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Abstract

We show that for p > 1 and r > 1 the p-th moment of the /,.-norm of a log-
concave random vector is comparable to the sum of the first moment and the weak
p-th moment up to a constant proportional to r. This extends the previous result of
Paouris concerning Euclidean norms.

1 Introduction and Main Results

A measure p on a locally convex linear space F' is called logarithmically concave (log-
concave in short) if for any compact nonempty sets K, L C F and A € [0,1], p(AK +
(1 = A)L) > u(K) u(L)*~*. A random vector with values in F is called log-concave if
its distribution is logarithmically concave. The class of log-concave measures is closed
under linear transformations, convolutions and weak limits. By the result of Borell [3] a
d-dimensional vector with a full dimensional support is log-concave iff it has a log-concave
density, i.e. a density of the form e~", where h is a convex function with values in (—o0, oc].
A typical example of a log-concave vector is a vector uniformly distributed over a convex
body. Various results and conjectures about log-concave measures are discussed in the
recently published monograph [4].

One of the fundamental properties of log-concave vectors is the Paouris inequality [9]
(see also [1] for a shorter proof). It states that for a log-concave vector X in R™,

E X5 < € (EBIXIBY +ox(p)  forp>1, 1)

n p\ 1/p
Z t:X; ) .
i=1

Here and in the sequel by C4,Cs, ... we denote absolute constants.
It is natural to ask whether inequality (1) may be generalized to non-Euclidean norms.
In [6] the following conjecture was formulated and discussed.

where

l[tll2<1

ox(p) := sup <E
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Conjecture 1. There exists a universal constant C such that for any log-concave vector
X with values in a finite dimensional normed space (F, || ||),

E[X|)" < C (EHXII +  sup (Elw(X)!p)l/”> forp=>1.
Pl [lpll«<1

Our main result states that the conjecture holds for spaces that may be embedded in
£, for some r > 1.

Theorem 2. Let X be a log-concave vector with values in a normed space (F, || ||) which
may be isometrically embedded in ¢, for some r € [1,00). Then for p > 1,

(E[|IX|[P)"/? < Cor (EHXH +  sup (E!sO(X)p)l/”) :
peF™ [lpll«<1
Remark 3. Let X and F be as above. Then by Chebyshev’s inequality we obtain large
deviation estimate for || X||:

P(||X|| > 2¢CortE[| X]]) < exp (—o—;(}p(tEHXH)) for ¢ > 1,

where

ox r(p) = sup (Egp(X)p)l/p forp>1
PEF* [lpll+ <1

denotes the weak p-th moment of || X||.
Remark 4. If i: F — {, is a nonisometric embedding and A = [[i| p—g, i7" |l;(p)— F, then we

may define another norm on F' by ||z|" := [|i(z)||/||i]| 7—e,. Obviously (F, || ||") isometrically
embeds in £,, moreover ||z||" < ||z|| < A||z|| for x € F. Hence Theorem 2 gives

(B X[[P)7 < AE(| X)) < Cora (EHXH’ +  sup (E\so(X)\p)””)
PEF™ |||, <1

< Cor (EIIXII +  sup (EISO(X)I”)I/’?) :
PEF™ |ll|« <1
Since log-concavity is preserved under linear transformations and, by the Hahn-Banach
theorem, any linear functional on a subspace of ¢, is a restriction of a functional on the
whole ¢, with the same norm, it is enough to prove Theorem 2 for F = /.. An easy
approximation argument shows that we may consider finite dimensional spaces ¢;'. To
simplify the notation for an n-dimensional vector X and p > 1 we write

n p\ 1/p
Z ;X > ;
i—1

where 7 denotes the Holder’s dual of r, i.e. ' = X5 for r > 1 and 7’ = oo for r = 1.

orx(p) := sup <E

el <1




Theorem 5. Let X be a finite dimensional log-concave vector and r € [1,00). Then
(EIX[)YP < Cor (B X|lr +orx(p))  forp>1.

To show the above theorem we follow the approach from [7] and establish the following
result.

Theorem 6. Suppose thatr € [1,00) and X is a log-concave n-dimensional random vector.

Let
n 1/r
di = (BX})'?, d:= (Zd;) ‘ 2
i=1

Then forp > r,

n p/T
d
E (Z |XiT1{Xiztdi}> < (Csrorx(p))?  fort = Cyrlog <0X(m> )

=1

Remark 7. Any finite dimensional space embeds isometrically in ., so to show Conjec-
ture 1 it is enough to establish Theorem 2 (with a universal constant in place of Cor) for
r = 0o. Such a result was shown for isotropic log-concave vectors (i.e. log-concave vectors
with mean zero and identity covariance matrix), cf. [8, Corollary 3.8]. However a linear
image of an isotropic vector does not have to be isotropic, so to establish the conjecture we
need to consider either isotropic vectors and an arbitrary norm or vectors with a general
covariance structure and the standard £..-norm.

2 Proofs

Let us first discuss the notation. By C' we denote universal constants, the value of C' may
differ at each occurrence. Whenever we want to fix the value of an absolute constant we use
letters C1,Co,.... We may always assume that C; > 1. By |I| we denote the cardinality
of a set I. For an n-dimensional random vector Z and a € R" we write aZ for the vector
(aiZ;);. Observe that ElaZ|3 =Y, a?EZ2.

Let us recall some useful facts about log-concave vectors (for details see [7]). If Z is
log-concave real random variable then

t

P(|Z] > t) < exp <2— 2% (EZ2)1/2

) for ¢t > 0.

Moreover, if f : R* — R is a seminorm, (Ef(Z)P)!/P < C’5§(Ef(Z)q)1/q for p>q>1 (see
[4, Theorem 2.4.6]). Therefore for any log-concave vector X and any r,

orx(Ap) < Csha, x(p) for A\>1, p>2.



The Paouris inequality (1) together with Chebyshev’s inequality imply

P (X1l = eCy (EIX3)? +ox(p))) <™ forp=1.

The next proposition generalizes Proposition 4 from [7].

(4)

Proposition 8. Let X, r, d;, and d be as in Theorem 6 and A := {X € K}, where K 1is
a conver set in R™ satisfying 0 < P(A) < 1/e. Then
(i) for every t > r,

: ()
i=1

(i) for everyt >0, u > 1,

D EIXil Lanxzuy < CEP(A) (1707 x(~ loa(P(A)) + (dr)'e™/7)

D 2D AL pan(x,s2kd,))ze ()
k=0 =1

B (o7 (- og(BA) + Tz ©)

Proof. Let Y be a random vector defined by

<!

P(AN{X eB P(Xe BNK
P(A) P(X € K)
i.e. Y is distributed as X conditioned on A. Clearly, for every measurable set B one has

P(X € B) > P(A)P(Y € B). It is easy to see that Y is log-concave.
To simplify the notation set

pa:=—logP(A) and ¢ := (EY)Y? i=1,... n.

Let
I=1I():={i<n: EY?>%d?},
where v is an absolute constant to be chosen later. Let us also fix a sequence (a;)i<n.

Put S = >, ; |a;lc; 'Y, Observe that S = ||((|ai|/ci)/?Y;)ier||2, hence by the log-
concavity of Y, ES? < (2C5)*(ES)?, and the Paley-Zygmund inequality yields

_ 1 1 1 (ES)? 1
P ade 'Y > 5> |a2-|ci> =P (5 > ES) > s> )
(ie[ 25 2 4 ES (2v2C5)
We have EY;* < (2C5¢;)*, so by Chebyshev’s inequality we get

1
P (Z |agle; *Yt > (205)452 |ai|ci> < - fors>0. (8)

S
iel iel
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Combining (7) and (8) we conclude that there exist constants Cig, C11 such that

(ch ly2> 2 Z\am, 3 Jagle Pyt < ClOZ|ach> > CTl

i€l ZGI i€l i€l

and therefore

P (Z|ai|ci1 nycmcl, > il ? X} < 0102@\@1) > 719( ) > e Cr2pa

el el el

N —

Let X be the vector (|a;|'/?c; 12x, i)ier conditioned on the set

B := {Z |a1|c;3XZ4 S ClOZ \ai|0i} .

i€l el
Then
~ 1 1 _
P (HX”% > 5 ; |ai|ci> > @e Ci2pa >e Ci2pa (9)
T

The random vector X is log-concave and P(B) > 1/2 if v is sufficiently large (since
EX} < Cd} < Cvc} for i € I). Thus

E| X3 = ﬁE (ch 1X21B> <2 Elaile; 'd} <2072 aile;.  (10)

el i€l i€l

Now we will estimate o ¢ (p). To this end fix ¢ € R! with [|t[» < 1. Let a, s > 0 be
numbers to be chosen later and

Jo={iel: [ti](laie) ™% < al.

We have
S otXi| <PB)TPD T tillaile) il X < 2001 4x(p).
1€Ja P i€Jq P
Moreover
)1/2 I 1 2 8
Z ti X, il Riis(adentr2y | S Z sltil (lailci) /= < s Z \t (Jas|ci) T lalen 172 = Zt = o
Z¢']C¥ p 74¢Ja t ’LEI

Observe that by the definition of the set B and the vector X we have

> (lailed) ' X} < Cio Y lagler.

icl iel



Thus

1/2
V.1 -~ 24
DXLz st S| D0 XL gzisstanten sy
i¢Ja » i¢Ja
p
1 1/2 1 1/2
< S<Z(rai\ci)15<;‘> S(CmDaﬁcZ) .
iel el

p

Combining the above estimates we obtain

1/2
~ S 1
ZtiXi <2a01,4x(p) + o + 5 <C1o Z |ai|Ci> .

el i€l

p

Taking the supremum over ¢ and optimizing over a > 0 we get

el

1/2
UX(p) < 4(501,aX( ) 1/2 (010 Z ‘aZ|C’L> for s > 0. (11)

Paouris’ inequality (4) (applied to X instead of X) together with (10) and (11) implies
that

1/2 1/2
~ 2
P [ X]2>eCy (1}2 E |ai\0i> + 4(s01,4x (Cr2pa)) /% + (Clo E |az\Cz)
el i€l

< 6_012PA

Comparing the above with (9) we get
9 1/2 ) 1/2
(Ug Z |ai|Ci> + 4(501 ax (Crapa)) V2 + B (C’lg Z |ai|ci>
el icl
) 1/2
> (2 Z ]ai\ci) .
icl

If we choose s and v to be sufficiently large absolute constants we will get

> al (BYAHY2 =Y Jaile; < Corax (Crapa) < Corax (pa).
iel el



Put a; == (B|Y;[))=D/21c;. If |[t]eo < 1, then (3 |tia;|" )" < |la|l,. Thus the
previous inequality implies

1/’
r/2 r/2
> (EWP) " < Corax(pa) < Cllallyorx(pa) = C (Z (EIY:?)" > orx(pa)-
i€l icl
This gives

D (EYi)7? < CTof x(pa)-

i€l

Since ||Yi|lr < max{1, Csr/2}|Yi|l2 we also get

Y Ei" < (Cr)o) x (pa)-

i€l

To prove (5) note that if i ¢ I, then P(|Yj| > sd;) < 2¢™*/€ for s > 0, hence for ¢ > r,
ElY;|"Ly,>14,) < (Ctdi)"e™" and

ST EY Lyisg < (Crdye .
i¢l

Hence

1 n n
— E|X;|"1 R E|Y:" 1y >eg.
P(A) ; | Xil AN{X;>td;} ; Y] {Y;>td;}

< 7 (r"opx(~ log(P(A))) + (de) e~/ ) .

To show (6) note first that for every i the random variable Y; is log-concave, hence for
s >0,
P(AN{X; > s}) ( s >
=PY;>s)<exp|(2— —— |-
P(4) iz o= o 2 v,

Thus, if P(A N {X; > 2¥td;}) > e “P(A) and u > 1, then ||Y;|l2 > 2¥td;/(2e(u + 2)) >
2Ftd; /(6eu). In particular this cannot happen if i ¢ I, k > 0 and u < t/Cy with Cy large




enough. Therefore

D 2D AL pan(x,s2hd))ze ()

k=0 =1
o0
= <Z +1{t<uc) Z) di Y 2 Ly )/t (oe))

i€l i¢l k=0
< r(C )T EY2 r/2
< Z+1{t§u09}z d; (td~)7“( i)
icl il ¢
Cu " T T
i€l il
Cu)"
< O (o7 (108 (P(A) + A Tzucey) 0

We will also use the following simple combinatorial lemma (Lemma 11 in [5]).

Lemma 9. Letlyp > 11 > ... > s be a fized sequence of positive integers and
F = {f {1?2""7l0} - {07172""7‘9}: vlS’iSs |{T‘Z f(?“) > Z}’ < ll}
Then

5 611;1 L
]ﬂgH( 3 ) .
i=1 v

Proof of Theorem 6. Observe that we may assume that ¢ > Cyr. Indeed, if e, x(p) < d
then by our assumption t > Cyr. If eo, x(p) > d then

n p/r\ 1/p
<E<Z‘Xi|rl{|xi|2tdi}> )

=1
1/p

n 1/r n p/r
< Cyr (Z d:) +|E (Z |Xir1{Xi>max{t,C'4r}di}>
=1 =1

1/p
n

p/r
< eCyropx(p)+ | E (Z ‘Xi’r]-{Xi>max{t,C4’r}di}>
=1

Moreover, the vector —X is also log-concave, has the same values of d; and 0, _x = o0, x.
Hence it is enough to show that

n p/r
E (Z X{l{Xithi}> < (Croyx(p))? fort> Cyrmax {1,log ( d >} .

i=1 Or X (p)
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Observe that for [ =1,2,...,

%zﬁmwgs(ZZWJ quJ
=1 =1 k=0

[o.¢]
k +..tk)r gr T
E Z ! v d; '~-dilP<Bi1,k‘1~-,iz,k1)7

1158 =1 k1,...,k=0

where
Bil,klu-,iz,k’l = {X“ Z 2k1tdil, e 7Xil Z 2kltdil}-

Define a positive integer [ by
P << 2}3 and [ =2M for some positive integer M.
T r

Then o, x(p) < o, x(rl) < 0. x(2p) < 2C50, x(p). Since for any nonnegative r.v. Z we
have (EZP/7)"/P < (EZY)'/!, it is enough to show that

m(l) < (W)l for ¢ > Cyr max {1, log (Uj(rl)) } , (12)

o0

m(l) =Y > 2RI A BBy, ki)

ki,...,kj=011,...,51=1

where

We divide the sum in m(l) into several parts. Define sets

Iy = {(il, ki,y...,1g, k‘l): P(Bi17k1,---7il7kl) > e_Tl} ,

and for j =1,2,.. .,
. . —pl2i —pl2i-1
Ij = {(’Ll, kl, ceey 2, k‘l): P(Bh,kl,-‘.,il,kz) S (6 rl2],6 i ]} .
Then m(l) = > 5o m;(l), where
m; (1) = Z 2(k1+m+kl)rda R leP(Bilyklu-vilvkl)'
(11,k1,....01, k1) €T
To estimate mg(l) define for 1 < s </,
PSIO = {(il, kl, - ,is, k’s) : (il, kl, . ,’il, k’l) € IO for some is—i—l, ey kl}.

We have (since t is assumed to be large)

P(Bu,kh o b) < P(Bih/ﬁ) < exp(2 - 2k1_1t/e) < el

‘57



Thus for s=1,...,1 —1,

ki+...+k +1)7“ r T .
Z 2( ° di1 dls+1 ( 117k17~~~7ls+17ks+1)
(11,1, sisy1,ks41)EPs 110
ki4...+ks)r gr T . ;
< E 2( 1 s) dil"'disF(thl""’zs’ks)’
(i17k17"'7i57ks)ePSIO
where

n

o0
Pl k... yis ko) =Y Y 2MdiP(By g,y ke N { X > 272ds})
i=1 k=0

n
< Z E2t™" |X@ |rlBi1,k1 ,,,,, is,ks M Xi>td;}
=1

where the last inequality follows by (5). Note that for (i1, k1,...,is,ks) € Psly we have
P(Biy koyovisks) > e~ Moreover, by our assumptions on ¢ (if Cy is sufficiently large with
respect to C7),

(dt)’”e_t/o7 < e R0 gre—t/(2C7) < oy x(rl).

Therefore
ki+...+ks
Z 2( ! +1)rd;1' d;n_H ( 11,k1,--.,is+1,ks+1)
(11,k1,0sbs41,ks41)EPs 110
— ki+4...+ks
AT (Coronx ()Y 2RI B(By i)

(il,k17-~-7is,/€s)EPsfo

By induction we get

mo(l) = Z 2(k1+m+kl)rd:1 T dZP(Bil,kl,m,iz,kl)
(1,k1,..,01,k1) €Do

4Csroy x (rl) ri=1) -
< <t > 2MTd (B, k).

(i1,k1)eP1 1o

We have

kir gr kir 2-2F1—1¢/e
> 2 P(Byy ) Zd Zz e

(il,kl)Eplfo i1=1 k1=
Cro, x(rl)\"
<Zdr2€2t/2e S( ) ’
i1=1 t

10



where the last two inequalities follow from the assumptions on ¢t. Thus

mo(l) < (C“’“f(”)yl |

Now we estimate m;(l) for j > 0. Fix j > 0 and define a positive integer p; by

ro—t < t < rort,
Cy

For all (i1, k1,...,14, k) € I; define a function f; g, ikt {1,.-.,¢} — {0,1,...} by

. P(Bi, ky,....i5.ks) _
0 lf KELSEEEET) 5,Rs > e T
P(Biy ky,.vig_1,ke_1) )

fi17/€1,---7il,k1(5) =

: P(Biq ky,....is,ks _rop—
p 1fe_7”2p<]P,(B( 1k s ia) < e T ' p>1

i1,K1 50y 15717165*1)

Note that for every (i1, k1,...,%,k;) € I; one has

1= P(B(/)) > P(Bh,lﬂ) > P(Bilykl7i2,k2) 2.2 P(Bil,khm,iz,kl) > eXp(_ij)‘

Denote
Fi i =Afirkr,ivy: (1, k1, ..o 0, k) € Ij}.
Then for f = f;, x1....i,k, € F; and p > 1 one has

‘ P(Bi, ey ... i s
exp(—127l) <P(Bi ky,.is k) = H [P(B( :, Lo 7k ) |
11,R15ts—1,Ks—1

< exp(—r2°7H|{s: f(s) = p}).
Hence for every p > 1 one has
st £(s) = p}| < min{2/*1 =01, 1} =1, (13)

In particular f takes values in {0,1,...,7 +1+logyl}. Clearly, 3° -1, = (j +2)l and
lp—1/1l, £2, so by Lemma 9

j+1+logy L el . I .
7l < ]I ( ;’) < UL,
p=1 P

Now fix f € F; and define

Li(f) = {0k, i k) fis ki = f}

and for s <1,

Lio(f) :=A{(i, k1, vis ks): firder,oigly = f for some dg i1, ksyr ..., 0, ki)

11



Recall that for s > 1, P(B;, k,,..i. k) < € . Moreover for s <1,

97

ox (=108 P(Biy k,...is k) < 0x (=108 P(Biy by, i k) < ox(r127)
< Cs2ox(rl).

Hence estimate (6) applied with u = 727(+1) implies for 1 < s <1 — 1,

ki4...+k
E 2( ! S-H)rd: . d: +1P(Bi17k1,m,is+1,ks+1)
(11,k1,0slst1,ks 1) €L s 1(f)

<yg(f(s+1)) > 2t h I qE ] P(Biy s
(il7k17---7i51k3)61,j,s(f)

where

CsCsr) t™"27"g, x (11)" for p =0,
CsCsr)t"2" ”+J)0 x(r)" exp(—r2°r71) for 1 < p < p1,

(
9(p) =9 (
(CsCyr) t="27P (2" 0y x (rl)" + d”) exp(—r2P~1)  for p > py.
(i1,

Suppose that (i1, k1) € I1(f) and f(1) = p. Then
exp(—r2°) < P(X;, > 2Mtd;,) < exp(2 — 2M17 1t /e),

hence 2%t < er2°t2. W.lo.g. Cg > 4e, therefore p > p1. Moreover, 271 < (4er)r27°t",
hence

S ML P(B k) < d(Ser)t T2 exp(—12771) < glp) = g(£(1)),
(i1,k1)€L;,1(f)
since w.l.o.g. CgC5 > 8e. Thus an easy induction shows that

mi(f) = > 2kt tRrgr A P(B by ik)
(i1,..,k1) €L (f)

! 00
<[la(f() =T ot
s=1 p=0

where n, := |f~(p)].
Observe that
l

_r2i—1g Bi ky,is k) - —r2f(®)
e " > P(B i1,k1,.. ,Zl,kl H P(B e H e’ )
'Llyklv ls— 17k9 1)

s=1
Therefore

or—1 _ r of(s) > Il 2i=1 _ 1),
sz_;np Py =5l )

s f(s)21

12



Moreover

S <(GADI+ Y ply= (25 + 4.

p=1 p2j+2
Thus

00 j rl ) r m i
H g(p)np < CsCs12 UT,X(H) 2rl(2j+4) 1+ d exp _LZ(2]—1 . 1) ’
=0 t Uﬁx(?"l)r 2

wherem =3~ n, <1, < 2J+1=r1]. By the assumption on ¢ we have 1+d" /o, x (rl)" <
2exp(t/Cy) < exp(r2°1=4) if Cy is large enough (with respect to Cy). Hence

. rl
(35+4) I ,
m](l) < |f]| <\/ECSC52 TUT,X(T )) eXp(—TZQ‘]_3),

t
We get
00 . l 00 5] . l rl ‘
D=3 my(l) < (W) +3 (CTUXT)> exp(—rl2973).
j=0 Jj=1
To finish the proof of (12), note that

Z (25j)rl exp(—ri2/73) < O Zexp(—rle_4) <o, O
j=1 j=1

Proof of Theorem 5. Since (E|X|[?)/? < CspE||X ||, we may assume that p > r. Let d;
and d be as in Theorem 6. Then

d = |(EX))"?|l; < 2C5||(BIXi])]l» < 2C5E) X ||,

Set
p:=inf{qg > p: o, x(q) > d}.

Theorem 6 applied with p instead of p and ¢t = 0 yields
(B[ X|2)YP < (B X|2)Y? < Csrop.x (P) = Cyrmax{d, o, x(p)}
< CrE|X|, + orx(p)). O
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