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Abstract—The work [1] by Nguyen and Szałas is a pioneering
one that uses bisimulation for machine learning in the context of
description logics. In this paper we generalize and extend their
concept learning method [1] for description logic-based informa-
tion systems. We take attributes as basic elements of the language.
Each attribute may be discrete or numeric. A Boolean attribute
is treated as a concept name. This approach is more general and
much more suitable for practical information systems based on
description logic than the one of [1]. As further extensions we
allow also data roles and the concept constructors “functionality”
and “unquantified number restrictions”. We formulate and prove
an important theorem on basic selectors. We also provide new
examples to illustrate our approach.

I. INTRODUCTION

Machine learning is a field with many useful applications.
One of main learning settings is inductive supervised learning.
The setting involves learning a function from examples of its
inputs and outputs. The task is: given a collection of examples
of a function f , return a function h, called a hypothesis, that
approximates f . An example is a pair (x, f(x)), where x is
the input and f(x) is the output of the function f applied
to x. In machine learning, objects are usually described by a
set of attributes, and x in such a pair is an object specified by
a vector of attribute values. If f is a binary function, then the
learning problem is called binary classification.

Description logics (DLs) are a family of formal languages
suitable for representing and reasoning about terminological
knowledge [2]. They are of particular importance in providing
a logical formalism for ontologies and the Semantic Web. In
DLs the domain of interest is described in terms of individuals
(objects), concepts, object roles and data roles. A concept
stands for a set of objects, an object role stands for a binary
relation between objects, and a data role stands for a binary
predicate relating objects to data values. Thus, a concept
name is a boolean attribute, and a “functional” data role
name is a partial attribute. The interesting features are object
roles, which specify relationship between objects, as well as

concept constructors and object role constructors, which allow
us to form complex concepts and complex roles from concept
names, role names and individual names.

Binary classification in the context of DLs is called concept
learning, as the function to be learned is expected to be
characterizable by a concept. This problem differs from the
traditional setting in that objects are described not only by
attributes but also by relationship between the objects. Concept
learning in DLs has been studied by a considerable number
of researchers. Cohen and Hirsh [3] studied PAC-learnability
of the CLASSIC description logic (an early DL formalism)
and its sublogic called C-CLASSIC. They proposed a concept
learning algorithm called LCSLearn, which is based on “least
common subsumers”. Lambrix and Larocchia [4] proposed a
simple concept learning algorithm based on concept normal-
ization. Badea and Nienhuys-Cheng [5] studied concept learn-
ing in DLs by using refinement operators as in inductive logic
programming. The currently most well-known algorithms for
concept learning in DLs are DL-Learner (by Lehmann and
Hitzler [6]), YinYang (by Iannone et al. [7]) and DL-FOIL (by
Fanizzi et al. [8]). All of them are also based on refinement op-
erators. Apart from refinement operators, scoring functions and
search strategies also play important roles in those algorithms.
DL-Learner exploits genetic programming techniques, while
DL-FOIL considers also unlabeled data as in semi-supervised
learning. A comparison between DL-Learner, YinYang and
LCSLearn can be found in Hellmann’s master thesis [9]. The
works [10] by Alvarez, [11] by Distel, and [12] by Luna et al.
concern theory learning or concept inclusion axioms learning
in DLs, which are closely related to concept learning in DLs.
The mentioned works [10], [12] involve probabilistic DLs.
Some other researchers combined concept learning in DLs
with inductive logic programming (e.g., Kietz [13]) or studied
concept learning in DLs via inductive logic programming (e.g.,
Konstantopoulos and Charalambidis [14]).

DLs are variants of modal logics. In modal logic, it is well-



known that two states are equivalent iff they are bisimilar
to each other (i.e., belong to the same abstract class of a
bisimulation equivalence relation). In the context of DLs,
Nguyen and Szałas [1] observed that indiscernibility related
to a given concept can be characterized using the largest
auto-bisimulation w.r.t. the sublanguage consisting of concept
names, role names and constructors the concept depends on.
It is surprising that all the works on concept learning in DLs
mentioned in the previous paragraph do not use or mention
bisimulation. One can only find the word “simulation” in [11],
[15], [13]. Simulation in these works is formulated only for
simple DLs, and is essentially simpler than bisimulation and
the largest auto-bisimulation.

Bisimulation arose in modal logic and state transition sys-
tems (see [16] for references). It has widely been studied
for modal logics, temporal logics and hybrid logics [16].
There are a few works on bisimulations for DLs [17], [18],
[19]. The work [18] by Divroodi and Nguyen is a systematic
work on bisimulations for a large class of useful DLs. It
concerns invariance of concepts, TBoxes and ABoxes, preser-
vation of RBoxes and knowledge bases, and the Hennessy-
Milner property. More importantly, it gives also results on
the largest auto-bisimulations and quotient interpretations w.r.t.
such equivalence relations, which are very useful for concept
learning in DLs.

In the mentioned work [1], Nguyen and Szałas generalized
the bisimulation notion of [18] to model indiscernibility of
objects. Their work is a pioneering one that uses bisimula-
tion for concept learning in DLs. It concerns also concept
approximation by using bisimulation and Pawlak’s rough set
theory [20], [21]. Nguyen and Szałas defined terminological
roughification as any technique that uses the largest auto-
bisimulation relations as the equivalence relation for defining
approximations. The learning algorithm proposed in [1] works
for information systems that are either explicitly given as an
interpretation or specified by an acyclic knowledge base with
closed world assumption. This is like the traditional setting of
machine learning, and a bit different from those of [4], [5],
[6], [7], [8], [22], where learning algorithms work for (cyclic)
knowledge base with open world assumption.

In this paper we generalize and extend the concept learning
method of [1] for description logic-based information systems.
We take attributes as basic elements of the language. Each
attribute may be discrete or numeric. A Boolean attribute is
treated as a concept name. This approach is more general
and much more suitable for practical information systems
based on description logic than the one of [1]. As further
extensions we allow also data roles and the concept construc-
tors “functionality” and “unquantified number restrictions”.
Thus, the class of DLs studied in this paper is very rich. It
allows all role constructors of ALCreg plus I (inverse) and
U (universal role), and all concept constructors of ALCreg
plus O (nominal), F (functionality), N (unquantified number
restriction), Q (quantified number restriction) and Self.

We formulate and prove an important theorem on basic se-
lectors, which states that: to reach the partition corresponding

to the equivalence relation characterizing indiscernibility of
objects w.r.t. to a given sublanguage of the considered logic
it suffices to start from the full block consisting of all objects
and repeatedly granulate it by using the basic selectors of
the sublanguage. We also provide examples to illustrate our
approach.

The rest of this paper is organized as follows. We define
DL-based information systems in Section II, define bisimu-
lation and state its properties concerning indiscernibility in
Section III, and then study concept learning in Section IV.
We conclude in Section V.

II. DESCRIPTION LOGIC-BASED INFORMATION SYSTEMS

A DL-signature is a finite set Σ = ΣI ∪ΣdA∪ΣnA∪ΣoR∪
ΣdR, where ΣI is a set of individuals, ΣdA is a set of discrete
attributes, ΣnA is a set of numeric attributes, ΣoR is a set of
object role names, and ΣdR is a set of data roles.1 All the sets
ΣI , ΣdA, ΣnA, ΣoR, ΣdR are pairwise disjoint.

Let ΣA = ΣdA∪ΣnA. Each attribute A ∈ ΣA has a domain
dom(A), which is a non-empty set that is countable if A is
discrete, and partially ordered by ≤ otherwise.2 (For simplicity
we do not subscript ≤ by A.) A discrete attribute is called
a Boolean attribute if dom(A) = {true, false}. We refer to
Boolean attributes also as concept names. Let ΣC ⊆ ΣdA be
the set of all concept names of Σ.

An object role name stands for a binary predicate between
individuals. A data role σ stands for a binary predicate relating
individuals to elements of a set range(σ).

We denote individuals by letters like a and b, attributes by
letters like A and B, object role names by letters like r and
s, data roles by letters like σ and %, and elements of sets of
the form dom(A) or range(σ) by letters like c and d.

We will consider some (additional) DL-features denoted by
I (inverse), O (nominal), F (functionality), N (unquantified
number restriction), Q (quantified number restriction), U
(universal role), Self (local reflexivity of a role). A set of DL-
features is a set consisting of zero or some of these names.

Let Σ be a DL-signature and Φ be a set of DL-features.
Let L stand for ALCreg , which is the name of the description
logic corresponding to propositional dynamic logic (PDL). The
DL language LΣ,Φ allows object roles and concepts defined
recursively as follows:
• if r ∈ ΣoR then r is an object role of LΣ,Φ

• if A ∈ ΣC then A is concept of LΣ,Φ

• if A ∈ ΣA \ΣC and d ∈ dom(A) then A = d and A 6= d
are concepts of LΣ,Φ

• if A ∈ ΣnA and d ∈ dom(A) then A ≤ d, A < d, A ≥ d
and A > d are concepts of LΣ,Φ

• if R and S are object roles of LΣ,Φ, C and D are concepts
of LΣ,Φ, r ∈ ΣoR, σ ∈ ΣdR, a ∈ ΣI , and n is a natural
number then

– ε, R◦S , RtS, R∗ and C? are object roles of LΣ,Φ

1Object role names are atomic object roles.
2One can assume that, if A is a numeric attribute, then dom(A) is the set

of real numbers and ≤ is the usual linear order between real numbers.



(R ◦ S)I = RI ◦ SI (R t S)I = RI ∪ SI

(R∗)I = (RI)∗ (C?)I = {〈x, x〉 | CI(x)}
εI = {〈x, x〉 | x ∈ ∆I} UI = ∆I ×∆I

(R−)I = (RI)−1 >I = ∆I ⊥I = ∅
(A = d)I = {x ∈ ∆I | AI(x) = d}
(A ≤ d)I = {x ∈ ∆I | AI(x) is defined, AI(x) ≤ d}
(A ≥ d)I = {x ∈ ∆I | AI(x) is defined, d ≤ AI(x)}
(A 6= d)I = (¬(A = d))I

(A < d)I = ((A ≤ d) u (A 6= d))I

(A > d)I = ((A ≥ d) u (A 6= d))I

{a}I = {aI} (¬C)I = ∆I \ CI

(C uD)I = CI ∩DI (C tD)I = CI ∪DI

(∃r.Self)I = {x ∈ ∆I | rI(x, x)}
(∀R.C)I = {x ∈ ∆I | ∀y [RI(x, y)⇒ CI(y)]}
(∃R.C)I = {x ∈ ∆I | ∃y [RI(x, y) ∧ CI(y)]

(∃σ.{d})I = {x ∈ ∆I | σI(x, d)}
(≥ nR.C)I = {x ∈ ∆I | ]{y | RI(x, y) ∧ CI(y)} ≥ n}
(≤ nR.C)I = {x ∈ ∆I | ]{y | RI(x, y) ∧ CI(y)} ≤ n}

(≥ nR)I = (≥ nR.>)I (≤ nR)I = (≤ nR.>)I

Fig. 1. Interpretation of complex object roles and complex concepts.

– >, ⊥, ¬C, C u D, C t D, ∀R.C and ∃R.C are
concepts of LΣ,Φ

– if d ∈ range(σ) then ∃σ.{d} is a concept of LΣ,Φ

– if I ∈ Φ then R− is an object role of LΣ,Φ

– if O ∈ Φ then {a} is a concept of LΣ,Φ

– if F ∈ Φ then ≤1 r is a concept of LΣ,Φ

– if {F, I} ⊆ Φ then ≤1 r− is a concept of LΣ,Φ

– if N ∈ Φ then ≥ n r and ≤ n r are concepts of LΣ,Φ

– if {N, I} ⊆ Φ then ≥ n r− and ≤ n r− are concepts
of LΣ,Φ

– if Q ∈ Φ then ≥ n r.C and ≤ n r.C are concepts of
LΣ,Φ

– if {Q, I} ⊆ Φ then ≥ n r−.C and ≤ n r−.C are
concepts of LΣ,Φ

– if U ∈ Φ then U is an object role of LΣ,Φ

– if Self ∈ Φ then ∃r.Self is a concept of LΣ,Φ.

An interpretation in LΣ,Φ is a pair I =
〈
∆I , ·I

〉
, where

∆I is a non-empty set called the domain of I and ·I is a
mapping called the interpretation function of I that associates
each individual a ∈ ΣI with an element aI ∈ ∆I , each
concept name A ∈ ΣC with a set AI ⊆ ∆I , each attribute
A ∈ ΣA \ ΣC with a partial function AI : ∆I → dom(A),
each object role name r ∈ ΣoR with a binary relation
rI ⊆ ∆I × ∆I , and each data role σ ∈ ΣdR with a binary
relation σI ⊆ ∆I × range(σ). The interpretation function
·I is extended to complex object roles and complex concepts
as shown in Figure 1 (on page 3), where ]Γ stands for the
cardinality of the set Γ.

An information system in LΣ,Φ is a finite interpreta-

tion in LΣ,Φ. It can be given explicitly or specified some-
how, e.g., by a knowledge base in the Web ontology rule
language OWL 2 RL+ [23] (using the standard seman-
tics) or WORL [24] (using the well-founded semantics) or
SWORL [24] (using the stratified semantics). We introduce
below acyclic knowledge bases as another way for specifying
information systems in LΣ,Φ.

An acyclic knowledge base in LΣ,Φ is a pair KB = 〈T ,A〉,
where:
• A is a finite set, called the ABox of KB , consisting of

individual assertions of the form A(a), B(a) = c, r(a, b)
or σ(a, d), where a, b ∈ ΣI , A ∈ ΣC , B ∈ ΣA \ ΣC ,
c ∈ dom(B), r ∈ ΣoR, σ ∈ ΣdR and d ∈ range(σ).

• T is a finite list (ϕ1, . . . , ϕn), called the TBox (termino-
logical box) of KB , where each ϕi is a definition of one
of the following forms:

– A = C, where C is a concept of LΣ,Φ and A ∈
ΣC is a concept name not occurring in C, A and
ϕ1, . . . , ϕi−1

– r = R, where R is an object role of LΣ,Φ and r ∈
ΣoR is an object role name not occurring in R, A
and ϕ1, . . . , ϕi−1.

The concept (respectively, object role) names occurring in A
are said to be primitive concepts (respectively, object roles),
while the concept (respectively, object role) names occurring
in the left hand side of ‘=’ in the definitions from T are called
defined concepts (respectively, object roles).

An interpretation I in LΣ,Φ is a model of KB = 〈T ,A〉 if
• for every A(a) ∈ A, we have AI(aI) = true
• for every (B(a) = c) ∈ A, we have BI(aI) = c
• for every r(a, b) ∈ A, we have

〈
aI , bI

〉
∈ rI

• for every σ(a, d) ∈ A, we have
〈
aI , d

〉
∈ σI

• for every (A = C) ∈ T , we have AI = CI

• for every (r = R) ∈ T , we have rI = RI .

Example 1: This example is about publications. Let
Φ = {I,O,N,Q}, ΣI = {P1,P2,P3,P4,P5,P6},

ΣC = {Pub,Book ,Article,Awarded ,UsefulPub,
GoodPub,ExcellentPub,RecentPub,CitingP5},

ΣdA = ΣC ∪ {Title,Kind}, ΣnA = {Year},
ΣoR = {cites, cited by}, ΣdR = ∅

T = {Pub = >, Book = (Kind = “book”),
Article = (Kind = “article”), cited by = cites−,
UsefulPub = ∃cited by .>, GoodPub = (≥ 2 cited by),
ExcellentPub = GoodPub uAwarded ,
RecentPub = (Year ≥ 2008), CitingP5 = ∃cites.{P5}}

A = {Title(P1) = “Introduction to Logic”,
Title(P2) = “The Essence of Logic”,
Awarded(P1), Awarded(P4), Awarded(P6),
Kind(P1) = “book”, Kind(P2) = “book”,
Kind(P3) = “book”, Kind(P4) = “article”,
Kind(P5) = “article”, Kind(P6) = “conf. paper”,
Year(P1) = 2010, Year(P2) = 2009, Year(P3) = 2008,
Year(P4) = 2007, Year(P5) = 2006, Year(P6) = 2006,



P1 : 2010

Awarded
//

��
$$

))

P2 : 2009 //

zz
��

P5 : 2006

P3 : 2008 //

33

66

P4 : 2007

Awarded

::

// P6 : 2006

Awarded

Fig. 2. An illustration for the knowledge base given in Example 1

cites(P1,P2), cites(P1,P3), cites(P1,P4), cites(P1,P6),
cites(P2,P3), cites(P2,P4), cites(P2,P5), cites(P3,P4),
cites(P3,P5), cites(P3,P6), cites(P4,P5), cites(P4,P6)}
Then KB = 〈T ,A〉 is an acyclic knowledge base in LΣ,Φ.

The definition Pub = > states that the domain of any model
of KB consists of only publications. This knowledge base
is illustrated in Figure 2 (on page 4). In the figure, nodes
denote publications and edges denote citations (i.e., assertions
of the role cites), and we display only information concerning
assertions about Year , Awarded and cites . C

An acyclic knowledge base as defined above is similar to
stratified logic programs [25]. Hence, we define the standard
model of an acyclic knowledge base KB = 〈T ,A〉 in LΣ,Φ

to be the interpretation I such that:
• ∆I = ΣI

• if A ∈ ΣC is a primitive concept of KB
then AI = {a | A(a) ∈ A}

• if B ∈ ΣA \ΣC then BI : ∆I → dom(B) is the partial
function such that BI(a) = c if (B(a) = c) ∈ A

• if r ∈ ΣoR is a primitive object role of KB
then rI = {〈a, b〉 | r(a, b) ∈ A}

• if σ ∈ ΣdR then σI = {〈a, d〉 | σ(a, d) ∈ A}
• if A = C is a definition from T then AI = CI

• if r = R is a definition from T then rI = RI

• if A ∈ ΣC but A does not occur in KB then AI = ∅
• if r ∈ ΣoR but r does not occur in KB then rI = ∅.
Note that the standard model of KB is a finite interpretation.

The definition adopts the unique name and closed world
assumptions.

Remark 2: The unique name assumption is used just for
increasing simplicity. One can allow ABoxes to contain indi-
vidual assertions of the form a = b, where a, b ∈ ΣI , with the
semantics that an interpretation I satisfies a = b if aI = bI .
In that case a given acyclic knowledge base in LΣ,Φ can be
converted to an equivalent one by merging individuals that are
equal to each other.

An information system specified by an acyclic knowledge
base in LΣ,Φ is defined to be the standard model of that
knowledge base in LΣ,Φ.

Example 3: Consider the knowledge base KB given in
Example 1. The information system specified by KB is the
interpretation I with:

∆I = {P1,P2,P3,P4,P5,P6}

xI = x, for x ∈ {P1,P2,P3,P4,P5,P6}
PubI = ∆I BookI = {P1,P2,P3}

ArticleI = {P4,P5} AwardedI = {P1,P4,P6}
citesI = {〈P1,P2〉 , 〈P1,P3〉 , 〈P1,P4〉 ,

〈P1,P6〉 , 〈P2,P3〉 , 〈P2,P4〉 ,
〈P2,P5〉 , 〈P3,P4〉 , 〈P3,P5〉 ,
〈P3,P6〉 , 〈P4,P5〉 , 〈P4,P6〉}

cited byI = (citesI)−1

UsefulPubI = {P2,P3,P4,P5,P6}
GoodPubI = {P3,P4,P5,P6}

ExcellentPubI = {P4,P6}
RecentPubI = {P1,P2,P3}
CitingP5I = {P2,P3,P4}

The (partial) functions TitleI , YearI and KindI are specified
as usual. C

III. BISIMULATION AND INDISCERNIBILITY

Indiscernibility in DLs is related to bisimulation. In [18]
Divroodi and Nguyen studied bisimulations for a number of
DLs. In [1] Nguyen and Szałas generalized that notion to
model indiscernibility of objects and study concept learning.
In this section we generalize the notion of bisimulation further
for the class of DLs studied in this paper, which is larger and
more general than the one studied in [18], [1]. Let:
• Σ and Σ† be DL-signatures such that Σ† ⊆ Σ
• Φ and Φ† be sets of DL-features such that Φ† ⊆ Φ
• I and I ′ be interpretations in LΣ,Φ.
A binary relation Z ⊆ ∆I × ∆I

′
is called an LΣ†,Φ† -

bisimulation between I and I ′ if the following conditions hold
for every a ∈ Σ†I , A ∈ Σ†C , B ∈ Σ†A \Σ†C , r ∈ Σ†oR, σ ∈ Σ†dR,
d ∈ range(σ), x, y ∈ ∆I , x′, y′ ∈ ∆I

′
:

Z(aI , aI
′
) (1)

Z(x, x′)⇒ [AI(x)⇔ AI
′
(x′)] (2)

Z(x, x′)⇒ [BI(x) = BI
′
(x′) or both are undefined] (3)

[Z(x, x′) ∧ rI(x, y)]⇒ ∃y′ ∈ ∆I
′
[Z(y, y′) ∧ rI

′
(x′, y′)] (4)

[Z(x, x′) ∧ rI
′
(x′, y′)]⇒ ∃y ∈ ∆I [Z(y, y′) ∧ rI(x, y)] (5)

Z(x, x′)⇒ [σI(x, d)⇔ σI
′
(x′, d)], (6)

if I ∈ Φ† then

[Z(x, x′) ∧ rI(y, x)]⇒ ∃y′ ∈ ∆I
′
[Z(y, y′) ∧ rI

′
(y′, x′)] (7)

[Z(x, x′) ∧ rI
′
(y′, x′)]⇒ ∃y ∈ ∆I [Z(y, y′) ∧ rI(y, x)], (8)

if O ∈ Φ† then

Z(x, x′)⇒ [x = aI ⇔ x′ = aI
′
], (9)

if N ∈ Φ† then

Z(x, x′)⇒ ]{y | rI(x, y)} = ]{y′ | rI
′
(x′, y′)}, (10)

if {N, I} ⊆ Φ† then (additionally)

Z(x, x′)⇒ ]{y | rI(y, x)} = ]{y′ | rI
′
(y′, x′)}, (11)



if F ∈ Φ† then

Z(x, x′)⇒
[]{y | rI(x, y)} ≤ 1 ⇔ ]{y′ | rI′(x′, y′)} ≤ 1],

(12)

if {F, I} ⊆ Φ† then (additionally)

Z(x, x′)⇒
[]{y | rI(y, x)} ≤ 1 ⇔ ]{y′ | rI′(y′, x′)} ≤ 1],

(13)

if Q ∈ Φ† then

if Z(x, x′) holds then, for every r ∈ Σ†oR, there exists
a bijection h : {y | rI(x, y)} → {y′ | rI′(x′, y′)}
such that h ⊆ Z,

(14)

if {Q, I} ⊆ Φ† then (additionally)

if Z(x, x′) holds then, for every r ∈ Σ†oR, there exists
a bijection h : {y | rI(y, x)} → {y′ | rI′(y′, x′)}
such that h ⊆ Z,

(15)

if U ∈ Φ† then

∀x ∈ ∆I ∃x′ ∈ ∆I
′
Z(x, x′) (16)

∀x′ ∈ ∆I
′
∃x ∈ ∆I Z(x, x′), (17)

if Self ∈ Φ† then

Z(x, x′)⇒ [rI(x, x)⇔ rI
′
(x′, x′)]. (18)

We say that I is LΣ†,Φ† -bisimilar to I ′ if there exists an
LΣ†,Φ† -bisimulation between I and I ′. We say that x ∈ ∆I

is LΣ†,Φ† -bisimilar to x′ ∈ ∆I
′

if there exists an LΣ†,Φ† -
bisimulation between I and I ′ such that Z(x, x′) holds.

A concept C of LΣ†,Φ† is said to be invariant for LΣ†,Φ† -
bisimulation if, for every interpretations I and I ′ in LΣ,Φ

with Σ ⊇ Σ† and Φ ⊇ Φ†, and every LΣ†,Φ† -bisimulation Z
between I and I ′, if Z(x, x′) holds then x ∈ CI iff x′ ∈ CI′ .

Theorem 4: All concepts of LΣ†,Φ† are invariant for
LΣ†,Φ† -bisimulation. C

This theorem can be proved in a similar way as [18,
Theorem 3.4]. By this theorem, LΣ†,Φ† -bisimilarity formalizes
indiscernibility by the sublanguage LΣ†,Φ† .

An interpretation I is finitely branching (or image-finite)
w.r.t. LΣ†,Φ† if, for every x ∈ ∆I and every r ∈ Σ†oR :
• the set {y ∈ ∆I | rI(x, y)} is finite
• if I ∈ Φ† then the set {y ∈ ∆I | rI(y, x)} is finite.
Let x ∈ ∆I and x′ ∈ ∆I

′
. We say that x is LΣ†,Φ† -

equivalent to x′ if, for every concept C of LΣ†,Φ† , x ∈ CI
iff x′ ∈ CI′ .

Theorem 5: [The Hennessy-Milner Property] Let Σ and Σ†

be DL-signatures such that Σ† ⊆ Σ, Φ and Φ† be sets of DL-
features such that Φ† ⊆ Φ. Let I and I ′ be interpretations in
LΣ,Φ, finitely branching w.r.t. LΣ†,Φ† and such that for every
a ∈ Σ†I , aI is LΣ†,Φ† -equivalent to aI

′
. Assume U /∈ Φ† or

Σ†I 6= ∅. Then x ∈ ∆I is LΣ†,Φ† -equivalent to x′ ∈ ∆I
′

iff
there exists an LΣ†,Φ† -bisimulation Z between I and I ′ such
that Z(x, x′) holds. C

This theorem can be proved in a similar way as [18,
Theorem 4.1]. We now have the following corollary.

Corollary 6: Let Σ and Σ† be DL-signatures such that
Σ† ⊆ Σ, let Φ and Φ† be sets of DL-features such that Φ† ⊆ Φ,
and let I and I ′ be finite interpretations in LΣ,Φ. Assume that
Σ†I 6= ∅ and, for every a ∈ Σ†I , aI is LΣ†,Φ† -equivalent to aI

′
.

Then the relation {〈x, x′〉 ∈ ∆I×∆I
′ | x is LΣ†,Φ† -equivalent

to x′} is an LΣ†,Φ† -bisimulation between I and I ′. C

An LΣ†,Φ† -bisimulation between I and itself is called an
LΣ†,Φ† -auto-bisimulation of I. An LΣ†,Φ† -auto-bisimulation
of I is said to be the largest if it is larger than or equal to
(⊇) any other LΣ†,Φ† -auto-bisimulation of I.

Given an interpretation I in LΣ,Φ, by ∼Σ†,Φ†,I we denote
the largest LΣ†,Φ† -auto-bisimulation of I, and by ≡Σ†,Φ†,I
we denote the binary relation on ∆I with the property that
x ≡Σ†,Φ†,I x

′ iff x is LΣ†,Φ† -equivalent to x′.

Theorem 7: Let Σ and Σ† be DL-signatures such that Σ† ⊆
Σ, Φ and Φ† be sets of DL-features such that Φ† ⊆ Φ, and I
be an interpretation in LΣ,Φ. Then:
• the largest LΣ†,Φ† -auto-bisimulation of I exists and is

an equivalence relation
• if I is finitely branching w.r.t. LΣ†,Φ† then the relation
≡Σ†,Φ†,I is the largest LΣ†,Φ† -auto-bisimulation of I
(i.e. the relations ≡Σ†,Φ†,I and ∼Σ†,Φ†,I coincide). C

This theorem can be proved as [18, Proposition 5.1 and
Theorem 5.2].

We say that a set Y is divided by a set X if Y \X 6= ∅ and
Y ∩X 6= ∅. Thus, Y is not divided by X if either Y ⊆ X or
Y ∩X = ∅. A partition P = {Y1, . . . , Yn} is consistent with
a set X if, for every 1 ≤ i ≤ n, Yi is not divided by X .

Theorem 8: Let I be an interpretation in LΣ,Φ, and let
X ⊆ ∆I , Σ† ⊆ Σ and Φ† ⊆ Φ. Then:

1) if there exists a concept C of LΣ†,Φ† such that X = CI

then the partition of ∆I by ∼Σ†,Φ†,I is consistent with
X

2) if the partition of ∆I by ∼Σ†,Φ†,I is consistent with
X then there exists a concept C of LΣ†,Φ† such that
CI = X .

This theorem can be proved as [1, Theorem 4].

IV. CONCEPT LEARNING

Let I be an information system in LΣ,Φ. Let Ad ∈ ΣC be
a concept name standing for the “decision attribute”. Suppose
that Ad can be expressed by a concept C in LΣ,Φ not using
Ad, and I is given as a training information system. How can
we learn that concept C on the basis of I? That is, how can
we learn a definition of Ad on the basis of I?

On the basis of machine learning techniques one can suggest
that Ad is definable in LΣ†,Φ† , for some specific Σ† ⊆ Σ \
{Ad} and Φ† ⊆ Φ. One can even guide the machine learning
process by extending Σ, Φ and T with new concepts and
new roles together with their definitions before suggesting Σ†

and Φ†. Without such suggestions, one can take Σ† = Σ or



Φ† = Φ, or use some method to try different possible values
of Σ† and Φ†.

In this subsection we assume that Σ† ⊆ Σ\{Ad} and Φ† ⊆
Φ are given, and the task is to study a definition of Ad in
LΣ†,Φ† on the basis of I. The idea of [1] for this task is
based on the following observation:

if Ad is definable in LΣ†,Φ† then, by the first
assertion of Theorem 8, AId must be the union of
some equivalence classes of ∆I w.r.t. ∼Σ†,Φ†,I .

Nguyen and Szałas [1] proposed the following method:
1) Starting from the partition {∆I}, make subsequent

granulations to reach the partition corresponding to
∼Σ†,Φ†,I .
• The granulation process can be stopped as soon as

the current partition is consistent with AId (or when
some criteria are met).

• The task can be done in the spirit of [18, Al-
gorithm 1] for the case Φ† ⊆ {I,O, U}, which
is based on Hopcroft’s automaton minimization
algorithm [26]. That algorithm of [18] runs in
polynomial time and it can be extended to deal
also with the other cases of Φ†. Also, one can use
another strategy, optimizing some measure related
to “quality” of the generated partition, but not time
complexity.

• In the granulation process, we denote the blocks
created so far in all steps by Y1, . . . , Yn, where
the current partition {Yi1 , . . . , Yik} consists of only
some of them. We do not use the same subscript to
denote blocks of different contents (i.e. we always
use new subscripts obtained by increasing n for new
blocks). We take care that, for each 1 ≤ i ≤ n:
– Yi is characterized by an appropriate concept Ci

(such that Yi = CIi )
– we keep information about whether Yi is divided

by AId
– if Yi ⊆ AId then LargestContainer [i] := j,

where 1 ≤ j ≤ n is the subscript of the largest
block Yj such that Yi ⊆ Yj ⊆ AId

2) At the end, let j1, . . . , jh be all the indices from
{i1, . . . , ik} such that Yjt ⊆ AId for 1 ≤ t ≤ h, and
let {l1, . . . , lp} = {LargestContainer [jt] | 1 ≤ t ≤ h}.
Let C be a simplified form of Cl1 t . . . t Clp . Return
C as the result.

Example 9: Consider the information system I given in
Example 3. Assume that we want to learn a definition of
concept ExcellentPub in the sublanguage LΣ†,Φ† , where
Σ† = {Awarded , cited by} and Φ† = ∅. The steps are as
follows:

1) Y1 := ∆I , partition := {Y1}
2) partitioning Y1 by Awarded :

• Y2 := {P1,P4,P6}, C2 := Awarded
• Y3 := {P2,P3,P5}, C3 := ¬Awarded
• partition := {Y2, Y3}

3) partitioning Y2 by cited by :
• The “selectors” are ∃cited by .>, ∃cited by .C2 and
∃cited by .C3. All of them partition Y2 in the same
way. We choose ∃cited by .>, as it is the simplest
one.

• Y4 := {P1}, C4 := C2 u ¬∃cited by .>
• Y5 := {P4,P6}, C5 := C2 u ∃cited by .>
• LargestContainer [5] := 5

(as Y5 ⊆ ExcellentPubI)
• partition := {Y3, Y4, Y5}

The obtained partition is consistent with ExcellentPubI ,
having Y5 = ExcellentPubI , and Y3, Y4 disjoint with
ExcellentPubI . (It is not yet the partition corresponding to
∼Σ†,Φ†,I .) Since LargestContainer [5] = 5, the returned
concept is C5 = Awarded u ∃cited by .>. It is simple and
“comparable” with the original definition ExcellentPub =
(GoodPub uAwarded) ≡ (Awarded u ≥ 2 cited by). C

Let the current partition of ∆I be {Yi1 , . . . , Yik}. Consider
partitioning of a block Yij (1 ≤ j ≤ k). We want to find
a concept D in LΣ†,Φ† , called a selector, to partition Yij . Such
a selector should actually partition Yij into two non-empty
parts (i.e. Yij should be divided by DI). A basic selector in
LΣ†,Φ† for partitioning Yij is a concept of one of the following
forms:

1) A, where A ∈ Σ†C
2) A = d, where A ∈ Σ†A \ Σ†C and d ∈ dom(A)

3) ∃σ.{d}, where σ ∈ Σ†dR and d ∈ range(σ)

4) ∃r.Cit , where r ∈ Σ†oR and 1 ≤ t ≤ k
5) ∃r−.Cit , if I ∈ Φ†, r ∈ Σ†oR and 1 ≤ t ≤ k
6) {a}, if O ∈ Φ† and a ∈ Σ†I
7) ≤1 r, if F ∈ Φ† and r ∈ Σ†oR
8) ≤1 r−, if {F, I} ⊆ Φ† and r ∈ Σ†oR
9) ≥ l r and ≤mr, if N ∈ Φ†, r ∈ Σ†oR, 0 < l ≤ ]∆I and

0 ≤ m < ]∆I

10) ≥ l r− and ≤mr−, if {N, I} ⊆ Φ†, r ∈ Σ†oR, 0 < l ≤
]∆I and 0 ≤ m < ]∆I

11) ≥ l r.Cit and ≤mr.Cit , if Q ∈ Φ†, r ∈ Σ†oR, 1 ≤ t ≤ k,
0 < l ≤ ]Cit and 0 ≤ m < ]Cit

12) ≥ l r−.Cit and ≤mr−.Cit , if {Q, I} ⊆ Φ†, r ∈ Σ†oR,
1 ≤ t ≤ k, 0 < l ≤ ]Cit and 0 ≤ m < ]Cit

13) ∃r.Self, if Self ∈ Φ† and r ∈ Σ†oR.

Theorem 10: [On Basic Selectors] Let I be an information
system in LΣ,Φ, and let Σ† ⊆ Σ and Φ† ⊆ Φ. To reach the
partition corresponding to the equivalence relation ∼Σ†,Φ†,I
it suffices to start from the partition {∆I} and repeatedly
granulate it by using the basic selectors.

Proof: Let Y = {Yi1 , Yi2 , . . . , Yik} be a final partition
obtained by starting from the partition {∆I} and repeatedly
granulating it by using the basic selectors. Recall that Cit

is the concept characterizing Yit , i.e. Yit = CIit . Let Z be
the equivalence relation corresponding to that partition, i.e.
Z = {〈x, x′〉 | x, x′ ∈ Yij for some 1 ≤ j ≤ k}.

We first show that Z is an LΣ†,Φ† -auto-bisimulation of I.
- Clearly, Z(aI , aI) always holds for a ∈ Σ†I .



- Consider the assertion (2) and suppose Z(x, x′) holds.
Since the partition Y cannot be granulated anymore by using
the concept A, we have Yij ⊆ AI or Yij ∩ AI = ∅ for any
1 ≤ j ≤ k. If x, x′ ∈ Yij and Yij ⊆ AI then x, x′ ∈ AI .
If x, x′ ∈ Yij and Yij ∩ AI = ∅ then x, x′ /∈ AI . Therefore
AI(x)⇔ AI(x′).

- Consider the assertion (3) and suppose Z(x, x′) holds.
Similarly as above, since the partition cannot be granulated
anymore by using any selector (B = d) with d ∈ dom(B),
we have Yij ⊆ (B = d)I or Yij ∩ (B = d)I = ∅ for any
1 ≤ j ≤ k. If x, x′ ∈ Yij and Yij ⊆ (B = d)I for some
d ∈ dom(B) then x, x′ ∈ (B = d)I , and hence B(x) =
d = B(x′). If x, x′ ∈ Yij and Yij ∩ (B = d)I = ∅ for all
d ∈ dom(B) then both B(x) and B(x′) are undefined.

- Consider the assertion (4) and suppose that Z(x, x′) and
rI(x, y) hold. Let Yit be the block of Y that contains y.
We have that x ∈ (∃r.Cit)

I . Since Y cannot be granulated
anymore by using the selector (∃r.Cit), it follows that x′ ∈
(∃r.Cit)

I . Hence, there exists y′ ∈ ∆I such that rI(x′, y′)
holds and y′ ∈ CIit = Yit , which means Z(y, y′).

- The assertion (5) can be proved analogously to (4).
- For the assertion (6) we can use the argumentation given

for (2), with A replaced by ∃σ.{d}.
- The assertion (7) holds when I ∈ Φ† because the argu-

mentation used for proving (4) is still applicable when r is
replaced by r−.

- Similarly, the assertion (8) also holds when I ∈ Φ†.
- The assertion (9) holds when O ∈ Φ† because we can use

the argumentation given for (2), with A replaced by {a}.
- Consider the assertion (10) and the case N ∈ Φ†. Suppose

Z(x, x′) holds and let l = ]{y | rI(x, y)}. Since the partition
Y cannot be granulated anymore by using the selectors ≥ l r
(when l > 0) and ≤ l r (when l < ]∆I), we have that x′ ∈
(≥ l r)I and x′ ∈ (≤ l r)I . Therefore ]{y′ | rI(x′, y′)} = l.

- The assertion (11) for the case {N, I} ⊆ Φ† can be proved
analogously to (10), by using r− instead of r.

- Consider the assertion (12) and the case F ∈ Φ†. Suppose
Z(x, x′) holds. Using the argumentation given for (2) with
A replaced by (≤ 1 r), we can derive that x ∈ (≤ 1 r)I iff
x′ ∈ (≤ 1 r)I . Therefore, ]{y | rI(x, y)} ≤ 1 ⇔ ]{y′ |
rI(x′, y′)} ≤ 1.

- The assertion (13) for the case {F, I} ⊆ Φ† can be proved
analogously to (12), by using r− instead of r.

- Consider the assertion (14) and the case Q ∈ Φ†. Suppose
Z(x, x′) holds. Let S = {y ∈ ∆I | rI(x, y)} and S′ = {y′ ∈
∆I | rI(x′, y′)}. Clearly S and S′ are finite. For the sake
of contradiction, suppose there does not exist any bijection
h : S → S′ such that h ⊆ Z. Thus, there must exist 1 ≤ t ≤ k
such that ](S ∩ Yit) = l 6= m = ](S′ ∩ Yit). If l > m
then x ∈ (≥ l r.Cit)

I but x′ /∈ (≥ l r.Cit)
I . If m > l then

x /∈ (≥mr.Cit)
I but x′ ∈ (≥mr.Cit)

I . Therefore, x and
x′ are distinguishable by a basic selector in LΣ†,Φ† , which
contradicts the fact that the partition Y cannot be granulated
anymore.

- The assertion (15) for the case {Q, I} ⊆ Φ† can be proved
analogously to (14), by using r− instead of r.

- The assertion (16) holds because for any x ∈ ∆I we can
choose x′ = x. Similarly, the assertion (17) holds because for
any x′ ∈ ∆I we can choose x = x′.

- The assertion (18) holds when Self ∈ Φ† because we
can use the argumentation given for (2), with A replaced
by ∃r.Self.

We now show that Z is the largest LΣ†,Φ† -auto-bisimulation
of I. At each step of the granulation process, the equivalence
relation corresponding to the current partition is a superset
of ≡Σ†,Φ†,I because each block of the current partition is
characterized by a concept. Thus, at the end, we have Z ⊇
≡Σ†,Φ†,I . Since Z is an LΣ†,Φ† -auto-bisimulation of I and
∼Σ†,Φ†,I is the largest LΣ†,Φ† -auto-bisimulation of I, we have
that Z ⊆ ∼Σ†,Φ†,I . Since ≡Σ†,Φ†,I and ∼Σ†,Φ†,I coincide
(Theorem 7), we can conclude that Z = ∼Σ†,Φ†,I .

In practice, we prefer as simple as possible definitions for
the learnt concept. Therefore, it is worth to consider also the
following kinds of selectors (despite that they are expressible
by the above mentioned ones over I), where n is the largest
block subscript used so far:

• A ≤ d and A < d, where A ∈ Σ†nA, d ∈ dom(A) and d
is not a minimal element of dom(A)

• A ≥ d and A > d, where A ∈ Σ†nA, d ∈ dom(A) and d
is not a maximal element of dom(A)

• ∃r.Ci, ∃r.> and ∀r.Ci, where r ∈ Σ†oR and 1 ≤ i ≤ n
• ∃r−.Ci, ∃r−.> and ∀r−.Ci, if I ∈ Φ†, r ∈ Σ†oR and

1 ≤ i ≤ n
• ≥ l r.Ci and ≤mr.Ci, if Q ∈ Φ†, r ∈ Σ†oR, 1 ≤ i ≤ n,

0 < l ≤ ]Ci and 0 ≤ m < ]Ci

• ≥ l r−.Ci and ≤ mr−.Ci, if {Q, I} ⊆ Φ†, r ∈ Σ†oR,
1 ≤ i ≤ n, 0 < l ≤ ]Ci and 0 ≤ m < ]Ci.

In fact, the selectors A ≤ d, A < d, A ≥ d and A > d for
A ∈ Σ†nA are essential because without using them the learnt
concept may be overfit to the training system I.

A concept C characterizing Ad in the training information
system I may not match the intended meaning of Ad. In
particular, all of the above mentioned kinds of selectors do
not use role constructors (like RtS, R ◦S or R∗). However,
the user acquainted with the machine learning problem for Ad

may extend Σ and the TBox of the knowledge base specifying
I to define new complex object roles and then choose an
appropriate Σ†. One can explicitly consider also selectors that
use complex roles. This latter approach, in our opinion, is not
appropriate, as the search space will be too large.

Recall that Yij should be divided by DI . Partitioning the
block Yij using a selector D was proposed in [1] as follows:

• s := n+ 1, t := n+ 2, n := n+ 2
• Ys := Yij ∩DI , Cs := Cij uD
• Yt := Yij ∩ (¬D)I , Ct := Cij u ¬D
• If Yij ⊆ AId then

– LargestContainer [s] := LargestContainer [ij ]
– LargestContainer [t] := LargestContainer [ij ]

else if Ys ⊆ AId then LargestContainer [s] := s
else if Yt ⊆ AId then LargestContainer [t] := t.



• The new partition of ∆I becomes
{Yi1 , . . . , Yik} \ {Yij} ∪ {Ys, Yt}.

An important matter is: which block from the current
partition should be partitioned first? which selector should be
used to partition it? This affects both the “quality” of the final
partition and time complexity of the process. Some guides and
possible strategies were proposed in [1]:
• If two selectors D and D′ partition Yij in the same way

then the simpler one is “better”. For example, if D =
∃r.Cl, D′ = ∃r.Cm, Ym ⊂ Yl, and D, D′ partition Yij in
the same way, then Cl is simpler than Cm and D is more
preferred than D′. This technique together with the use
of LargestContainer guarantees that one can continue
granulating the partition without the risk of worsening
the “quality” of the final result. (Remember, however,
that different paths resulting in the same partition may
give different results, with different “quality”.)

• One may prefer to partition a block divided by AId first.
Partitioning such a block, we may use some measure to
choose a selector. A possible way is to use the entropy
gain measure. Among the blocks of the current partition
that are divided by AId , to choose a block to partition
we can also use some measure. Once again, it may be
the entropy gain measure, taking into account also the
possible selectors.

• Note, however, that one may be able to partition a block
divided by AId only after a block not divided by AId has
been partitioned.

• Simplicity of selectors and concepts characterizing blocks
should be taken into account (e.g., by combining it with
the entropy gain measure). Let’s say the form A is simpler
than ∃r.B and {a}. One may put some limits on the
number of nominals and the nesting depth of ∀ and ∃ in
a concept characterizing a block.

• As a possible strategy, one may follow the idea of
Hopcroft’s automaton minimization algorithm. The hope
is that reducing the total number of created blocks (in the
whole granulation process) makes the concepts charac-
terizing the blocks of the final partition simpler. Besides,
apart from quality of the result, time complexity is also
important.

As usual, we may also use backtracking to find different
solutions. During the search, only the best choices are tried
and we will keep only a bounded number of the best solutions
(according to some measure). The final solution will be the one
that has the best accuracy on a test information system.

Simplifying a concept C to obtain a final definition for Ad

can be done as follows [1]:
1) We first normalize C while preserving equivalence, e.g.,

by using the method proposed in [27]. Such normaliza-
tion uses negation normal form, which may be essential
for cutoffs described below.

2) Given a test information system I ′, we then simplify
the obtained concept, without preserving equivalence,
by representing the concept as a tree and repeat the

following operations until accuracy of the definition
cannot be improved on I ′:
• Cut off a leaf of the tree if it improves accuracy of

the definition on I ′.
• If a subconcept of the definition can be replaced by

a simpler one (e.g., > or ⊥) while not decreasing
the accuracy on I ′ then do that replacement.

• After each simplification, normalize the concept
(preserving equivalence).

Example 11: Consider the information system I given in
Example 3. Assume that we want to learn a definition of X =
{P4,P6} in the sublanguage LΣ†,Φ† , where Σ† = {cited by ,
Year} and Φ† = {N,Q}. The steps are as follows:

1) Y1 := ∆I , C1 := >, partition := {Y1}
2) According to the entropy gain measure, the best se-

lectors are Year ≥ 2008 and ≥ 3 cited by (as well as
Year > 2007, ≥ 3 cited by .> and ≥ 3 cited by .C1).
We choose Year ≥ 2008, as it is “simpler” than
≥ 3 cited by , and then obtain:
• Y2 := {P1,P2,P3}, C2 := (Year ≥ 2008)
• Y3 := {P4,P5,P6}, C3 := (Year < 2008)
• partition := {Y2, Y3}

3) Since Y2 is consistent with X and Y3 is not, as a heuristic
we continue by granulating Y3. (However, it can be seen
later that granulating Y2 first is better.) Using selectors
of LΣ†,Φ† , Y3 can be partitioned only into {P4} and
{P5,P6}. The “simplest” selector for this is Year ≥
2007. By using it we obtain:
• Y4 := {P4}, C4 := C3 u (Year ≥ 2007)
• LargestContainer [4] := 4 (as Y4 ⊆ X)
• Y5 := {P5,P6}, C5 := C3 u (Year < 2007)
• partition := {Y2, Y4, Y5}

4) Without partitioning Y2 the block Y5 cannot be gran-
ulated. Thus, although Y2 is consistent with X we
granulate it. Any selector dividing Y2 gives the same
entropy gain. The “simplest” one is Year ≥ 2010. By
using it we obtain:
• Y6 := {P1}, C6 := C2 u (Year ≥ 2010)
• Y7 := {P2,P3}, C7 := C2 u (Year < 2010)
• partition := {Y4, Y5, Y6, Y7}

5) We can now partition Y5 by using the selector
∃cited by .C6 to obtain:
• Y8 := {P6}, C8 := C5 u ∃cited by .C6

• LargestContainer [8] := 8 (as Y8 ⊆ X)
• Y9 := {P5}, C9 := C5 u ¬∃cited by .C6

• partition := {Y4, Y6, Y7, Y8, Y9}
The obtained partition {Y4, Y6, Y7, Y8, Y9} is consistent
with X, as Y4, Y8 are subsets of X , and Y6, Y7, Y9 are
disjoint with X . Since LargestContainer [4] = 4 and
LargestContainer [8] = 8, the concept we take into account
before simplification is C4 t C8, which is

[(Year < 2008) u (Year ≥ 2007)] t
[(Year < 2008) u (Year < 2007) u
∃cited by .(Year ≥ 2008 uYear ≥ 2010)]



Without exploiting the fact that publication years are integers,
the above concept can be normalized to

(Year < 2008) u
[(Year ≥ 2007) t ∃cited by .(Year ≥ 2010)].

If we use I also as a testing information system, then the
obtained concept can be simplified to

(Year < 2008) u ∃cited by .(Year ≥ 2010)

since the only publication that satisfies Year < 2008 and
Year ≥ 2007 also satisfies the condition ∃cited by .(Year ≥
2010). C

When no roles are used (i.e., Σ†oR ∪ Σ†dR = ∅), the above
proposed method is like the traditional learning method based
on decision trees (see [28] for an example). In Examples 9
and 11, the use of LargestContainer does not bring benefits.
To see its usefulness we refer the reader to [1].

Nguyen and Szałas [1] studied also concept approximation
by using bisimulation and Pawlak’s rough set theory [20],
[21]. The problem is to learn a concept Ad not by giving its
definition C (where Ad is a concept name and C is a complex
concept), but by giving a pair (C,C) of concepts, where C
plays the role of a lower approximation of Ad and C plays
the role of an upper approximation of Ad. See [28] for an
example.

V. CONCLUSIONS AND FUTURE WORK

We have generalized and extended the concept learning
method [1] for DL-based information systems. As demon-
strated by Examples 1 and 11, by taking attributes as basic
elements of the language, our approach is more general
and much more suitable for practical DL-based information
systems than the one of [1]. In comparison with [1], we allow
also data roles and the concept constructors “functionality”
and “unquantified number restrictions”. Furthermore, we have
formulated and proved an important theorem on basic selec-
tors. As a continuation of [1], our work makes important steps
toward developing high-quality concept learning algorithms
for DL-based information systems. As future work, we will
implement our method and evaluate its performance.
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