Moments of unconditional logarithmically
concave vectors *

Rafat Latala T

Abstract

We derive two-sided bounds for moments of linear combinations of
coordinates od unconditional log-concave vectors. We also investigate how
well moments of such combinations may be approximated by moments of
Gaussian random variables.

1 Introduction

The aim of this paper is to study moments of linear combinations of coordinates
of unconditional, log-concave vectors X = (Xi,...,X,). A nondegenerate ran-
dom vector X is log-concave if it has a density of the form g = e™", where
h: R — (—o0,00] is a convex function. We say that a random vector X is
unconditional if the distribution of (11 X1, ...,n,X,) is the same as X for any
choice of signs n1,...,m,.

A typical example of an unconditional log-concave vector is a vector dis-
tributed uniformly in an unconditional convex body K, i.e. such convex body
that (£z1,...,+x,) € K whenever (z1,...,2,) € K.

A random vector X is called isotropic if it has identity covariance matrix, i.e.
Cov(X;, X;) = 6; ;. Notice that unconditional vector X is isotropic if and only
if its coordinates have variance one, in particular if X is unconditional with non-
degenerate coordinates then the vector (X;/Var'/2(Xy),..., X, /Var/?(X,,)) is
isotropic and unconditional.

In [3] Gluskin and Kwapieni derived two-sided estimates for moments of
Z?:l a; X; if X; are independent, symmetric random variables with log-concave
tails (coordinates of log-concave vector have log-concave tails). In Section 2 we
derive similar result for arbitrary unconditional log-concave vectors X.

In [8] Klartag obtained powerful Berry-Essen type estimates for isotropic,
unconditional, log-concave vectors X, showing in particular that if >, a? = 1
and all a;’s are small then the distribution of S = Z?’:l a;X; is close to the
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standard Gaussian distribution A/(0,1). In Section 3 we investigate how well
moments of S may be approximated by moments of N(0, 1).

Notation. By £1,¢9,... we denote a Bernoulli sequence, i.e. a sequence
of independent symmetric variables taking values 1. We assume that the
sequence (g;) is independent of other random variables.

For a random variable Y and p > 0 we write ||Y|, = (E|Y|?)'/?. For a
sequence (a;) and 1 < g < oo, [lall; = (32, ]a:|9)Y? and |ja|jec = max; |a;].
We set By = {a € R": [la], <1}, 1 < ¢ < co. By (a])1<i<n we denote the
nonincreasing rearrangement of (|a;|)1<i<n.

We use letter C' (resp. C(«)) for universal constants (resp. constants depend-
ing only on parameter «). Value of a constant C' may differ at each occurence.
Whenever we want to fix the value of an absolute constant we will use let-
ters Cp,C5,.... For two functions f and g we write f ~ g to signify that

cf<g<CFf.

2 Estimation of moments

It is well known and easy to show (using e.g. Brunn’s principle — see Lemma
4.1 in [17]) that if X has a uniform distribution over a symmetric convex body
K in R™ then for any p > n, || >2,.,, @i Xillp ~ llalxe = sup{| X2, aizi|: x €
K}. Our first proposition generalizes this statement to arbitrary log-concave
symmetric distributions.

Proposition 1. Suppose that X has a symmetric n-dimensional log-concave
distribution with the density g. Then for any p > n we have

I3
=1

[~ llallg.

where

Ky ={z: g(z) 2 e Pg(0)} and |afks = Sup{Zai:L’i: x € Kp}.

i=1
Proof. First notice that there exists an absolute constant C; such that

PXeCiKy,)>1—-e?> %

For n < p < 2n this follows by Corollary 2.4 and Lemma 2.2 in [9]. For p > 2n

we may either adjust arguments from [9] or take any log-concave symmetric m =

|p| —n dimensional vector Y independent of X with density ¢’ and consider the

set K/ = {(x,y) e R" xR™: g(x)g'(y) > e Pg(0)g’(0)}. Then K, is a central n-

dimensional section of K’, hence P(X € C1 K,,) > P((X,Y) €e C1K') > 1—eP.
Observe that for any z € K,

n
Hx € Ky: ’Zaixi
i=1

1 - -n —-n
> 3 2w f| 2 271K 2 (20) TRX € GG /5(0),



therefore choosing z such that 321" | a;z; = ||al| ks we get

HéaiXi {x € K,: ‘éaixi > ;iaizi}‘l/p

-1/ -1 —n/ 1/
> 2717 |a| kee” ! (2C1)TPP(X € CLKp) P > e

> 271 al| ge g(0)1/?
p

To get the upper estimate notice that

P(’ i aiXi
i=1

Together with the symmetry and log-concavity of Y " | a;X; this gives

i=1

> Cillalliy) < P(X ¢ C1E,) < e,

> Clt||a||K£) <e P fort > 1.

Integration by parts yields H i aiXi|| < Cllalks. O
P

Remark. The same argument as above shows that for a > e and p > n,

H Z a; X; 8a101 sup { Z a;zi: g(x) > a_Pg(O)}.
i=1 i=1

>
P

From now on till the end of this section we assume that a random vector X
is unconditional, log-concave and isotropic. Jensen’s inequality and Hitczenko
estimates for moments of Rademacher sums [5] (see also [15]) imply that for
P =2,

H ;CLZXZ » = H ;al{—:l|X1| » 2 H ;azlepQ\ »

> (S (X)), )
i<p i>p
The result of Bobkov and Nazarov [2] yields for p > 2,
HZaiXi §C’HZQ¢E¢ SC’(pmaX|ai|+\/f7(Zaiz)l/2), (2)
i P i P ! i

where (F;) is a sequence of independent symmetric exponential random variables
with variance 1 and to get the second inequality we used the result of Gluskin
and Kwapien [3].

Estimates (1) and (2) together with Proposition 1 give

SWEBENBL) C {2 g(e) > e 79(0)} € C(VPBE +pBY) forp>n. (3)



Corollary 2. Let X = (Xy,...,X,) be an unconditional log-concave isotropic
random vector with the density g. Then for any p > n we have

Hi:aiX Nsup{Zazml y>e” pg(O)}
i=1
~ sup { Zaixi: g(x) > 6_5”/2}

~sup{2\az|t P(X1| = by [ Xn] = 4) 2 e 77 .

Proof. We have g(0) = L%, where Ly is the isotropic constant of the vector X.
Unconditionality of X implies boundedness of Ly, thus

e 82 < (2me)"/? < g(0) < C3,
where C3 is an absolute constant (see for example [2]). Hence

{: g(z) = ePg(0)} C {2 g(w) = e™/?} C {2 g(x) = (2C2) Pg(0)} (4)

and first two estimates on moments follows by Proposition 1 (see also remark
after it).
For any t¢4,...,t, > 0,

n
Shored
i=1
therefore

H S X,
1=1

To prove the opposite estimate we use the already proven bound and take x such
that g(z) > e/2 and 31 | a;x; > 21227, aiXillp- By the unconditionality
without loss of generality we may assume that all a;’s and z;’s are nonnegative.
Notice that by (3) and (4) we have g(1/Cy,...,1/Cy) > e¢~°P/2. Hence by log-
concavity of g we also have g(y) > e=%?/2 for y; = (z; + 1/C4)/2. Notice that g
is coordinate increasing on R}, therefore

(Z|al\t) 2P(IX1| 2t [ Xl 2 1),

>—sup{2|al\t |X1|>t17...,|Xn|Ztn)Ze_p}.

IP(Xl > % X, > 7) H% > e7IP/2(40,) " > (4€5/2C,) 7P

The function F(s1,...,s,) = —InP(X; > s1,..., X, > s,) is convex on R,
F(0) = nln2, therefore

P(|X1|zg—1,...,\xn|zg—"):2”1?()(12%1 Xn>@) > P
5 5



for suffiently large C5. To conclude it is enough to notice that

n

1 n
Z 05 - 205 Zaixi = 20305‘ Pl

O

Theorem 3. Suppose that X is an unconditional log-concave isotropic random
vector in R™. Then for any p > 2,

n 1/2
H ZaiX, ) sup{ Z aizi: gr,(z) > efpgjp(())} + \/ﬁ( Z af) ;
i=1 i€l,

i,
1/2
~ sup{ Z a;ixi: gr,(r) > 6751)/2} + \/ﬁ( Z af)
i€, i,
1/2
~ Sup{ Z |ailt;: P<Vielp | Xs| > ti) > e_p} + \/15< Z a?) ,
i€lp i¢Ip,

where gg, is the density of (X;)icr, and I, is the set of indices of min{[p],n}
largest values of |a;|’s.

Proof. By Corollary 2 it is enough to show that

(T o], r (S )) <[ L],
i€, -
o
i€l,

Observe also that } -,/ ai = Yo, lar]?.

Unconditionality of X; implies that || > i, a; X; ||, > || > ier, @iXillp- Hence
the lower estimate in (5) follows by (1).

Obviously we have

I3
=1

(X)) )

P

|| S wx
P ,
i¢I,
Estimates (1) and (2) imply

H Z a; X (pmax|az| + \f( Z 2>1/2)

il
el
iel,

1/2
(L))
i¢
and the upper bound in (5) follows. O

P



Example 1. Let X; be independent symmetric log-concave r.v’s. Define
N;(t) := —InP(|X;| > t), then P(X; > ¢; fori € I,) = exp(— . N;(t))
and Theorem 3 yields the Gluskin-Kwapien estimate

H zn:aiXi ~ Sup{ Z |as|t;: Z Ni(t:) Sp} + \/]3( Z a?)l/z'

i€l icl, i¢l,

i€l

p

Example 2. Let X be uniformly distriputed on 7, ,By with 1 < ¢ < oo,
where 7, , is chosen in such a way that X is isotropic. Then it is easy to
check that r,, , ~ n'/9. Since all k-dimensional sections of Bj are homogenous

we immediately obtain that for I C {1,...,n} and € R, g;(z)/g:(0) =
(1 — (|2]lg/Tn.q)®) ™~ 1D/a. Hence for 1 < p < n/2 we get that

sup{ Z a;xi: gr,(x) > efpglp(o)} ~ Sup{ Z aizi: ||zllg < Pl/q}-

i€l i€l

Since for p > n/2, || i, aiXillp ~ || >oi—; @i Xi|ln 2, We recover the result from
[1] and show that for p > 2,

n N 1/d 1/2
| S axi]| ~minp,n} /(S lasl”) T+ vp( 3 lar?)
i=1 P i<p

i>p
where 1/¢' +1/¢=1.

Remark. In the case of vector coefficients the following conjecture seems rea-
sonable. For any isotropic unconditional log-concave vector X = (X1,...,X,),
any vectors vy, ..., v, in a normed space (F, || -||) and p > 1,

P) 1/ P)

" P\ 1/p n
o] (o

The nontrivial part is the upper bound for (E[ Y1 v; X;||P)Y/P. Tt is known
that the above conjecture holds if the space (F,| - ||) has a nontrivial cotype —
see [11] for this and some related results.

Remark. Let S = > ", a;X;, where X is as in Theorem 3. Then P(|S| >
ellS|lp) < e~P by the Chebyshev’s inequality. Moreover [|S||2, < C||S||, for p >
2, hence by the Paley-Zygmund inequality, P(|S| > ||5]|,/C) > min{1/C, e P}.
This way Theorem 3 may be also used to get two-sided estimates for tails of S.

+ sup (E‘Zg@(vi)Xi
i=1

llell-<1

3 Gaussian approximation of moments

Let v, = [|N(0,1)], = 2?/2T(2EL)/y/7. In [10] it was shown that for indepen-
dent symmetric random variables X1, ..., X,, with log-concave tails (notice that
log-concave symmetric random variables have log-concave tails) and variance 1,

n
e
i=1

=wlals| <plallc foracR", p>3 ©)



(see also [13] for p € [2,3)). The purpose of this section is to discuss similar
statements for general log-concave isotropic vectors X.

The lower estimate of moments is easy. In fact it holds for more general
class of unconditional vectors with bounded fourth moments.

Proposition 4. Suppose that X is an isotropic unconditional n-dimensional
vector with finite fourth moment. Then for any nonzero a € R™ and p > 2,

[S o] 2 mplalls P (S atxs)
a; Xil| = pllajlz — ( a; ¢>
i=1 Sl T V2|2 i=1

p
> pllallz — == max(EX)'/?|la]l .

V2

Proof. Let us fix p > 2. By the homogenity we may and will assume that
lall2 = 1.
Corollary 1 in [10] gives

n
H Zbﬂi
i=1

1/2
27,,( 3 |b,j‘|2> for b € R",
b i>[p/2]

where (b) denotes the nonicreasing rearrangement of (|b;|);<n. Therefore
n p n
i=1 P i=1

" /2 p/2
>y (]E(Zanf — max azX-Q)) =P (1 —E max a2X2> .
i=1

[kt p

n
p p/2
> ng(Za?Xf — max a?Xf)
i=1 #I<p/2 it

#I<p/2 el #I<p/2
We have
1/2 n 1/2
E 2X2 <E V I( 4X4) <\/51E( 4X4)
Jnax ) Xi < E max Zaz i) =03 Zaz i
icl i€l i=1
p S 4 02
<\/;<;aiEXi) .

Since 1 —x > 1—x for z > 0 and v, < ,/p the assertion easily follows. O

Since EY* < 6 for symmetric log-concave random variables Y we immedi-
ately get the following.

Corollary 5. Let X be an isotropic unconditional n-dimensional log-concave
vector. Then for any a € R™\ {0} and p > 2,

I3
=1

n

P 1/2
, 2 wllells = - (33" al) 2 apllalle = Vaplialsc
i=1

~J



Now we turn our attention to the upper bound. Notice that for unconditional
vectors X and p > 2,

Y a; Xl = Y a;g; X; <fyp CL2X2 V2
1 D —

where the last inequality follows by the Khintchine inequality with the optimal

constant [4]. First we will bound moments of (37, a?X?)'/2 using the result

of Klartag [8].

» (7)

Proposition 6. For any isotropic unconditional n-dimensional log-concave vec-
tor X, p>2 and a € R\ {0} we have

n
H Z aiX
i=1

Proof. By the homogenity we may assume that ||a|l2 = 1. We have

n 1/2 n 1/2
|(Zatxt) 7, < 1 [ ((ixd) 1),
i=1 P i=1 e

n 1/2
—pllalls < Co2 o (o lait') < o2l
=1

Notice that

n n

S ettt -1 = (o)) () ),

i=1 i=1

thus
n 1/2 n
[((Cazxz)™ =) ||, <[ X atexz -
i=1 +hp i=1 p

Lemma 4 in [8] gives

H ia?(Xiz — 1)”2 = Var(ia?Xf) < gia?EXf < 16ia?.
i=1 i=1 i=1 i=1

Comparison of moments of polynomials with respect to log-concave distributions
[16] implies

n

[3otxr =0, = 002 atext -, = e (at) ™
i=1

=1
O

We may improve p®/? term if we assume some concentration properties of a

vector X. We say that a random vector X satisfies exponential concentration
with constant  if

P(XcA)>- = P(XcA+ktBy)>1—e ' fort>0.

1
2



For log-concave vectors exponential concentration is equivalent to several
other important functional and concentration inequalities including Poincaré
and Cheeger [14]. The strong conjecture due to Kannan, Lovész and Simonovits
[7] states that every isotropic log-concave vector satisfies Cheeger’s (and there-
fore also exponential) inequality with a uniform constant. The conjecture is
wide open — however a recent result of Klartag [8] shows that unconditional
isotropic vectors satisfy exponential concentration with kK = C'logn (see also
[6] for examples of log-concave measures that satisfy Poincaré inequalities with
uniform constants).

Proposition 7. Let X be an isotropic unconditional vector that satisfies expo-
nential concentration with constant k. Then for any p > 2 and a € R",

H zn:aiXi
i=1

Proof. Let M := Med((>_, a2X2)'/?). Notice that

K2

n 1/2
sup{ (D a2y?) iy e tBy} = tllall,
i=1

therefore exponential concentration applied to the set A := {(31_ | a?a?)1/2 <
M} gives

3/2Ha||00~

) < Ypllallz + Crp

n 1/2
]P’((Za?Xf) <M+ /it||a\|oo> >et.
i=1

Integration by parts gives for p > 2,
n 1/2
|(3a2x2) ™| <M+ Cnplal.
i=1 P

Using exponential concentration for the set A := {(3_, a22?)Y/2 > M} we get

n 1/2
P((Zafxf) 2M—mf||a\|oo> >e !,
=1

hence
En 2x? 12 M—-C o

Thus by (7) we get for p > 2,

n
H ZaiXi
i=1

n 1/2
<l (o erx) | < wlall + Crpllallc).
=1



Since by the result of Klartag [8] unconditional log-concave vectors satisfy
exponential concentration with constant C'logn we get

Corollary 8. Let X be isotropic unconditional log-concave vector. Then for
any p > 2 and a € R”,

| > ax,
=1

To get the factor p instead of p°/“ we need a stronger notion than exponential
concentration. We say that a random vector X satisfies two level concentration
with constant k if

3/2 log n|al|s-

, < llall +Cp

3/2

]P’(XGA)Z% = P(X € A+ k(VtBy +tB})) >1—e"t fort>0.

Since it is enough to consider ¢ > 1 two level concentration is indeed stronger
than exponential concentration.

Proposition 9. Suppose that X is an isotropic unconditional vector that sat-
isfies two level concentration with constant k. Then for any p > 2 and a € R™,

]

Proof. For p > 2 define a norm || - |, on B" by e, = | S0, ieall,. Notice
that J2fl, < 7, /]2, hence

< llallz + Crpllalle.

Ell(a: Xi)ll; < vy llall3-
Observe also that
Sup{ll\(aixi)\llp: z € ViBy +tB'}
tsup{[|(a;zi)|lp: © € By} + tsup I (asdi)llp

j<n
< Viypsup{||(aiz))|2: 2 € By} + tlallo = (Vv + t)]laf -

Let M, = Med(||(a;X;)|p), two level concentration (applied twice to sets
A= {[[(aizi)ll, < Mp} and A = {||(a;z;)[l, > Mp}) implies that

P( [l Xo)llp — My| 2 5(viy + t)lall ) < 2exp(~).
Integrating by parts this gives for p > ¢ > 2,

(@i X)lly — M|, < Cr(v/aw + allallee < Crpllalce.

Hence

hd)

= @i X)llplly < [lll(aiXe)llpll2+Crpllallee < Apllallz+Crpllallco-

O

10



Unfortunately we do not know many examples of random vectors satisfying
two level concentration with a good constant. Using estimate (2) it is not
hard to see that infimum convolution inequality investigated in [12] implies two
level concentration. In particular isotropic log-concave unconditional vectors
with independent coordinates and isotropic vectors uniformly distributed on
the (suitably rescaled) By balls satisfy two level concentration with an absolute
constant.

The last approach to the problem of Gaussian approximation of moments we
will discuss is based on the notion of negative association. We say that random
variables (Y1,...,Y,) are negatively associated if for any disjoint sets Iy, I in
{1,...,n} and any bounded functions f;: R’ — R, i = 1,2 that are coordinate
nondecreasing we have

Cov(1((¥ier), fo(Yier)) < 0.

Our next result is an unconditional version of Theorem 1 in [20].

Theorem 10. Suppose that X = (Xi,...,X,) is an unconditional random
vector with finite second moment and random variables (| X;|)1_, are negatively

associated. Let X{,..., X} be independent random variables such that X has
the same distribution as X;. Then for any nonnegative function f on R such
that f" is convez and any ai,...,a, we have

Ef(iaixz) < Ef(iaiX:)- (8)

In particular

n n
E’ Z%‘Xi g < ]E‘ Z%‘X: ! forp > 3.

i=1 i=1
Proof. Since random variables |a; X;| are also negatively associated, it is enough
to consider the case when a; = 1 for all i. We may also assume that variables
X} are independent of X. Assume first that random variables X; are bounded.

Let Y = (Y1,...,Y,) be independent copy of X and 2 < k < n. To shorten
the notation put for 1 <[ < n, §; = 25:1 g;|X;| and S, = 22:1 g;|Yi| (recall
that €; denotes a Bernoulli sequence independent of other variables).

We have

F(Sk) + F(Sk) — F(Sk—1 + x| Yil) — F(Sk—1 + x| X&)

| Xk| -
= ,/| Ek(fl(Skfl + Ekt) — f/(5k71 + Ekt))dt

Yk‘

[ 5k(f,(5k—1 + 5kt) - f/(gk—l + Ekt))(I{\Xk\Zt} - I{|yk‘2t})dt. (9)

Define for t > 0, g;(z) = Eer f'(x +ext) = (f'(x+t) — f'(x —t))/2 and

k—1 k—1
hi(lal, - lze-1]) = Esgkf/<25i|xi| + €kt) = Egt(Z&lffﬁ)
i=1 =1

11



Taking the expectation in (9) and using the unconditionality we get

Q(Ef(gxi)_ﬁf(zmxg))

= E/ €k(f/(5k—1 + Ekt) — f,(gk—l + gkt))(l{le\zt} — I{\Yk|2t})dt

(oo}

:/ E[(he(|X1], - 1 Xka]) = B Vil - [Yioa D) (Tx ey — Lvigzey) ] dt
—00

:/ COV(ht(|X1|,...,|Xk_1|),I{‘Xk‘2t})dt.

Convexity of f” implies that the function g; is convex on R, therefore the
function h; is coordinate increasing on Rffl. So by the negative association we

get
Ef(ziji) < Ef(kfxi + Xi) (10)
=1 =1

The same inequality holds if we change the function f into the function f(-+h)
for any h € R. Therefore applying (10) conditionally we get

Ef(Zk:XmL > x7) SEf(kZ_:lXi+i:Xf)
i=1 i=1 i=k

i=k+1

and inequality (8) easily follows in the bounded case.
To settle the unbounded case first notice that random variables | X;| Am are
bounded and negatively associated for any m > 0. Hence we know that

Ef(isi(pg\ Am)) < Ef(isiﬂXﬂ Am)).
i=1 i=1

We have liminf,, o Ef (31, &(|Xs| Am)) > Ef (31 &|Xi|), so it is enough
to show that , liminf,, Ef(z g X Am)) < Ef(zlz | X7])-

Let us deﬁne u(x) = fx)— f”( )22, the function u” is convex and u”(0) =
0. Since E|X;|? = E|X}|?> < 00 it is enough to show that for any m > 0,

(iaz | X} |/\m)§]Eu(igi|X;‘|), (11)

=

Let for s € R, v,(t) := Eu(e1s+eat). Then v/ (t) = Eu”(e15+¢e2t) > v’ (E(e1s+
eat)) = 0 and v(0) = 0, hence v is nondecreasing on [0,00). Thus for any

z € R,
Egu( Z gi(|zi| A m)) < E€u< Zsz|xz|)
i=1 i=1
and (11) immediately follows. O

12



Corollary 11. Suppose that X is an isotropic unconditional n-dimensional log-
concave vector such that variables | X;| are negatively associated. Then for any
ai,...,a, andp >3,

~V3pllalloe < || Y aixs
i=1

= wlall: < plal

In particular the above inequality holds if X has a uniform distribution on a
(suitably rescaled) Orlicz ball.

Proof. First inequality follows by Corollary 5, second by Theorem 10 and (6).
The last part of the statement is a consequence of the result of Pilipczuk and
Wojtaszczyk [18] (see also [19] for a simpler proof and a slightly more general
class of unconditional log-concave measures with negatively associated absolute
values of coordinates). O
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