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1 Introduction

The presented habilitation thesis consists of the following papers:

[H1] L.A. Nguyen. A fixpoint semantics and an SLD-resolution calculus for modal logic
programs. Fundamenta Informaticae, 55(1):63–100, 2003.

[H2] L.A. Nguyen. Multimodal logic programming. Theoretical Computer Science,
360:247–288, 2006.

[H3] L.A. Nguyen. The modal logic programming system MProlog. In J.J. Alferes and
J.A. Leite, editors, Proceedings of the 9th European Conference on Logics in Artificial
Intelligence JELIA’2004, LNCS 3229, pages 266–278. Springer, 2004.

[H4] L.A. Nguyen. The data complexity of MDatalog in basic modal logics. In
R. Kralovic and P. Urzyczyn, editors, Proceedings of the 31st International Sympo-
sium on Mathematical Foundations of Computer Science MFCS’2006, LNCS 4162,
pages 729–740. Springer-Verlag, 2006.

[H5] L.A. Nguyen. Foundations of modal deductive databases. Fundamenta Informati-
cae, 79(1-2):85–135, 2007.

In [H1], we develop a fixpoint semantics, the least model semantics, and an SLD-
resolution calculus in a direct way for positive modal logic programs in basic serial
monomodal logics. In [H2], we extend the results and generalize the methods of [H1]
for multimodal logics, giving a framework for developing semantics for positive logic pro-
grams in serial multimodal logics. In [H3], we report on our design and implementation
of the modal logic programming system [18] based on the framework given in [H2].

The subject of modal deductive databases closely relates to modal logic programming.
In [H5], using our theory of modal logic programming [H1, H2], we formulate modal deduc-
tive databases and give computational methods for the modal query language MDatalog.
In [H5], we also estimate data complexity of MDatalog in some multimodal logics. The
work [H4] contains our results on data complexity of MDatalog in basic monomodal logics.

2 Modal Logic Programming

2.1 Classical Logic Programming

Logic programming is very useful for practical applications. There are three standard
semantics for positive classical logic programs (see, e.g., [16]):



– the least model semantics,
– the fixpoint semantics,
– the SLD-resolution calculus (a procedural semantics).

Every positive logic program P has the least Herbrand model MP , which is the least
set of ground atoms that are logical consequences of P . The model MP has the property
that for every positive ground formula ϕ,

P |= ϕ iff MP |= ϕ.

The fixpoint semantics of positive logic programs was first introduced by van Emden
and Kowalski [24]. It states that the least Herbrand model MP of a positive logic program
P can be constructed by repeatedly applying the direct consequence operator TP , which for
a set I of ground atoms returns the set of ground atoms that can directly be derived from
I using the clauses of P . This operator is monotonic, continuous, and has the following
least fixpoint, which is equal to MP :

TP ↑ω =
ω⋃

n=0

TP ↑n = MP

where TP ↑0 = ∅ and TP ↑n = TP (TP ↑(n− 1)) for n ≥ 1.
SLD-resolution, named by Apt and van Emden in [2], was first described by Kowal-

ski [12] for logic programming. It is a top-down (goal-directed) procedure for answering
queries in positive logic programs. SLD-resolution is sound in the sense that, given a posi-
tive logic program P and a goal G, every computed answer θ of P∪{G} is a correct answer
of P ∪{G},1 and is complete in the sense that for every correct answer θ of P ∪{G}, there
exists a computed answer θ′ of P ∪ {G} such that Gθ = Gθ′δ for some substitution δ.

SLD-resolution closely relates to the fixpoint semantics. The first one is a top-down
procedure, while the second one is a bottom-up procedure for answering queries. Com-
pleteness proofs of SLD-resolution are usually based on the computation of TP ↑ω and a
lifting technique.

2.2 Previous Work on Modal Logic Programming and Motivations

Modal logics are useful in many areas of computer science. For example, multimodal
logics are used in knowledge representation and multiagent systems by interpreting 2iϕ as
“agent i knows/believes that ϕ is true”. In particular, they can be used for reasoning about
multi-degree beliefs (a kind of uncertain knowledge), for modeling distributed systems of
beliefs, and for reasoning about epistemic states of agents in multi-agent systems (see [H2,
Section 4] for some examples).

Several authors have proposed modal extensions for logic programming. There are two
approaches: the direct approach [8, 3, 4] and the translation approach [7, 21]. The former
approach directly uses modalities, while the later one translates modal logic programs
into classical logic programs.

A pioneering work on declarative semantics for modal logic programs is the work by
Balbiani et al. [3]. In that work, the authors gave a declarative semantics and an SLD-
resolution calculus using the direct approach for a class of modal logic programs in the

1 An answer θ for P ∪ {G} is a substitution for variables occurring in G. It is a correct answer for P ∪ {G} if
P |= ∀(¬Gθ), where ∀(¬Gθ) is the “universal closure” of ¬Gθ.
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logics KD , T , and S4. The work assumes that the modal operator 2 does not occur in
bodies of program clauses and goals.

Using the direct approach, Baldoni et al. [4] also gave a framework for developing
declarative and operational semantics for logic programs in multimodal logics which have
axioms of the form [t1] . . . [tn]ϕ → [s1] . . . [sm]ϕ, where [ti] and [sj] are universal modal
operators parameterized by terms ti and sj, respectively. In that work, existential modal
operators are disallowed in programs and goals.

In [7], Debart et al. applied a functional translation technique for logic programs in
multimodal logics which have a finite number of modal operators 2i and 3i of any type
among KD, KT , KD4, KT4, KF and interaction axioms of the form 2iϕ→ 2jϕ. The
technique is similar to the one used in Ohlbach’s resolution calculus for modal logics [22].
Extra parameters are added to predicate symbols to represent paths in the Kripke model,
and special unification algorithms are used to deal with them.

In [21], Nonnengart proposed a semi-functional translation, which translates existen-
tial modal operators using functional translation and translates universal modal operators
using relational translation. His approach uses accessibility relations for translated pro-
grams but does not modify unification. Nonnengart [21] applied the approach for modal
logic programs in all of the basic serial monomodal logics. He also gave an example in
a multimodal logic of type KD45.

The translation approach is attractive: just translate and it is done. However, the
problem is more complicated. Modal logics add more nondeterminism to the search pro-
cess, which cannot be eliminated but must be dealt with in some way. In the functional
translation, the modified unification algorithm may return different mgu’s, which cause
branching. In the semi-functional translation, additional nondeterminism is caused by
clauses representing frame restrictions of the used modal logic. In the direct approach,
additional nondeterminism is caused by modal rules which are used as meta clauses.

In our opinion, the direct approach is worth studying, as it is one of the main ap-
proaches to deal with modalities and may result in a deeper analysis of the problem.

As far as we know, the only modal logic programming that is based on Prolog and has
been implemented by other authors is the Molog system proposed by Fariñas del Cerro
[8]. This system uses the direct approach and can be instantiated with particular modal
logics. The current version of this system has, however, some limitations. In particular,
it only says “yes” or “no” without giving substitutions as answers (where “yes” means
there exist “correct answers”).

2.3 MProlog

We present our logical formalism MProlog [H1, H2] for modal logic programming.
A modality is a (possibly empty) sequence of modal operators and a universal modality

is a modality containing only universal modal operators. We use � to denote a universal
modality and E to denote a classical atom. Similarly as in classical logic programming,
we write

�(ϕ← ψ1, . . . , ψn)

to denote the formula
∀(�(ϕ ∨ ¬ψ1 ∨ . . . ∨ ¬ψn)).

A program clause is a formula of the form

�(A← B1, . . . , Bn)
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with n ≥ 0 and A, B1, . . . , Bn are formulae of the form E, 2iE, or 3iE. We call � the
modal context, A the head, and B1, . . . , Bn the body of the program clause.

An MProlog program is a finite set of program clauses.
An MProlog goal atom is a formula of the form �E or �3iE.
An MProlog goal is a formula written in the clausal form

← α1, . . . , αk

where each αi is an MProlog goal atom.
We showed in [19] that MProlog has the same expressiveness as the general Horn

fragment in normal modal logics. For a specific modal logic L, we may adopt some restric-
tions on modal contexts of MProlog program clauses and MProlog goal atoms and call
the obtained language L-MProlog [H1, H2] (if no restriction is adopted then L-MProlog
is the same as MProlog). Such restrictions either follow from equivalencies in L or are
acceptable from the practical point of view2, and furthermore, they do not reduce the
expressiveness of the language.

2.4 Our Contributions

In [H1], we develop a fixpoint semantics, the least model semantics, and an SLD-resolution
calculus in a direct way for MProlog programs in all of the basic serial monomodal logics
KD , T , KDB , B , KD4, S4, KD5, KD45, and S5. For an MProlog program P and for L
being one of the mentioned logics, we define a direct consequence operator TL,P , which has
the least fixpoint IL,P . This fixpoint is a set of ground atoms, which may contain labeled
forms of the modal operator 3, and is called the least L-model generator of P . We show
that the standard L-model ML,P of IL,P is a least L-model of P (with the property that,
for every positive ground formula ϕ, we have ML,P |= ϕ iff P |=L ϕ). We prove that, for L
being one of the mentioned monomodal logics, the SLD-resolution calculus for L-MProlog
is sound and complete. We also extend the calculus for MProlog in the almost serial modal
logics KB , K 5, K 45, and KB5.3 There are two important properties of our approach in
[H1]: no special restriction on occurrences of 2 and 3 is assumed 4 and the semantics are
formulated in a similar way as that of classical logic programming.

In [H2], we extend the results and generalize the methods of [H1] for multimodal logics.
We give a framework for developing the least model semantics, fixpoint semantics, and
SLD-resolution calculi for logic programs in multimodal logics whose frame restrictions
consist of the conditions of seriality (i.e. ∀x ∃y Ri(x, y)) and some classical first-order Horn
formulae. Our approach is direct and no special restriction on occurrences of 2i and 3i

is assumed. We prove that when a concrete instantiation of the framework for a specific
modal logic has certain expected properties, the SLD-resolution calculus is sound and
complete.

In [H2], we also apply our framework for a large class BSMM of basic serial multimodal
logics, which are parameterized by an arbitrary combination of generalized versions of
axioms T , B, 4, 5 (in the form of, e.g., 4 : 2iϕ→ 2j2kϕ) and I : 2iϕ→ 2jϕ. We prove

2 In the logics KDI4s, KDI4, KDI45 of multi-degree belief (see Table 1 and [H2, Section 2.3]), it has little sense
to write a program clause in the form 2i2jϕ or a goal atom in the form 2i2jE or 2i3jE. So, we assume
that, for L ∈ {KDI4s,KDI4,KDI45}, modal contexts of L-MProlog program clauses have length 1 or 0, and
L-MProlog goal atoms are of the form E, 2iE, or 3iE.

3 The works [8, 3, 7, 21] consider only serial modal logics, while the work [4] considers only non-serial modal logics
(and disallows existential modal operators in logic programs).

4 Programs and goals are of a normal form but the language is as expressive as the general modal Horn fragment.
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Name Schema Meaning/Condition
(D) 2iϕ→ ¬2i¬ϕ belief is consistent
(I) 2iϕ→ 2jϕ if i > j subscript indicates degree of belief
(Ig) 2iϕ→ 2jϕ if the group i is a superset of the group j
(4) 2iϕ→ 2i2iϕ belief satisfies positive introspection
(4s) 2iϕ→ 2j2iϕ belief satisfies strong positive introspection
(5) ¬2iϕ→ 2i¬2iϕ belief satisfies negative introspection
(5s) ¬2iϕ→ 2j¬2iϕ belief satisfies strong negative introspection
(5a) ¬2iϕ→ 2i¬2iϕ if the group i is a single agent

Table 1. Axioms of belief

that the instantiation of the framework for that class of logics is correct, i.e. the fixpoint
semantics coincides with the least model semantics, and the SLD-resolution calculus is
sound and complete.

In [H2], we also instantiate our framework for the following multimodal logics of belief,
which are specified using axioms given in Table 1 (see [H2, Section 2.3] for a discussion):

– KDI4s, KDI4, KDI4s5, KDI45 : for reasoning about multi-degree belief,
– KD4s5s : for use in distributed systems of belief,
– KD45(m), KD4Ig5a : for reasoning about epistemic states of agents.

Although these epistemic logics belong to the class BSMM, the special SLD-resolution
calculi proposed for them are more efficient than the calculus given for BSMM. Correctness
of the instantiations is proved in the supplement [19].

Note that both the works on multimodal logic programming by Debart et al. [7] and
by Baldoni et al. [4] do not consider multimodal logics with axioms like (5), which are
used for negative introspection.

In [H5], we instantiate our framework for the class sCFG of serial context-free gram-
mar logics, which are normal multimodal logics characterized by the serial axiom (D)
and inclusion axioms of the form 2iϕ → 2j1 . . .2jh

ϕ. Correctness of the instantiation is
proved in the supplement [19].

As reported in [H3], we have designed and implemented the modal logic programming
system MProlog [18] using our framework. This system is written in Prolog as a module
for Prolog. Codes, libraries, and most features of Prolog can be used in MProlog programs.
The system contains a number of built-in SLD-resolution calculi for different modal logics,
including all of the considered multimodal logics of belief and basic serial monomodal
logics. It has been designed so that users can implement and add SLD-resolution calculi
to the system in a modular way.

For flexibility, our system allows three kinds of predicates: modal predicates, classical
predicates (which do not depend on possible worlds in Kripke models), and classical pred-
icates that are defined using also modal predicates. The last kind of predicates is useful,
for example, for mixing different modal calculi in an MProlog program. For effectiveness,
classical fragments in MProlog programs are interpreted by Prolog itself, and there are
a number of features that can be used to restrict the search space.

The theoretical foundation of the MProlog system is very different than that of
Molog [8]. In MProlog, the labeling technique is used for existential modal operators
instead of Skolemization. Our system uses new technicalities like normal forms of modal-
ities and pre-orders between modal operators. MProlog also overcomes the limitations of
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Molog: for example, MProlog gives substitutions as “computed answers”, while Molog
only answers “yes” or “no” (where “yes” means there exist “correct answers”).

3 Modal Deductive Databases

3.1 Classical Deductive Databases and Datalog

A deductive database consists of an instance of extensional relations and a logic program
defining intensional relations using the extensional relations. For the basic case, the used
logic program is a Datalog program, which is a classical positive logic program without
function symbols that satisfies the range-restrictedness condition. The condition requires
that every variable occurring in the head of a program clause occurs also in the body of the
clause. There are well-developed techniques for computing queries in deductive databases.
In particular, for Datalog queries, there are the top-down query-subquery evaluation algo-
rithm and the bottom-up evaluation method based on the magic-set transformation and
the improved seminaive evaluation (see, e.g., [1]). The query-subquery evaluation algo-
rithm for Datalog queries simulates SLD-resolution but does it set-at-a-time and manages
to find all answers effectively using a tabling technique. The magic-set transformation for
Datalog queries simulates the query-subquery evaluation by rewriting a given query to an-
other equivalent one that when evaluated using a bottom-up techniques (e.g. the seminaive
evaluation) produces only facts produced by the top-down query-subquery evaluation.

3.2 Previous Work on Modal Deductive Databases and Motivations

Modal deductive databases have potential applications, for example, when belief is treated
as a kind of uncertain knowledge or when each node in a distributed database is treated
as an agent. Not only are modal extensions desirable for deductive databases, but the
computational methods of deductive databases are also worth studying for modal logics
because the translation techniques do not work for modal queries as they may produce
Skolem function symbols.

As far as we know, there are no works by other authors that are devoted to modal
deductive databases and directly use modal logics. The term “modal deductive databases”
is hard to find in the literature of computer science, while the field of temporal deductive
databases has received lot of attention from researchers (see, e.g., the survey [6]). The
modal Datalog defined in [9, Definition 23] is formulated in classical logic and uses only
unary or binary predicates. Deductive databases/knowledge bases in description logics
have recently been studied by a number of researchers (see, e.g., [15, 10, 5, 11, 20, 13, 14,
23]). Description logics are cousins of modal logics that represent the domain of interest
in terms of concepts, objects, roles, and are useful for modeling and reasoning about
structured knowledge. However, they differ from modal logics in the same way as “objects”
differ from “possible worlds”.

In a previous work [17], we extended Datalog for monomodal logics, defining two
languages: MDatalog and eMDatalog. The first one is a natural extension of Datalog,
while the second one is the general modal Horn fragment with a refined condition of
range-restrictedness. We showed in [17] that every eMDatalog query can be translated in
polynomial time into an MDatalog query which is equivalent to the original in any normal
monomodal logic. The evaluation method proposed in [17] is based on building a least
L-model for a modal deductive database, where L is the base modal logic. It was applied
for the basic serial/almost serial monomodal logics.
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3.3 Our Contributions

In [H4], we show that the data complexity of MDatalog and eMDatalog is PTIME-
complete in KD, T, KB, KDB, B, K5, KD5, K45, KD45, KB5, and S5, is coNP-complete
in K, and is PSPACE-complete in K4, KD4, and S4.

In [H5], we formulate modal deductive databases and the modal query language MDat-
alog for multimodal logics. For a modal logic L, an L-MDatalog program is a range-
restricted L-MProlog program without function symbols. A model generator is a set of
ground modal atoms, which may contain labeled existential modal operators (see [H1, H2,
H5]), and the direct consequence operator of the fixpoint semantics of an MProlog pro-
gram is a function that maps a model generator to another one. With that feature, we are
able to group atoms in a model generator by predicate symbols and this is a key to define
modal relations and develop modal relational algebras. As in the case of classical logic,
a modal deductive database based on MDatalog consists of modal relations specifying
extensional predicates and an MDatalog program defining intensional predicates.

In [H5], we define modal relational algebras and give the seminaive evaluation algo-
rithm, the top-down query-subquery evaluation algorithm, and the magic-set transforma-
tion for MDatalog queries. The seminaive evaluation algorithm and the magic-set trans-
formation for MDatalog queries are closely related to the fixpoint semantics of MProlog
programs, while the top-down query-subquery evaluation algorithm for MDatalog queries
is based on our SLD-resolution calculi for MProlog. As for the case of Datalog, the magic-
set transformation can be combined with the seminaive evaluation to give a more refined
bottom-up evaluation method for MDatalog.

The results of [H5] like soundness, completeness, and tightness of the top-down query-
subquery evaluation algorithm as well as correctness of the magic-set transformation are
proved for the multimodal logics of belief KDI4s5, KDI45, KD4s5s, KD45(m), KD4Ig5a,
and the class sCFG of serial context-free grammar logics. Our magic-set transformation
for MDatalog does not strictly simulate our top-down evaluation algorithm because modal
contexts of goal atoms cannot be pushed from goals to subgoals in a pure way. In [H5],
we also show that MDatalog has PTIME data complexity in the logics KDI4s5, KDI45,
KD4s5s, and KD45(m).

Our formulations and methods for L-MDatalog are highly modular w.r.t. the base
modal logic L and the underlying SLD-resolution calculus for L-MProlog. They are ap-
plicable for other serial modal logics. For example, in the report [19], we apply them also
for all the basic serial monomodal logics.

4 Conclusions

In [H1, H2, H3, H4, H5], we develop a comprehensive theory of modal logic programming
and modal deductive databases. Our theory of modal logic programming uses the direct
approach, and in comparison with the works by other authors that also use the direct
approach [8, 4, 3], it does not assume any special restriction on occurrences of modal op-
erators in programs and goals. Our framework for modal logic programming is applicable
and useful for large classes of modal logics, including BSMM and sCFG. The class BSMM
contains amongst others multimodal logics with axioms like (5) (used for negative intro-
spection), which were not studied by other authors for (multimodal) logic programming.
Our framework allows us not only to exploit syntactic properties of the base logic, as in
the case of BSMM, but also to use semantical properties of the base logic, as in the case
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of KDI4s5. MProlog is the only implemented modal logic programming system that is
based on Prolog and gives substitutions as “computed answers” (Molog [8] is also based on
Prolog but answers only “yes” or “no”, where “yes” means there exist “correct answers”).
Our work [H5] is a pioneering work on modal deductive databases. It covers most topics
of the theory of deductive databases for modal logics and establishes a fundamental basis
for the subject of modal deductive databases.

Logic programs with negation are not studied in our thesis and remain future work.
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9. G. Gottlob, E. Grädel, and H. Veith. Linear time Datalog and branching time logic. In Logic-Based Artif. Int.,
pages 443–467. Kluwer Academic Publishers, 2000.

10. B.N. Grosof, I. Horrocks, R. Volz, and S. Decker. Description logic programs: combining logic programs with
description logic. In Proceedings of WWW’2003, pages 48–57, 2003.

11. U. Hustadt, B. Motik, and U. Sattler. Data complexity of reasoning in very expressive description logics. In
L.P. Kaelbling and A. Saffiotti, editors, Proceedings of IJCAI-05, pages 466–471. Professional Book Center,
2005.

12. R.A. Kowalski. Predicate logic as a programming language. Information Processing, 74:569–574, 1974.
13. A. Krisnadhi and C. Lutz. Data complexity in the EL family of description logics. In Proc. of DL’07, pages

88–99.
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