-1)/2 zero tests?

13

program without 0-tests:

Lx4+=1 y+=1
2loop
=1 y+=1
—ndow tqQ 1

gff/cl(m -mu tlpfler M

— 1 zi=1
7 loop
8: A=l w =y
9: loop

10: x—=mn+1 y-—=1
11: halt if y = 0.

RATIO®, ¢, d, Ap(n))

Li+=1 x+4=1 y+=1 b4+=1 c+=1 d+=1

2: loop
x+=1 y+=1 c+=1 d+=1
1: loop
5 loop
6: c—=1i d+=
0 loop at most |
8: X —= | d +=i+1
9: loop
10: b—=1 b
il loop

12: '—=1 b+=1

. Tnstmlmented

1153 loop at most b times

16: X —=1 x+4+4=1 d+=1
17 i+=1

18: zero? |

19: loop

20: x—=1i y—=1

21: haltif y=0

does it halt?



Instrumentation

6:
7.
8:
9:
10:
11:
12:
|13
14:
15:
16:
17:

18:

19

20:

21

1
2
3:
4
5

b=A1(n)
c>0
d=b.c
x =y =0 O-tested counters
ci4+=1 x4=1 y+=1 b+=1 c+=1 d+=1
2: loop
x+=1 y+=1 c+=1 d+=1
. loop
loop
e—=10 &=
loop at most
X —= | X +=i+1
loop
b—=1
loop
nstru d
Jnstrumente
d—=1 c4+=1
loop at most b times
X —=1 x+4=1 d+=1
i =1
zero? |
: loop
Xx—=1 y—=1
: haltif y =0

Aim:

simulate (A4 (n)-1)/2 zero tests

14



Instrumentation

e b=AL(n) e introduce fresh counters b, ¢, d

ec>0
ed=b.c

* x =y =0 0-tested counters

i+=1 x4=1 y4+4=1 b4=1 c4+=1 d4+=1

1:

2: loop

3 x+=1 y4+4=1 c+=1 d+=1
4: loop

5 loop

6: c—=1i d+=

7 loop at most

8: X —= i X +=i+1
9: loop

10: b—=1

BIE loop

12: = 4 — d
o Jnstrumente
14: ¢ —=1 c+=1

il loop at most b times

16: X —=1 x+=1 d+=1
17: i+=1

18: zero? i

19: loop

20: Xx—=1 y—=1

21: halt if y =10

Aim:
simulate (A4 (n)-1)/2 zero tests

14



Instrumentation

10:
11:
12:
Il
14:
15:
16:
17:

18:

19

20:

21

b=Ag(n)
c>0
d=b-.c

x =y =0 O-tested counters

i+=1 x4+=1 y+=1 b+4+=1 c+=1 d+=1

: loop

x+=1 y4+4=1 c+=1 d+=1

. loop

loop

c—=i d+=
loop at most
X —=i

loop
b—=1
loop

Jnstrumented

d—=1 c+=1
loop at most b times
X —=1 x+4+=1 d+=1
i+=1

zero? |
: loop
Xx—=1 y—=1
: haltif y =10

Aim:

simulate (A4 (n)-1)/2 zero tests

introduce fresh counters b, ¢, d

instrument increments and decrements:

14

command | replaced by

x+=1 x+=1 c—=1
x —=1 x—=1 c+4+=1



Instrumentation

e b=AL(n)

ec>0

10:
11:
12:
Il
14:
15:
16:
17:

18:

19

i+=1
: loop

d=b-.c

x =y =0 O-tested counters

x+=1 y4=1 b4+=1 c+=1 d+4+=1

x+=1 y4+=1 c+=1 d+4+=1

. loop

loop
c—=1i d+=
loop at most

X —= i

loop
b—=1
loop

Jnstrumented

d—=1 c+=1
loop at most b times
X —=1 x+=1
i+=1

d+=1

zero? i
: loop
20:

Xx—=1 y—=1

21: halt if y =10

Aim:

simulate (A4 (n)-1)/2 zero tests

introduce fresh counters b, ¢, d

instrument increments and decrements:

14

command | replaced by
x +=1 x+=1 c—=1
x —=1 x—=1 c+4+=1

put x, y on
budget ¢

C+X+YVyY constans



Instrumentation

e b=AL(n) e introduce fresh counters b, ¢, d
*c>0 ¢ instrument increments and decrements:
d=b-.c command | replaced by
*x=y =0 O-tested counters x+=1 |x4=1 c—=1 put X, y on
x—=1 |x-—=1 c4=1 budget ¢

Li+=1 x+4=1 y4=1 b+4+=1 c4+=1 d+=1

2: loop

 Xt=loya=l caml died e replace zero? x by C+X+Yy constans
1: loop

5 loop

c—=i ZERO? x:
i loop at most
8: x —= i X 4= i+1 1: loop
13 lOOE = 2: y—=1 x+4=1 d-—=1
11:  loop 3: loop
12: ' =1 4= ]
13- looinStfumentEd 4 CcC —= ]_ y —|—= ]_ d — ]_
14: ¢d—=1 ci+=1
155 loop at most b times 5: lOOP
16: | 1><’ —=1 x4+=1 d+=1 6 y —= 1 c += 1 d—=1
17: | +=
18: zero? i 7 lOOp
&8 x-=1 y+=1 d-=1
21: halt if y =0 9: b Jp—
Aim:

simulate (A4 (n)-1)/2 zero tests

14



Instrumentation

e b=AL(n) e introduce fresh counters b, ¢, d

*c>0 e Instrument increments and decrements:

d=b-.c command | replaced by

ex=y=0 O-tested counters X += 1 x+=1 c—=1 put X, y on
x—=1 |x-—=1 c4=1 budget ¢

Li4=1 x4=1 y4=1 b4=1 c4+=1 d+=1

2: loop

3 x+=1 y+=1 c+=1 d+=1 o replace ZerO? X by C+X+YVyV constans

1: loo

: i)op

6: c—=1i cd+= ZERO? x:

- loop at most

8: X —= i X +=i+1 1: loop

9: loo — —
1(:: Ib)—:l 2 y —= 1 x+=1 d——=1
i loop - 3: loop
i_: looinsltfﬁlhentEd 4 c—=1 y 4+=1 d—=1
: d—=1 c+=1

:'l) loop at moi b times 9 lOOp
16: X —=1 x4=1 d+4+=1 6 y_= 1 C+= 1 d S 1
17: I += 1
18: zero? | 7 lOOp
9: loo
& x-=1 y+=1 d-=1
21: halt if y =20 0: b J—

e replace halt by
Alm: 1: loop
simulate (A4 (n)-1)/2 zero tests 9 c—=1 d-=2

3: ZERO?C merged halt of #/ and P

halt if . W

14



Simulation of a zero test

d=b-(c+x+y)

constans

156



Simulation of a zero test

d=b-(c+x+y)

constans

156

put X, y on
budget c




Simulation of a zero test

d=b-(c+x+y)

constans

156

put X, y on
budget c




Simulation of a zero test

d=b.-(c+x+y)

constans

ZERO? x:

1

2
3
4
5}
6:
7
8
9

loop

d =1
d =1
d—=1
d =1

15

put x, y on
budget ¢




Simulation of a zero test

d=b.-(c+x+y)

constans

ZERO? x:

1

2
3
4
5}
6:
7
8
9

loop

d =1
d =1
d—=1
d =1

15

put x, y on
budget ¢




Simulation of a zero test

d=b.-(c+x+y)

constans

ZERO? x:

1

2
3
4
5}
6:
7
8
9

loop

d =1
d =1
d—=1
d =1

15

put x, y on
budget ¢




Simulation of a zero test

d=b.-(c+x+y)

constans

ZERO? x:

1

2
3
4
5}
6:
7
8
9

loop

d =1
d =1
d—=1
d =1

15

put x, y on
budget c

d decreases by <=2 . (c + x +y)

b decreases by 2




Simulation of a zero test

d=b.-(c+x+y)
constans

ZERO? x:

1: loop

2 y —=1

3: loop

4 c—=1

5: loop

6: y —=1

7: loop

8 x —=1

9: b —= 2

d =1
d =1
d—=1
d =1

put x, y on
budget ¢

d decreases by <=2 . (c + x +y)

b decreases by 2

* d decreasesby 2.(c+x+y) =3 x=0andy=cimtallyand finally

* d decreasesby <2 . (c +x+y) =3 haltifd =0 will surely fail

15




'One can compute an A/ (n)-multiplier with 5k+2 counters,

:1n time polynomlal 1n k n

_____________________________________________________

C Af-amplifier @~———>  AJf(n)-multiplier

Ag-amplifier

2%

A j-amplifier

16



The set computed by a counter program from a set

initial valuation: all counters 0
Lx4=1 y4=1
: loop
x4+=1 y+4=1
:for ¢ ;= n down to 1do
loop

2

3

4

5

6: x—=1 z+4=1 .
S oon consider all runs
8

9

10

X+= i+l z-=i (nondeterminism)
: loop
: x—=mn+1 y—=1
11: halt if y = 0.

the set of all valuations at successful halt

17



The set computed by a counter program from a set

a set I of initial valuations

x+=1 y+=1

1:

2: loop

3% x+=1 y+4+=1

4: for ¢ := n down to 1do

i loop

6: x—=1 z+=1 . . .
' loop ’ consider all runs starting in I
8: x+=i+1 z-=1i (nondeterminism)

9: loop

10: x—=mn+1l y-—=1

11: halt if y = 0.

the set of all valuations at successful halt

17



*b=28

e c>0

RATIO®, ¢, d, B) *d=b-c

e all other counters 0

[F-amplifier

For every fixed B:
RATIO®, ¢, d, B)

1x+—1 y+=1

2: loop
3: X + +=1
4: for ) to 1do d b y )4 d’)
2 X —= 1 = *? C’ , , C ,
e loo .
. il e consider all runs
—— (nondeterminism)

10: x—ntl y—=—1

11: halt if J=o()
RATIOW, ¢, d’, F(B))

'One can compute an A/.-amplifier with 5k+2 counters,

'in time polynomial in £, 7

______________________________________________________
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+b=B

e c>0

RATIO, ¢, d, B) -d=b-c

e all other counters 0

[F-amplifier

For every fixed B:
RATIO®, ¢, d, B)

1x+—1 y+=1

2: loop
3 x4+ +=1
forP t;ldco’ I, I ’, C’, I,)

5:

6: x —=1

i loop .

8: Xdt=44+1 z-—=4 COnSlder aH runs

Ne

loop (nondeterminism)
10:
11: halt if

RATIO(b, ¢, d’, F(B))

'One can compute an A/.-amplifier with 5k+2 counters,

'in time polynomial in £, 7

______________________________________________________

18



Af-ampliher ——>  Ajf(n)-multiplier

initial valuation: all counters 0

.b+=n d+4+=n c+=1
2: loop n-multiplier
3: d4+=n c+4+=1

Af (1)-multiplier
RATIO, ¢, d, n)

Lx4=1 y4=1

2: loop

3: x+=1 y+=1

4: for ¢ := n down to 1do
i loop .

: Aﬁ%ﬁhphﬂﬁer
7 1

8: X+=1+1 z-—=1

9: loop

10: x—=mn+1 y-—=1
11: halt if y = 0.

RATIOW, ', &', Ag.(n))

19



Amplifier hitting

e Aj-amplifier:

20



Amplifier hifting

e Aj-amplifier:

¢ Af-ampliier — >  Af, 7-amplifier

20



Amplifier hifting

o Aj-amplifier:

c—=1 d4=1 d—=1 d +=2

¢/ =1 c+=1 d—=1 d +=2

8: cC — c4+=1 d—= d += 4

o Af-ampliier ——>  Af, 7-amplifier

A;(n) = A 0oA;jo ... 0 Ay(4) = Azn/4(4)

— e/

n/4

20



Amplifier lifting Aig(n) = A; 0 A;0 . 0 Ai(d) = A7 ()

— e/

4
A f-amplifier n/

P (bl) c1, dy, by, 9, d2)

21



n/4
Aioy(n) = A4 0 A;0 oo 0 Ai(d) = A (3)

— e/

4
Af.~amplifier n/

P (bl) Ch dl) b2) C2, d?)

M 4 -multiplier

21



n/4
Aioy(n) = A4 0 A;0 oo 0 Ai(d) = A (3)

— e/

4
Af.~amplifier n/

P (bl) Ch dl) b2) C2, d?)

M 4-multiplier

£ (bg, C9, dg, bl, C1l» dl) identity-ampliﬁer

21



Amplifier lifting Aig(n) = A; 0 A;0 . 0 Ai(d) = A7 ()

— e/

n/4

Af~amplifier
f-amp
P (bl) c1, dy, by, 9, dQ)
1: M
2: loop
3: P
4: zero? d;
———— d: L
. e : ?
M 4 -multiplier 6:  zero? d;
7. P
8: zero? dq

L (bg, C9, dg, bl, C1l» dl) identity-ampliﬁer

21



. C n/4
Amplifier littin A;j(n) = A; 0A;0 .. OA;E) = A; ()
P <)
n/4
A f~amplifier
P (bl) CH dl) b2) C2, d2)
1: M 1: M
2: loop o 2: loop
\ 3 P instrumented
4: zero? d; 4: zero? d
R d: L —) L (b; ¢, d, bQ, C9, dg)
4_ ltiol; 6: zero? do 6 zero? do
M multipher - o
8: zero? d; 8: zero? d;
A}, , 7~amplifier

L (bg, C9, dg, bl) C1l» dl) identity-ampliﬁer

21



Open questions

* dimension-parametric complexity: gap n-4 ... 2n+4
* low dimensions starting from 3
* extensions:

 data Petr1 nets

* pushdown Petr1 nets

* branching VASS

22



Open questions

* dimension-parametric complexity: gap n-4 ... 2n+4
* low dimensions starting from 3
* extensions:

 data Petr1 nets

* pushdown Petr1 nets

* branching VASS




