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Abstract

The classical MCMC method of computing expected values is to gener-
ate a Markov chain which converges to the target distributio n and to com-
pute correlated sample averages. In many MCMC applications the quan-
tity of interest is represented as a product of expected valuesu = 1 K
and a median of independent runs is taken to increase the con dence level.
We analyse such ,,median of products of averages" estimates Su cient
conditions are given for P(jo=u 1j ") 1 , l.e. xed relative pre-
cision of estimates at a given level of con dence. Our main tool is a
new bound on the mean square error, valid also for nonreversble Markov
chains on a nite state space.

O Introduction

Many computational problems in phyI§ics, chemistry and biobgy are of the fol-
lowing form. We are to compute = ., f(x) (x), wheref is a nonnegative
function and is a probability distribution on a nite space X. If the space
X is large and is exponentially concentrated, it is impossible to sample fom
. The classical Markov chain Monte Carlo (MCMC) method is to generate a
Markov chain with limiting distribution . A trajectory of the chain is a col-
lection of correlated samples drawn approximately from and we can estimate
by a sample average. To reduce bias, an initial part of trajetory is usually
discarded, c.f. [13]. Alternative way is to generate multide independent runs of
the chain and use only one nal state of each trajectory. The esulting samples
are then independent and consequently the analysis of the algorithm is easier.
Many important theoretical results are obtained in this setup [8, 10, 9, 12, 4] but
the algorithms of this type are less e cient than those basedon one trajectory

Faculty of Mathematics and Computer Science, Nicolaus Cope rnicus University, Torwun,
Poland wniem@mat.uni.torun.pl
YInstitute of Informatics, University of Warsaw, Poland pokar@mimuw.edu.pl



and they are rarely, if ever, used in real life applications. A comparison of the
two types of algorithms is given in [6].

In this paper we focus on algorithms of the rst type, based onaverages of sam-
ples taken from one trajectory. In fact, we work in a more comjpicated setting.
In view of many applications we consider the multiphase proedures, where the
quantity of interest, u, is expressed as a product ok factors, to estimate which
we usek distinct Markov chains. Moreover, we apply a ,,median trick" to en-
hance the con dence level. Summing up, the estimators undeconsideration are
medians of products of averages

Suppose the estimateu”of u should satisfy the following requirement of (*; )
approximation: P(jo=u 1 ") 1 . Here" is a relative precision and
is the con dence level. Our objective, similarly as in [6], B to nd su cient
conditions for ("; ) approximation. We optimize constants in our bounds, de-
creasing the required cost of simulation by orders of magniide. Our basic tool
is a new bound for the mean square error (MSE) of Markov chain averages,
Theorem 2.7. In contrast with the inequality of Aldous [1] used by Gillman [6],
our bound holds for chains which are not necessarily reveriie and it is in some
instances much tighter. We also obtain an inequality for thebias, Theorem 2.3,
which is a generalized and improved version of the results d&inclair and Jerrum

[12], Diaconis and Stroock [3] and Fill [5].

Note that a simpler scheme than median of products of average(without me-
dian) could be obtained at the cost of longer trajectory for each of the k factors.
Precision of estimation could then be bounded using expongial inequalities
for Markov chains. In recent years several results of this tpe have been proven
[11]. However, this approach would lead to weaker bounds fothe precision of
the estimate of the product.

The paper is organized as follows. In Section 1 we formulatedsic assumptions
and the main result. Sections 2 and 3 contain auxiliary resuk with their proofs.
Finally, we prove the main result in Section 4.

1 Main result

Suppose the quantity of interest is expressed as = 3 k. Each ; is the
expectation of some functionf; with respect to a probability distribution ; on
some nite space, j = E (fj). Itis often easy to nd a Markov chain with
transition matrix P; such that ; is its stationary distribution. The sampling
procedure under consideration starts fromx; and makest + n steps. First t
steps are discarded and the remainingh steps are used to compute averages.
The resulting estimates of ;'s are multiplied. Finally, the whole procedure
is repeatedm times and the median is taken as an estimate ofi. The basic
parameters of the algorithm aret, n, k and m. Clearly, the number of samplings



is (n+1t) k m. A formal description of the algorithm is the following.

input:  t, n, k, m, (Pj;xj)forj =1;::5;k
for i =1to mdo
for j =1to k do
generate the trajectory X ;X o X§ i X(*n 1 of Markov chain
with transition rulg P; and initial state X = x;

compute Y = % ,”:Olfj(xif+I
end for
compute Y; = }‘:1 Yi
end for

compute Y =med(Y1;:::;Ym)
output;: 0 =Y fY is the estimate ofug

Assume that 0 f; 1 for everyj =1;:::;k. Suppose that we knowa priori

> 0 and > 0 such that and (x;) . To derive bounds
for both mixing and autocorrelation times for the Markov chains we need a
condition on singular values of P;. Following Fill [5], we consider irreducible
multiplicative reversibilization of P;, de ned asM; = P;jdiag( ;) P, diag( ;).
It is easy to see that M; has real nonnegative eigenvalues and 1 is its single
largest eigenvalue. We assume thathe second largest eigenvalue oM; does

not exceed some known ? < 1 (uniformly for every j = 1;:::;k). Write
% =(1 ) L
Our main result shows how quantities , , % and k determine t, n and m

and consequently the cost of the algorithm.

Main Theorem. Let0O<"< landO< < 1=2 If

t % |n( 1=2 122).

n Ci% k" 2(1+"?),whereC;' 16:7 is a universal constant;

m C,In(2 ) *andm is odd, whereC, ' 2:3is a universal constant,

then the estimatet satises P(jo=u 1j ") 1

2 Bias and MSE of Markov chain estimates

We consider a Markov chainXg; X1;::: on a nite state space X. Assume the
chain is irreducible and aperiodic. Let P be the one-step transition matrix.
The initial distribution is denoted by ( and the stationary distribution by
. Consider the l{;Hlbert spaceL? of functionsf : X ! R endowed with scalar
product f;gi =,y f(X)g(x) (X). The normis de ned by kf k? = H;f i. We



will freely identify functions and probability distributi ons with column vectors
in R%, wheres = jXj. For instance, the scalar product we work with can be
rewritten as H;gi = fT g, where :[giag[ (X]x=1 s - We identify P with

the operator on L? given by Pf (x) = y P (x;y)f (y). The adjoint operator is
P = PT.lIndeed, M;Pgi=fT Pg=fT P ! g=1IP f;gi.

We sayM = P P is the multiplicative reversibilization of P. Operator M is
self-adjoint and nonnegative de nite. Let us denote the eignvalues ofM by
1= 2 2 2 0. Assume that M is irreducible, which implies that
the largest eigenvalue 1 is single. The corresponding (ridheigenspace is one
dimensional and it is spanned by 1, the constant function eqal to one. Under
our assumptions we have , < 1. For simplicity let us write =

We begin with the following lemma, which we believe belongsd the folklore.
2.1 Lemma. If Hf; 1i =0 thenkP'fk  'kf k.
Proof. We have kPfk? = HPf;Pfi = H;P Pfi. Now, use the well-known

minimax characterization of eigenvalues of a self-adjoinbperator (c.f. [7], page
176, e.g.). Sincev; 1, the second largest eigenvalue d® P is

2= max H;P Pfi=h;fi:
f :hf; 1i=0

Thus for H; 1i = 0 we have kPf k? 2kf k2. To obtain the conclusion by
induction, it is enough to note that 0= H; 1i= Tf = TPf = HPf; 1i. O

Since the eigenvalues oP P and PP are the same, we have the following.

2.2 Corollary. If Hf; 1i =0 thenk(P )'fk  'kfk.

2.1 Bias

Let { = P(X{ = x). De ne a chi-square \distance from stationarity" as

X 2
t2= ( t(x) (X)) - k 1( ¢ )kZ
(x)
x2X
We consider a xedf 2 L2, = E ,f and = E f. Throughout this section

we write g = f and ?=kgk’=E g?=Var f.
2.3 Theorem. We have

J ot j t toi



Proof. To obtain the rstinequality in the conclusion of the theore m, we proceed
as follows.

jood=icd TE vi=ijh e )i
k (¢ )k kgk=
by the Cauchy-Schwarz inequality.

The second of the claimed inequalities follows from Corolley 2.2. Indeed,
PTYt=(P) Tandh (¢ );1i =0. Therefore

=k o k=k XPT(o )k
KP) Mo Dk 'k o k= o

O

Applying Theorem 2.3 to a suitably chosenf we get well-known inequalities of
Sinclair and Jerrum [12], Diaconis and Stroock [3] and Fill f].

2.2 Mean Square Error

P
Letfn= 2" ["f(X;). Itis well-known that, for an arbitrary initial distribu-
tion,

(2.4) lim nE(f,  )?= lim nVarf, = 2
n!l n!l

where ? is called the asymptotic variance (while 2 could be called the station-
ary variance). The asymptotic variance can be expressed inerms of P and f

via the so-called fundamental matrix of the Markov chain. Let T=P 1 T.
Fori> O we haveT! = P' 1T and Pig = Tig, because Tg = 0. The

fundamental matrix is

x
(2.5) Zz= T=(1 T) %
i=0
We will make use of the following formulas for the asymptoticvariance.

R
2=Var f(Xo)+2  Cov (f (Xo);f (X))
i=1 |
(2.6) * g ‘o
kgk + 2 hg;P'gi =g I+2 T' g
i=1 i=1

92z g
The formulas (2.6) are classical and can be found for exampli [2].

Our following result replaces asymptotics with respect ton in (2.4) (which is
useless for our purposes) with a useful inequality.



2.7 Theorem. Under our standing assumptions we have

E(fn )2 E 2 i 2 2+(1+ )maXX(jf (X) J) 0 :
n

n2 (1 )2
Proof. SetQ; =diag[ i(X)];=; ... and write Rj = Qi . Now,
"rx . #
n?MSE = n?E(f, )?>=E a(X)
i=0
X1x? X 1
=2 Eg(Xia(X;) +  Eg(Xi)®
i=0 j=i+l i=0
X 1K1 'S
=2 g'QP' 'g+  g'Qig
i=0 j=i+l i=0

= n?BIAS + n’MSE ;

where
X 1?1 X 1
n2BIAS =2 g'RiP g+  g'Rig;
i=0 j=i+1 i=0
X1lx1l X 1
n?MSE =2 g Pl g+ g g
i=0 j=i+1 i=0

To simplify notation, let us write kgk; = maxy jg(x)j. It is enough to show
that

() n?BIAS| k gki o (1+ )=(1 )%

(i) n?jMSE 2=pj 22=(1 )2

First consider the bias term and prove (i). For j i, in view of the Cauchy-
Schwarz inequality, Lemma 2.1 and Theorem 2.3, we have

jg'RiPI 'gi jg"Ri * Pl igi=jh Rig;P! g
k 'Rigk kP) gk k gki i kgk |
k gki o kok ' =kgky o;

becausek  IRigk* = | L g0)2( 1) (2= () k gk 7



Now, putting C = kgk; o , we obtain

X1xX1 X1
n?jBIAS j= 2C I+C '
i=0 j=i+1 izP
X i+1 1 ' 1+
+ — =C—r———:
C 2i=01 T c(1 2

We have shown (i).

Now we turn to (ii). Recall that T stands forP 1 T, as in (2.5). Of course,
L, Ti=2ZT(  TM). Hence

Xlnxil_ rxl

_ X
T = ZT( T ' YH=nzt Z T
i=0 j=1 i=0 i=1
=nZT Z2T(1 TM=n(Z )+ Z22T(1 T"):
Therefore
Xlnxi 1 )
n’MSE =2g" Tlg+ng" ¢
i=0 j=1

=ng'[2(Z 1)+] g+2g" z’T( T"g:
By (2.5), the rst term on the right hand side is equal to n 2.
It remains to bound the second term. To this end, we use the simple observation

that g T=g" P =g" (P )T . The Cauchy-Schwarz inequality, Lemma 2.1
and Corollary 2.2 imply that

0 1 |
L I U
jigf zzT( TMgi= ¢g¢ @ TiA Ti g
j=0 i=1
0 1 |
X . x XX . .
=g @ ((P))YA P' g = jh(P ) g;P'dij
j=0 i=1 j=0 i=1
. kPigk kP'gk kgk2>€ A ¢ S B :
j=0 i=1 j=0 i=1 1 )? (1 )?

Consequently,jin?MSE  n ?j 2 2=(1 )2. This completes the proof. O



2.3 Corollaries

In this subsection we state some simple consequences of theepeding results
in a form \ready to use" in the main proof. Write %=1=(1 ). Theorem 2.3
immediately entails the following.

2.8 Corollary. For a deterministic initial distribution, P(Xo = x) = 1, we
have o (x) 2 and

t

1 - ~% =
¢ 1 % (X) 1=2 e t=% (X) 1 2:

P
Let us now consider the \delayed" averages ¢, = & (11 f (X))

2.9 Corollary. Assume that0 f 1. Then

Efo | %

— t-
nP

Indeed, by Theorem 2.3 we have

. oo1X oo1X? 1
JEfen ] —  JEF(Xei) ) = =
n. n. n
i=0 i=0
Note that the following well-known bound for 2 holds also for nonreversible
chains ( 2 denotes the second largest eigenvalue o).

2.10 Proposition. We have

> 1+ 5
I :

Proof. By (2.6), Cauchy-Schwarz and Lemma 2.1,

X _ X
2=Kkgk?+2  hg;P'gi k gk® 1+2 b=
i=1 i=1

O

Combining Theorem 2.7 with Proposition 2.10 we immediatelyget the following.
2.11 Corollary.

2+ 1+ Jmaxy(f(x) )

E(f tn )2 1 n2 (1 )2

Sl
o
+
o
N



2.12 Corollary. Assume that0 f 1. Then

Efen )2 2% %, %
2 n n n

Indeed,

1+ 2, 2 2, 1¥

nd ) nXl )2 " n2@ )2 '
2, 2 . oP -

nd ) nXl )2 n21 )2 '

2% % %

2 1+ D4 g
n n n !

E(fen )2

3 Products and medians of independent random
variables

Consider independent nonnegative random variablesZi;:::;Zx. We look at
Z;j as abiased estimate of ;. ConsiderZ = Z; Zy as an estimate ofu =
1 k. Let

31 = C T . 2_EZ w

(3.1) j_izvh_%a ST e

j J

We will give su cient conditions for required relative prec ision of the estimate
Z in terms of bounds on variation coe cients and relative bias of factors Z; .
Let us begin with the following lemma.

3.2 Lemma. Assumejxjj d=kforj =1;:::;k. Then

1+x)=1+ Xj +r,
j=1 =1

- 2
wherejrj  %ed.

Proof. Since

X X
r= Xji Xj, + Xji Xj,Xj3 + X1 Xk,

j1<i 2 j1<i 2< 3



by our assumption we have

K N R
N @’ 3153 k kK

1 1 1
2 k 2
d 2+§d+ +Ed

1 1,
— + —d+ —d°+ —e%:
1 3d 3 4d €

3.3 Lemma. If ? 2andb are dened by (3.1) then

Y YK
2= (1+ ?+2B) 2 (1+h)+i:
i=1 j=1

Proof. SinceZ; are independent,

E(Z u)? EZ? 2uEZ+ u?
u2 u2
2 2
_Ezf EZf EZ B2,
1 K 1 K

To conclude the proof, it is enough to notice that

EZ? E@EZ  )*+2 jEEZ )+ P
21 = 2 ! = j2+2h+1;
J

EZ;

E(ZJ ])+ j :q+1:

j
O
From the preceding lemmas we immediately obtain the followng useful bound.

34 Lemma. If 2 2andjbj S forj=1;:::;k, then

9
Z d+ —d?e™:
4
Proof. The formula for 2 given by Lemma 3.3 can be rewritten as follows, using
Lemma 3.2:

X
242 p+r% 21+ p+r%+1

10



where jr  3(2d)%e?, because ? +2jlyj  2d=k and ir%  1(d=2)%e*2,

becauseilyj d=2k. Thusr® 2r% 2e?d. Of course, ? dand the result

follows. O

distributed random variables.

3.5 Lemma. Assume thatP(jY;= 1j ") a<1=2for |l =i;:::;m. Let
Y =med(Yz1;:::;Ym). If mis odd and
2In2 ) *
In[4a(l a)]

then P(GY= 1 ")

Proof. The well-known Cherno 's bound is

n [0}

PGY= 133 ") %[451(1 a)]m=2: exp %In[4a(1 a)]

NI =

The right hand side is lessthanorequalto i m 2In(2 ) *=In[4a(l1 a)] 1,
as claimed. O

4 Proof of the Main Theorem

Let us recall that

1 X1 t+1y. ¥ .
Yi =~ X Y= Y
1=0 j=1
First we are going to apply Corollaries 2.9 and 2.12 to the aveagesY;j , then
Corollary 3.4 to the products Y;. Let
2 EOYG )% g 1. 2. EM u)?.
i 2 ' ' :

j j uz

To begin with, it follows from Corollary 2.8 that if

(4.1) t %In( 2 172,

then 1P —. Consequently, from Corollaries 2.9 and 2.12 we derive the
following tidy bounds
2% 2% %
2 27 4427 . ihi 2.
(4.2) i - 1 - ; iBj —

11



Therefore, if

2% 2%
- +

(4.3) -

1

d.
k

then ? d=kandjhyj d=(2k). Corollary 3.4 implies 2 d+ 3d%e®. If we
choosed such that

@.4)  d+ %dzeZd a"?;
then, by Chebyshev's inequality,

@s) pgv oy ow SN WRo

u2||2 np n = a':

Let us sum up the above considerations. We xt satisfying (4.1). If n is
su ciently large to fulll (4.3) with  d satisfying (4.4), than (4.5) holds. We
claim that

2%k .
(4.6) no—— 1+ "?

will do, provided that a < 1=8. Indeed, putf =2%k=(n )andd= f(1+ f).
Inequality (4.6) clearly implies (4.3). Now we are going to \erify (4.4). Since

—a--z <a"?< E< 1
1+"2 8 8’

it follows that
92 d 9 2 2f (1+ f
d+Zdez =f 1+f 1+Z(1+f)e2( )

- ) #l

9 9 9=32
+ — + - =
<f 1 8 1 1 3 e

<f@+"?) a'z

We have shown that (4.6) implies (4.5). Now recall Lemma 3.5.The nal result,
4.7) PGY uj u")

is valid if the following two conditions are satis ed. On the one hand, to ensure
(4.5) we choosen satisfying (4.6). On the other hand, Lemma 3.5 requires

2In@2 ) 1

(48) In[da(l a) *

12



The total cost of the algorithm (measured in numbers of stepsof all simulated
Markov chains) is k(t + n)m. Let us ignore dependence ort, because it is
usually negligible. Let us minimize a lower bound forn m which was obtained
in the course of our above considerations. From (4.6) and (8) we see that the
algorithm ful lls (4.7) when mn exceeds

2
alnfdga(l a) *

0,
n@ )+ 2% (1402

To minimize this expression, it is enough to nd the maximum of the following
function h(a) = (a=2)In[4a(l a)]. Function h has on (G 1=2) one maximum
at a ' 0:11969 equal toh(a ) = 0:051708. Notice thata < 1=8, so our
derivation of (4.6) is correct. Put

2 1 g — a ' . .
Ci= o' 16710 Cp= (' 2315

We have shown that our requirements ont, n and m guarantee the nal bound
on relative precision. The proof is complete.

Graph of h(a)
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