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Abstract. We develop clausal tableau calculi for six multimodal logics variously designed for rea-
soning about multi-degree belief, reasoning about distributed systems of belief and for reasoning
about epistemic states of agents in multi-agent systems. Our tableau calculi are sound, complete,
cut-free and have the analytic superformula property, thereby giving decision procedures for all of
these logics. We also use our calculi to obtain complexity results for five of these logics. The
complexity of the remaining logic was known.
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1. Introduction

Modal logics have been widely studied for reasoning about knowledge and belief, usually based on the
monomodal logics S5 and KD45 for reasoning about knowledge and belief respectively. Both logics
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22 R. Goré, L.A. Nguyen / Clausal Tableaux for Multimodal Logics of Belief

have axioms (4) : 2ϕ → 22ϕ and (5) : ¬2ϕ → 2¬2ϕ, which mean that knowledge and belief both
satisfy positive and negative introspection. The logic S5 also has axiom (T ) : 2ϕ → ϕ, which means
that knowledge is veridical, while KD45 also has axiom (D) : 2ϕ→ ¬2¬ϕ, which means that belief is
consistent.

For multiple agents, the usual solution is to use a multimodal logic which hasm pairs of modal opera-
tors 2i and 3i, for some fixed numberm. The base multimodal logics for reasoning about knowledge and
belief are typically S5(m) andKD45(m), respectively, where each pair 2i and 3i is of type S5 and KD45,
usually with no interactions between modal operators of different indices (see, e.g., [12, 6, 18, 28]). An
alternative is to use S5 and KD45 type modalities labelled with agent terms [8], again without interaction
axioms.

Axioms capturing the interaction between the modalities are used when the knowledge and beliefs
of multiple agents interact. For reasoning about knowledge and belief, one can extend the multimodal
grammar logics of Fariñas del Cerro and Penttonent [3] with (seriality) axioms (D): a grammar logic
is a multimodal logic with axioms of the form [s1] . . . [sn]ϕ → [t1] . . . [tm]ϕ, where [si] and [tj ] are
universal (box-like) modal operators labelled by constants si and tj , respectively (see, e.g., [2, 5, 10]).
For knowledge distributed over groups of agents, there is the well-known multimodal logic of common
knowledge and distributed knowledge among a group of agents [12, 6, 18] as well as similar logics
for reasoning about mutual/common beliefs of agents [1, 23, 10]. There are also multimodal logics of
dynamic belief and knowledge for use in multi-agent systems [16, 27].

We concentrate on six specific multimodal logics of belief, studied by Nguyen in the context of
modal logic programming and modal deductive databases [23, 24]. They are introduced in Section 2.2
as: KDI4, KDI4s, KDI4s5, KDI45 for reasoning about multi-degree belief; KD4s5s for reasoning
about distributed systems of belief; and the well-known logic KD45(m) for reasoning about epistemic
states of agents in multi-agent systems. All except KD45(m) contain interaction axioms. Both KDI4
and KDI4s are grammar logics extended with axiom (D).

Tableau methods have been successively applied to modal logics to give decision procedures (see,
e.g., [7, 11, 2, 28, 9, 15]). There are also tableau calculi for a number of multimodal logics of knowledge
and/or belief, e.g., [2, 28, 8, 10]. But [2] concerns only grammar logics, while [28, 8] lack interaction
axioms between modal operators of different indices. The class of regular modal logics of agent beliefs
studied by us in [10] covers the logics KDI4, KDI4s, and KD45(m), but does not contain KDI4s5,
KDI45, and KD4s5s.

As far as we know, there are no (labelled or non-labelled) tableau calculi for the logics KDI4s5,
KDI45, KD4s5s studied here. For the three remaining logics, there are only labelled tableau calculi for
KDI4 and KD45(m) [2, 28] and our non-labelled tableau calculi for KDI4, KDI4s, and KD45(m)

[10], although Shvarts’ calculus for KD45 from [9] can be extended trivially to KD45(m).
Here, we develop (non-labelled) tableau calculi for all six of the above multimodal logics of belief.

Our tableau calculi are sound, complete, cut-free and have the analytic superformula property, so they
are decision procedures.

Our tableau calculi are called clausal tableau calculi since they require clausal form. Transformation
of modal formulae to clauses was first used in a sequent setting by Mints [19] and Hudelmaier [14] and
then applied to tableau calculi by Nguyen [20]. Hudelmaier and Nguyen showed that clausal form can
give better space bounds and improved decision procedures for some modal logics [14, 20]. We show
that clauses can also simplify the task of developing tableau calculi for certain modal logics by giving
a clausal tableau calculus for the complicated logic KDI45. Finally, we show that our tableaux can be
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used to estimate the complexity of the satisfiability problem in five of the multimodal logics we consider:
NP-complete for KDI4s5, KD4s5s, KDI45, and PSPACE-complete for KDI4 and KDI4s. The
complexity for KD45(m) is known to be PSPACE-complete [12].

The rest of this paper is organized as follows. In Section 2, we specify the six multimodal logics
of belief and give definitions for tableau calculi. In Section 3, we define modal clauses and consider
transformation to clauses. In Section 4, we present our tableau calculi and prove their soundness. In
Section 5, we prove completeness of the calculi. Section 6 deals with the complexity of the logics.
Section 7 contains concluding remarks.

2. Preliminaries

2.1. Definitions for Multimodal Logics

We consider multimodal logics with m pairs of modal operators 2i and 3i, where 1 ≤ i ≤ m. We use p
and q to denote primitive propositions. Formulae of our language are recursively defined using the BNF
grammar below:

ϕ ::= ⊥ | > | p | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | ϕ→ ϕ | 2iϕ | 3iϕ

The modal depth of a formula ϕ is the maximal nesting depth of modal operators occurring in ϕ. For
example, the modal depth of 21(22p∨31q) is 2. The size of a formula is the number of logical symbols
occurring in it (hence we do not count parentheses). The size of a set of formulae is defined to be the
sum of the sizes of its constituent formulae.

A Kripke frame is a tuple 〈W, τ, (Ri)1≤i≤m〉, whereW is a non-empty set of possible worlds, τ ∈W
is the actual world, and each Ri is a binary relation on W , called the accessibility relation for 2i and 3i.
If Ri(w, u) holds, then we say that the world u is accessible from the world w via Ri.

A Kripke model is a tuple 〈W, τ, (Ri)1≤i≤m, h〉, where 〈W, τ, (Ri)1≤i≤m〉 is a Kripke frame and h is
a function mapping worlds to sets of primitive propositions. Forw ∈W , the set of primitive propositions
“true” at w is h(w).

Given a Kripke model M = 〈W, τ, (Ri)1≤i≤m, h〉 and a world w ∈ W , the satisfaction relation |=
is defined as usual for the classical connectives with two extra clauses for the modalities as below:

M,w |= 2iϕ iff ∀v ∈W.[ Ri(w, v) implies M, v |= ϕ ]
M,w |= 3iϕ iff ∃v ∈W.[ Ri(w, v) and M, v |= ϕ ].

We say that ϕ is satisfied at w inM ifM,w |= ϕ. We say that ϕ is satisfied inM , and writeM |= ϕ,
and call M a model of ϕ, if M, τ |= ϕ. M is a model of a set Γ of formulae if M |= ϕ for every ϕ ∈ Γ.

Note that 3iϕ ≡ ¬2i¬ϕ, i.e. M,w |= 3iϕ iff M,w |= ¬2i¬ϕ.
If we allow all Kripke models (with no restrictions on the accessibility relations) then we obtain

a multimodal logic which has a standard Hilbert-style axiomatisation denoted by K(m). Other normal
multimodal logics are obtained by adding certain axioms to K(m).

Suppose a normal first-order definable modal logic L is characterised by a class C of Kripke frames.
The first order formulae describing C are L-frame restrictions, and any frame in C is an L-frame. A
model M is an L-model if its underlying frame is an L-frame. We say that ϕ is L-satisfiable if there
exists an L-model of ϕ, i.e. an L-model satisfying ϕ. A formula ϕ is said to be L-valid and called an
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L-tautology if ϕ is satisfied in every L-model. A formula ϕ is a logical consequence in L of a set Γ of
formulae, written Γ |=L ϕ, if it is satisfied in every L-model of Γ.

2.2. Multimodal Logics of Belief

To reflect properties of belief, one can extend K(m) with some of the axioms below:

Name Schema Meaning

(D) 2iϕ→ ¬2i¬ϕ belief is consistent
(I) 2iϕ→ 2jϕ if i > j subscript indicates degree of belief
(4) 2iϕ→ 2i2iϕ belief satisfies positive introspection
(4s) 2iϕ→ 2j2iϕ belief satisfies strong positive introspection
(5) ¬2iϕ→ 2i¬2iϕ belief satisfies negative introspection
(5s) ¬2iϕ→ 2j¬2iϕ belief satisfies strong negative introspection

The following systems are intended for reasoning about multi-degree belief:

KDI4s = K(m) + (D) + (I) + (4s)
KDI4 = K(m) + (D) + (I) + (4)

KDI4s5 = K(m) + (D) + (I) + (4s) + (5)
KDI45 = K(m) + (D) + (I) + (4) + (5).

In the above systems, axiom (I) gives 2iϕ the meaning “ϕ is believed with degree at least i”. Thus 3iϕ,
which is logically equivalent to ¬2i¬ϕ, can be read as “it is not the case that ¬ϕ is believed with degree
at least i”. Alternatively, since j > i implies 3iϕ → 3jϕ, we can also read 3iϕ as “the weakness of
possibility of ϕ is i”. Axioms (5) and (5s) are controversial as they are quite strong so we also consider
KDI4 and KDI4s. We show that axiom (5s) is derivable in KDI4s5 :

• Contraposing (5s) gives 3j2iϕ→ 2iϕ.

• If i ≥ j, then by the contrapositive of (I), 3j2iϕ implies 3i2iϕ, which, by the contrapositive of
(5), implies 2iϕ.

• If i < j then we have that:

3j2iϕ → 2j3j2iϕ by (5)
→ 2j3j3iϕ by (D)
→ 2j3iϕ by the contrapositive of (4s)
→ 2i3iϕ by (I) and exchanging i and j
→ 2iϕ by the contrapositive of (5)

The logic KDI4 belongs to the class of logics considered by Debart et al. [4] (for multimodal logic
programming) and axioms (I) and (4s) are possible axioms for grammar logics. But as far as we know,
using axiom (I) to interpret modal indices as degrees of belief has not been considered by other authors.
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Our logics of multi-degree belief seem similar to graded modal logics [18], but these two classes are
essentially different because “grades” constrain the number of worlds accessible from the current world.

For multi-agent systems, we use subscripts on 2 and 3 to denote agents and assume that 2iϕ stands
for “agent i believes that ϕ is true” and 3iϕ stands for “ϕ is considered possible by agent i”. For
distributed systems of belief we can use the logic system

KD4s5s = K(m) + (D) + (4s) + (5s).

In this system, all agents have full access to the belief bases of other agents: they are united as “friends”.
Our logic KD4s5s has features similar to the logic S5P(m) introduced by Meyer and van der Hoek [17],
but S5P(m) is intended for formalising preference and the operators Pi of [17] need not be serial.

In another kind of multi-agent system, agents are “opponents” who play against each other, and each
agent may want to simulate the epistemic states of the others. To write a program for one agent, we may
need to use modal operators of the other agents. A suitable logic for this problem is:

KD45(m) = K(m) + (D) + (4) + (5).

As mentioned earlier, the logic KD45(m) has been intensively studied. We use a subscript in
KD45(m) to distinguish the logic from the monomodal logic KD45, while there is not such a need
for the other considered multimodal logics.

The given axioms correspond to the following frame restrictions:

Axiom Corresponding Condition

(D) ∀u∃v Ri(u, v)
(I) Rj ⊆ Ri if i > j

(4) ∀u, v, w (Ri(u, v) ∧Ri(v, w)→ Ri(u,w))
(4s) ∀u, v, w (Rj(u, v) ∧Ri(v, w)→ Ri(u,w))
(5) ∀u, v, w (Ri(u, v) ∧Ri(u,w)→ Ri(w, v))
(5s) ∀u, v, w (Rj(u, v) ∧Ri(u,w)→ Ri(v, w))

2.3. Definitions for Tableau Calculi

As in our previous works on tableau calculi [9, 22, 10], our tableau formulation traces its roots to Hintikka
via [25]. A tableau rule σ consists of a numerator N above the line and a (finite) list of denominators
D1, D2, . . . , Dk (below the line) separated by vertical bars. The numerator is a finite set of formulae,
and so is each denominator. As we shall see later, each rule is read downwards as “if the numerator is
L-satisfiable, then so is one of the denominators”. The numerator of each tableau rule contains one or
more distinguished formulae called the principal formulae. A tableau calculus CL for a logic L is a finite
set of tableau rules.

A CL-tableau forX is a tree whose root carriesX and whose other nodes carry finite sets of formulae
obtained from their parent nodes by instantiating a tableau rule with the proviso that if a child s carries a
set Z and Z has already appeared on the branch from the root to s then s is an end node.

Let ∆ be a set of tableau rules. We say that Y is obtainable from X by applications of rules from ∆
if there exists a tableau for X which uses only rules from ∆ and has a node that carries Y . A branch in a
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tableau is closed if its end node carries only ⊥. A tableau is closed if every one of its branches is closed.
A tableau is open if it is not closed. A finite set X of formulae is CL-consistent if every CL-tableau for
X is open. If there is a closed CL-tableau for X then X is CL-inconsistent.

A tableau calculus CL is sound if for all finite sets X of formulae, if X is L-satisfiable then X is CL-
consistent. It is complete if for all finite sets X of formulae, if X is CL-consistent then X is L-satisfiable.
Let σ be a rule of CL. We say that σ is sound w.r.t. L if for every instance σ′ of σ, if the numerator of σ′

is L-satisfiable then so is one of the denominators of σ′. Any CL containing only rules sound w.r.t. L is
sound.

3. Modal Clauses

A classical literal is a formula of the form p or ¬p, where p is a primitive proposition. We use a, b, c
to denote classical literals, and � to denote a possibly empty sequence of universal (box-like) modal
operators, which is also called a universal modality. We write �[ϕ1, . . . , ϕk] to denote �(ϕ1 ∨ . . . ∨ ϕk)
with the emphasis that the order of disjuncts is not important.

A (modal) clause is a formula of the form ⊥, �[a1, . . . , ak], �[a,2ib], �[a,3ib], or �3ib, where �
is called the modal context.

Proposition 3.1. In any normal modal logic L, every set X of formulae can be transformed in quadratic
time to a set of clauses X ′ such that X is L-satisfiable iff X ′ is L-satisfiable.

Proof:
We assume that formulae of X are already in negation normal form (in which the connective → does
not occur and ¬ occurs only immediately before primitive propositions). Repeatedly apply the following
transformation to the formulae of X:

1. If the considered formula is of the form �(ϕ ∧ ψ) then replace it by �ϕ and �ψ.

2. If the considered formula is of the form �[ϕ1, . . . , ϕk, ψ∨ξ] then replace it by �[ϕ1, . . . , ϕk, ψ, ξ].

3. If the considered formula is of the form �[a1, . . . , ah, ϕ1, . . . , ϕk], whereϕ1, . . . , ϕk are not classi-
cal literals, and k ≥ 2, or k = 1 and h > 1, then replace the formula by �[a1, . . . , ah, p1, . . . , pk],
�[¬p1, ϕ1], . . . , �[¬pk, ϕk], where p1, . . . , pk are new primitive propositions.

4. If the considered formula is of the form �[a,∇iϕ], where ∇i is either 2i or 3i, and ϕ is not a
classical literal, then replace it by �[a,∇ip] and �2i[¬p, ϕ], where p is a new primitive proposi-
tion.

5. If the considered formula is of the form �[a, ϕ ∧ ψ] then replace it by �[a, ϕ] and �[a, ψ].

Observe that, in Cases 3 and 4 of the above list, each complex subformula is replaced by a new
primitive proposition, which is “defined” by that subformula in the appropriate modal context. This
transformation technique has previously been used in [19, 14, 20].

We need to do at most n replacements as described above, where n is the sum of the lengths of
formulae of X . The transformation is done in quadratic time. It is easy to see that the resulting set X ′ is
L-satisfiable iff X is L-satisfiable. ut
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We now define L-clauses using a case-distinction on L as:

L ∈ {KDI4,KDI4s}: every clause is an L-clause;

L ∈ {KD4s5s,KDI4s5}: an L-clause is a clause with modal depth 1 or 0;

KD45(m): a KD45(m)-clause is a clause �ϕ whose modal context � has rightmost modal operator
index l, and � contains no subsequence of the form 2i2i, and if ϕ is of the form [a,2jb], [a,3jb]
or 3jb then j 6= l;

KDI45: a KDI45-clause is a clause �ϕ whose modal context � has rightmost modal operator index
l, and � contains no subsequence of the form 2i2j with i ≤ j, and if ϕ is of the form [a,2kb],
[a,3kb] or 3kb, then k < l.

For convenience, we also call a formula an L-clause if it is of the form [ϕ,ψ], where ϕ and ψ are of
the form 2ia, 3ia or a.

Proposition 3.2. If L is one of our six logics then every finite set X of formulae can be transformed in
quadratic time to a set X ′ of L-clauses such that X is L-satisfiable iff X ′ is L-satisfiable.

Proof:
First, transform the set of formulae into a set of clauses preserving L-satisfiability, as in the proof of
Proposition 3.1. For L ∈ {KDI4,KDI4s} we are done. We show that if∇i is either 2i or 3i then in:

KD4s5s and KDI4s5: we have∇i∇′jϕ ≡ ∇′jϕ;

KD45(m): we have∇i∇′iϕ ≡ ∇′iϕ;

KDI45: if i ≤ j then∇i∇′jϕ ≡ ∇′jϕ.

The equivalence of the case of KD4s5s holds because:

3jϕ → 2i3jϕ by axiom (5s)
→ 3i3jϕ by axiom (D)
→ 3jϕ by contraposing (4s) and exchanging i and j

2jϕ → 2i2jϕ by axiom (4s)
→ 3i2jϕ by axiom (D)
→ 2jϕ by the contrapositive of axiom (5s)

Consequently, the equivalence of the case of KDI4s5 holds because axiom (5s) is derivable
in KDI4s5 as shown before. The case of KD45(m) is similar to the case of KD4s5s : replace j
by i and use axioms (4), (5) instead of (4s), (5s).

The equivalence of the case of KDI45 holds because:
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3jϕ → 2j3jϕ by axiom (5)
→ 2i3jϕ by axiom (I), with i ≤ j
→ 3i3jϕ by axiom (D)
→ 3j3jϕ by the contrapositive of axiom (I)
→ 3jϕ by the contrapositive of axiom (4)

2jϕ → 2j2jϕ by axiom (4)
→ 2i2jϕ by axiom (I), with i ≤ j
→ 3i2jϕ by axiom (D)
→ 3j2jϕ by the contrapositive of axiom (I)
→ 2jϕ by the contrapositive of axiom (5)

We show that, if 2i∇jϕ ≡ 3i∇jϕ ≡ ∇jϕ in L for a fixed i and a fixed ∇j , then 2i(a ∨ ∇jb) ≡
2ia ∨ ∇jb in L. For the left to right direction, if 2ia does not “hold”, then we have 3i¬a, and from the
l.h.s. 2i(a ∨ ∇jb) of the equivalence we derive 3i∇jb, which implies ∇jb, and hence also the r.h.s. of
the equivalence. For the other direction, we have that 2ia ∨ ∇jb implies 2ia ∨ 2i∇jb, which in turn
implies 2i(a ∨ ∇jb). Using these equivalences and the technique of replacing a complex subformula
by a new primitive proposition which is “defined” by that subformula in the appropriate modal context,
we can transform every set of clauses to a set of L-clauses preserving L-satisfiability, for L ∈ {KD4s5s,
KDI4s5, KD45(m), KDI45}. It is easily seen that the complexity of the whole transformation is
quadratic, as is the size of the resulting set of clauses. ut

Example 3.1. Consider transformation of the clause 232122[p,32q] to L-clauses.

• Case L = KD4s5s or L = KDI4s5 : The clause is first replaced by 22[p,32q], which is then
replaced by [22p,32q].

• Case L = KD45(m) : The clause is first replaced by 2321[22p,32q], which is then replaced by
the three clauses 2321[r, s], 2321[¬r,22p], 2321[¬s,32q].

• Case L = KDI45 : The clause is first replaced by 2322[p,32q], which is then replaced by
23[22p,32q], which in turn is replaced by the three clauses 23[r, s], 23[¬r,22p], 23[¬s,32q].

4. Clausal Tableau Calculi

In this section, L is one of our six logics: i.e. KDI4, KDI4s, KDI4s5, KD4s5s, KD45(m), or
KDI45. In clausal tableau calculi, numerators of rules are sets of clauses, so for an L-clausal tableau
calculus, we require that numerators of rules are sets of L-clauses. For sets of clauses X , Y , we write
X;Y to denote the set X ∪ Y , and write X;ϕ to denote the set X ∪ {ϕ}.

As in [9], we categorise each rule either as a static rule or as a transitional rule: see Figure 1. The
intuition behind this sorting is that in the static rules, the numerator and denominator represent the same
world (in the same model), whereas in the transitional rules, the numerator and denominator represent
different worlds (in the same model). The intention in both types of rules is to preserve satisfiability
downwards.



R. Goré, L.A. Nguyen / Clausal Tableaux for Multimodal Logics of Belief 29

(⊥)
X ; p ; ¬p
⊥ (⊥′) X ; ⊥

⊥ (∨)
X ; [ϕ1, . . . , ϕk]

X ; ϕ1 | . . . | X ; ϕk

(D)
X

X ; 3i>
(D1)

X

X ; 31>
(3L)

X ; 3ia

a ; trans(L, i,X)

(I5a)
X ; 2i2jϕ

X ; 2i2jϕ ; 2jϕ
(I5c)

X ; 2i[a,2jb]
X ; 2i[a,2jb] ; [2ja,2jb]

(I5b)
X ; 2i3jb

X ; 2i3jb ; 3jb
(I5d)

X ; 2i[a,3jb]
X ; 2i[a,3jb] ; [2ja,3jb]

The rule (3L) is transitional. All other rules are static.

Figure 1. Clausal tableau rules.

When constructing an L-model graph, if ϕ belongs to a world w and we want to connect w to u via
Ri, then certain logic-specific formulae are added to u . For the moment we denote such formulae by
trans(L, i, ϕ), and define them precisely later. For a set of L-clauses X , define

trans(L, i,X) =
⋃
{trans(L, i, ϕ) | ϕ ∈ X}.

For L ∈ {KDI4,KDI4s,KDI4s5,KD4s5s,KD45(m)}, define the tableau calculus CL using the
rules from Figure 1 as

CL = {(⊥), (⊥′), (∨), (D), (3L)}.

For L = KDI45, let the tableau calculus be

CKDI45 = {(⊥), (⊥′), (∨), (D1), (I5a), (I5b), (I5c), (I5d), (3L)}.

For the rules (I5a), (I5b), (I5c), (I5d), as the numerator is a set of KDI45-clauses, we have that
i > j. Also note that 31> → 3i> is KDI45-valid, and hence (D1) can be used for CKDI45 instead
of (D).

We now define the function trans(L, i, ϕ) for five of our six logics.

trans(KDI4, i, ϕ) = {ψ,2jψ | ϕ = 2jψ and j ≥ i}
trans(KDI4s, i, ϕ) = {ϕ | ϕ = 2jψ} ∪ {ψ | ϕ = 2jψ and j ≥ i}
trans(KDI4s5, i, ϕ) = {ψ | ϕ = 2jψ and j ≥ i}
trans(KD4s5s, i, ϕ) = {ψ | ϕ = 2iψ}
trans(KD45(m), i, ϕ) = {ψ | ϕ = 2iψ}.

Note that the sets of rules for CKD4s5s and CKD45(m) are the same, but the difference lies in the
definitions of L-clauses. Consider, for example, the set {31p,2221¬p}. The formulae of this set are



30 R. Goré, L.A. Nguyen / Clausal Tableaux for Multimodal Logics of Belief

KD45(m)-clauses and every CKD45(m)-tableau for this set is open. On the other hand, transforming
this set to KD4s5s-clauses results in {31p,21¬p}, for which there exists a closed CKD4s5s-tableau.

For L = KD45(m), when constructing an L-model for a finite CL-consistent setX of L-clauses in the
completeness proof we never create a sequenceRi(u, v),Ri(v, w) of transitions of the same accessibility
relation. This reflects the form of KD45(m)-clauses. Thus, we do not put into trans(KD45(m), i, ϕ)
formulae of the form 2iψ. For L ∈ {KDI4s5,KD4s5s}, the set trans(L, i, ϕ) does not contain for-
mulae of the form 2jψ. The reason is that, in these logics, it is sufficient to consider only models with
“depth” 1.

Only trans(KDI45, i, ϕ) remains, and the intuition for specifying trans(KDI45, i, ϕ) is that the
skeleton of a desiredKDI45-model is a tree such that each of its branches is a sequence of edges created
via accessibility relations Ri1 , . . . , Rik with i1 > . . . > ik. Recall that a KDI45-clause is a clause �ϕ
whose modal context � has rightmost modal operator index l, and � contains no subsequence of the
form 2i2j with i ≤ j, and if ϕ is of the form [a,2kb], [a,3kb] or 3kb, then k < l. Consider the
following cases where mmi(ψ) is the maximal modal index occurring in ψ:

trans(KDI45, i, ϕ) =

{ψ,2i−1ψ} if ϕ = �2jψ, j ≥ i, and mmi(ψ) < i− 1
{2i−1ψ} if ϕ = �2j2i−1ψ and j ≥ i
{[a, ψ], [2i−1a, ψ]} if ϕ = �2j [a, ψ], j ≥ i, and ψ = 2i−1b

{[a, ψ], [2i−1a, ψ]} if ϕ = �2j [a, ψ], j ≥ i, and ψ = 3i−1b

{3i−1b} if ϕ = �2j3i−1b and j ≥ i
∅ otherwise.

Note that for a tableau rule of CL, if the numerator is a set of L-clauses then each of the denominators
of the rule is also a set of L-clauses.

Example 4.1. Consider a modified version of the problem of an alarm in a nuclear power station that
senses when a temperature gauge exceeds a given threshold [26]. The gauge measures the temperature of
the core. Consider the primitive propositions a (alarm sounds), fa (alarm is faulty), fg (gauge is faulty),
g (the temperature registered by the gauge is too high), and t (the temperature of the core is too high).

Let Γ consists of the following clauses (once implications are rewritten as disjunctions), where modal
indices denote degrees of belief/possibility:

23(a→ g ∨ fa),
23(g → t ∨ fg),
23(fg → 31t),
a→ 23a.

One can prove that 31t is a logical consequence of Γ∪{a,22¬fa} inKDI4s5 andKDI45, and 21t
is a logical consequence of Γ ∪ {a,22¬fa,21¬fg} in KDI4, KDI4s, KDI4s5, and KDI45. Here,
for example, we show that 31t is a logical consequence in KDI4s5 of Γ ∪ {a,22¬fa}. In Figure 2,
we present a closed CKDI4s5-tableau for the following set of KDI4s5-clauses, which is transformed
from Γ ∪ {a,22¬fa,¬31t} preserving KDI4s5-satisfiability:

{23(¬a ∨ g ∨ fa),23(¬g ∨ t ∨ fg),23¬fg ∨31t,¬a ∨23a, a,22¬fa,21¬t}.
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Γ′; 23¬fg ∨31t;¬a ∨ 23a (∨)

¬a; a; · · ·
⊥

Γ′; 23a; 23¬fg ∨31t (∨)

Γ′; 23a; 23¬fg (D)

Γ′; 23a; 23¬fg , 31> (3L)

¬a ∨ g ∨ fa,¬g ∨ t ∨ fg ,¬fa,¬t, a,¬fg ,> 4(∨)

¬a; a; · · ·
⊥

fa;¬fa; · · ·
⊥

t;¬t; · · ·
⊥

fg ;¬fg ; · · ·
⊥

g;¬g; · · ·
⊥

Γ′; 23a; 31t (3L)

t;¬t; · · ·
⊥

Figure 2. A closed CKDI4s5-tableau, with Γ′ = {23(¬a ∨ g ∨ fa),23(¬g ∨ t ∨ fg), a,22¬fa,21¬t}.

Since the calculus CKDI4s5 is sound (by Lemma 4.1), the given closed tableau shows that 31t is a
logical consequence in KDI4s5 of Γ ∪ {a,22¬fa}.

A tableau calculus CL has the analytic superformula property iff to every finite setX of L-clauses we
can assign a finite set X∗CL such that X∗CL contains all clauses that may appear in any CL tableau for X .
Our tableau calculi have the analytic superformula property, with X∗CL calculated as follows. Let Sf(ϕ)
be the set of all subformulae of ϕ (including ϕ), and let

Sf(X) = ∪{Sf(ϕ) | ϕ ∈ X}
¬X = {¬ϕ | ϕ ∈ X}
X̃ = Sf(X) ∪ ¬Sf(X) ∪ {3i> | 1 ≤ i ≤ m} ∪ {⊥,>}.

For L ∈ {KDI4, KDI4s, KDI4s5, KD4s5s, KD45(m)}, choose X∗CL = X̃ .
For L = KDI45, let 2X = {2iϕ | ϕ ∈ X and 1 ≤ i ≤ m}, let X|2 be the set of all clauses with

modal depth≤ 2, containing at most 2 primitive propositions, which are primitive propositions occurring
in X , and choose X∗CL = X̃ ∪2Sf(X) ∪X|2.

Lemma 4.1. The tableau calculi defined in this section are sound.

Proof:
Let L be one of our six logics. We show that CL contains only rules sound with respect to L. Consider the
only non-trivial case, when L = KDI45. For each static rule δ of CL, if δ is not (∨) then the denominator
of δ is equivalent in L to the numerator of δ. Hence all static rules of CL are sound with respect to L.
The transitional rules of CL are sound with respect to L because if ψ ∈ trans(L, i, ϕ) then ϕ → 2iψ is
L-valid. ut

Corollary 4.1. If a set X of L-clauses is CL-inconsistent (has a closed CL-tableau) then X is L-
unsatisfiable.

5. Completeness of the Calculi

In this section, L is still one of our six logics of belief and CL is the corresponding tableaux calculus.
We prove completeness of our calculi via model graphs in a similar way as in [25, 9, 22, 10]. To
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show completeness of CL we give an algorithm that, given a finite CL-consistent set X of L-clauses,
constructs an L-model graph (defined in Section 5.2) for X that satisfies every one of its formulae at the
corresponding world. Thus the underlying assumption in this section is that no CL-tableau for the set of
L-clauses X is closed. Note that this algorithm is not intended to be “practical” since it merely stitches
together certain open tableaux. Its only purpose is to show that every CL-consistent set of clauses is
L-satisfiable thereby completing the link between our purely syntactic notion of CL-consistency and the
semantic notion of L-satisfiability.

5.1. Saturation

For a static rule δ, let δ′ be the rule obtained from δ by adding the principal formulae to each of the
denominators. Let

SCL = {δ′ | δ is a static rule of CL}.

Note: for any rule of SCL, the numerator is included in each of its denominators.
A set X is immune to a tableau rule if, whenever the rule is applicable to X , at least one of the

corresponding instances of the denominators is equal to X . For a finite CL-consistent set X of L-clauses,
Y is a CL-saturation of X if Y is a maximal CL-consistent set of L-clauses obtainable from X by
applications of the rules of SCL.

As stated by the following lemma, CL-saturations have the same nature as “downward saturated sets”
defined in the works by Hintikka [13] and Goré [9].

Lemma 5.1. Let X be a finite CL-consistent set of L-clauses and Y a CL-saturation of X . Then X ⊆
Y ⊆ X∗CL and Y is immune to the rules of SCL. Furthermore, there is an effective procedure that, given
a finite CL-consistent set X of L-clauses, constructs some CL-saturation of X .

Proof:
Assume that X is CL-consistent, hence every CL-tableau for X is open. Also, X ⊆ Y ⊆ X∗CL by
the analytic superformula property. Observe that if a rule of SCL is applicable to Y , then one of the
corresponding instances of the denominators is CL-consistent. Since Y is a CL-saturation, Y is immune
to the rules of SCL.

We construct a CL-saturation of X as follows: let Y = X; while some rule of SCL is applicable to
Y and has a corresponding denominator instance Z which is CL-consistent and strictly contains Y , let
Y = Z. At each iteration, Y ⊂ Z ⊆ X∗CL, so this process always terminates. Clearly, the resulting set
Y is a CL-saturation of X . ut

5.2. Proving Completeness via Model Graphs

A model graph is a tuple 〈W, τ, (Ri)1≤i≤m, H〉, where 〈W, τ, (Ri)1≤i≤m〉 is a Kripke frame, and H is
a function that maps each world to a set of clauses. We sometimes treat model graphs as models with
h(w) as the restriction of H(w) to the set of primitive propositions. A model graph is called an L-model
graph if its frame satisfies all L-frame restrictions. A model graph 〈W, τ, (Ri)1≤i≤m, H〉 is saturated if
it satisfies the following conditions for every w ∈W :

∨: if [ϕ1, . . . , ϕk] ∈ H(w), then there exists an i with 1 ≤ i ≤ k such that ϕi ∈ H(w);
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2: if 2iϕ ∈ H(w), then forall u, if Ri(w, u) then ϕ ∈ H(u);

3: if 3ia ∈ H(w), then there exists a u ∈W such that Ri(w, u) and a ∈ H(u).

A saturated model graph is consistent if no world contains ⊥ and no world contains {p,¬p} for any
p. We use the term “model graph” merely to denote a data structure, while Rautenberg’s model graphs
are required to be saturated and consistent.

Lemma 5.2. If M = 〈W, τ, (Ri)1≤i≤m, H〉 is a consistent saturated model graph, then M is a model of
H(τ).

Proof:
By induction on the construction of ϕ that if ϕ ∈ H(w) then M,w |= ϕ. ut

Given a finite CL-consistent set X of L-clauses, we construct a consistent saturated L-model graph
M = 〈W, τ, (Ri)1≤i≤m, H〉 such that X ⊆ H(τ) as a putative L-model for X . The first condition of
being a saturated model graph is satisfied if for every w ∈W , H(w) is a CL-saturation of some set.

5.3. Completeness

Recall that our underlying assumption in this section is that no CL-tableau for the set X of L-clauses is
closed: that is, X is CL-consistent. In particular, any tableau which applies a particular strategy of rule
applications is also open. The following algorithm inspects only certain tableaux which obey a certain
rule application strategy: apply all static rules first and then apply the transitional rule(s). All such
tableaux must be open so we are guaranteed of finding an open denominator instance in each of these
applications. In the following algorithm, the worlds of the constructed model graph are marked either as
unresolved or as resolved.

Algorithm 1.
Input: a finite CL-consistent set X of L-clauses.
Output: an L-model graph M = 〈W, τ, (Ri)1≤i≤m, H〉 satisfying X .

1. Let W = {τ}, R′i = ∅ for 1 ≤ i ≤ m, H0(τ) = X , and H(τ) be a CL-saturation of X . Mark τ as
unresolved.

2. While there are unresolved worlds, take one, say w, and do:

(a) For every formula 3ia in H(w), if

• a 6= > or
• L ∈ {KDI4,KDI4s} or
• L ∈ {KDI4s5,KD4s5s} and w = τ or
• L ∈ {KD45(m),KDI45} and there is no v such that R′i(v, w)

then:

i. If there exists u ∈ W such that H0(u) = {a} ∪ trans(L, i,H(w)), then add the pair
(w, u) to R′i.
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ii. Else, add a new world u to W , let H0(u) = {a} ∪ trans(L, i,H(w)) and H(u) be a
CL-saturation of H0(u), mark u as unresolved, and add the pair (w, u) to R′i.

iii. If L = KDI4s5 and i = 1 and a = > (and w = τ ) then let π = u.

(b) Mark w as resolved.

3. If L 6= KDI4s5 then let (Ri)1≤i≤m be the least extension of (R′i)1≤i≤m that satisfies all the
L-frame restrictions except the (seriality) conditions ∀x∃yRi(x, y).

4. Else set Ri := R′i ∪ {(w, π) | w ∈W} for all 1 ≤ i ≤ m and after that extend (Ri)1≤i≤m (as less
as possible) to satisfy all the L-frame restrictions except the (seriality) conditions ∀x∃yRi(x, y).

This algorithm always terminates because H0 is one-to-one and H0(w) ⊆ X∗CL for every w. Here is
the main lemma concerning its properties:

Lemma 5.3. Let X be a finite CL-consistent set of L-clauses, and M = 〈W, τ, (Ri)1≤i≤m, H〉 be the
model graph constructed by Algorithm 1 for X . Then M is a consistent L-model graph satisfying X .

Proof:
Let R′i, for 1 ≤ i ≤ m, be the relations mentioned in the algorithm. We first show that M satisfies the
(seriality) conditions ∀x∃yRi(x, y) for all 1 ≤ i ≤ m :

• Case L ∈ {KDI4,KDI4s} : The assertion holds due to the tableau rule (D).

• Case L = KDI4s5 : The assertion holds due to the definition of Ri in Step 4.

• Case L = KD4s5s : Note that for every 1 ≤ i ≤ m, there exists ωi ∈W such thatR′i(τ, ωi) holds
(due to the tableau rule (D)). For every w ∈W , there exists 1 ≤ j ≤ m such that R′j(τ, w) holds,
hence, by the frame condition corresponding to axiom (5s), it follows that Ri(w,ωi) holds.

• Case L = KD45(m) : The assertion holds because of the tableau rule (D) and the fact that
if R′i(v, w) holds for some v then Ri(w,w) holds (due to the frame condition corresponding to
axiom (5)).

• Case L = KDI45 : The assertion holds because of the tableau rule (D1) and the facts that
R1 ⊆ Ri and if R′1(v, w) holds for some v then R1(w,w) holds (due to the frame condition
corresponding to axiom (5)).

As a consequence, it can be seen that M is a consistent L-model graph.
Suppose that L 6= KDI45. Since X ⊆ H(τ), by Lemma 5.2, it suffices to prove that M is a

saturated model graph. For this, we only need to prove that, for every w ∈ W , if 2iϕ ∈ H(w) then for
every u such that Ri(w, u), ϕ ∈ H(u). Suppose that 2iϕ ∈ H(w) and Ri(w, u) holds and consider the
following cases:

L = KDI4: SinceRi(w, u) holds, there existw0, . . . , wk such thatw0 = w,wk = u, and for 1 ≤ j ≤ k
there exists ij ≤ i such that R′ij (wj−1, wj) holds. Since 2iϕ ∈ H(w0) and i1 ≤ i, we have
{ϕ,2iϕ} ⊆ trans(KDI4, i1, H(w0)). Hence {ϕ,2iϕ} ⊆ H(w1). Repeating this argument, we
can derive that {ϕ,2iϕ} ∈ H(wk). Hence ϕ ∈ H(u).



R. Goré, L.A. Nguyen / Clausal Tableaux for Multimodal Logics of Belief 35

L = KDI4s: Since Ri(w, u) holds, there exist w0, . . . , wk such that w0 = w, wk = u, and for 1 ≤
j ≤ k, R′ij (wj−1, wj) holds for some ij , with ik ≤ i. Since 2iϕ ∈ H(w0), we have 2iϕ ∈
trans(KDI4s, i1, H(w0)). Hence 2iϕ ∈ H(w1). Repeating this argument, we can derive that
2iϕ ∈ H(wk−1). Consequently, since ik ≤ i, we have ϕ ∈ H(wk), i.e. ϕ ∈ H(u).

L = KD4s5s: Because of the form of KD4s5s-clauses, τ is the only world that may contain formulae
with universal modal operators. Since 2iϕ ∈ H(w), we have w = τ . Since Ri(τ, u) is equivalent
to R′i(τ, u), it follows that ϕ ∈ H(u).

L = KDI4s5: As for the above case, we have w = τ . Since Ri(τ, u) holds, R′j(τ, u) holds for some
j ≤ i. Hence ϕ ∈ H(u).

L = KD45(m): Because of the form of KD45(m)-clauses and the assumption that 2iϕ ∈ H(w), there
is no v such that R′i(v, w) holds. Hence there is no v such that Ri(v, w) holds. Consequently,
since Ri(w, u) holds, we derive that R′i(w, u) holds. This implies ϕ ∈ H(u).

Remark 5.1. Now suppose that L = KDI45. Observe that:

(a) For every u, v, ϕ, ifR′i(u, v) holds and ϕ ∈ H(v) then every modal operator 2j occurring in ϕ has
j < i. This follows from the form of KDI45-clauses and the definition of trans(KDI45, , ).

(b) By the same reasons, for every u, v, w, if R′i(u, v) and R′j(v, w) hold then i > j.

(c) For every u, v, w1, w2, if R′i(u, v) holds, and w1 belongs to the subtree with root v created by
(R′k)1≤k≤m, but w2 does not, and Rj(w1, w2) or Rj(w2, w1) holds, then j ≥ i. For this, observe
that when extending (R′k)1≤k≤m to (Rk)1≤k≤m using the KDI45-frame conditions, to derive
Rj(w1, w2) or Rj(w2, w1) one needs to use edges of the form R′k(x, y) or Rk(x, y) with k ≤ j.
One of the used edges must be R′i(u, v) because at the beginning u is the only outside node which
is connected to the mentioned subtree and this connection is via R′i. It follows that j ≥ i. As a
special case, for every u, v, w, if R′i(u, v) and Rj(w, v) hold, then j ≥ i.

Let ϕ ∈ H(w). We prove by induction on the structure of ϕ that M,w |= ϕ. It suffices to consider
the case when ϕ = �ψ with modal context � = 2i1 . . .2ik and k ≥ 1. Since ϕ is a KDI45-clause, we
have i1 > . . . > ik. Let w0 = w,w1, . . . , wk be worlds such that Ris(ws−1, ws) holds for all 1 ≤ s ≤ k.
We show that M,wk |= ψ.

If w 6= τ , then there is v such that R′l(v, w) holds for some l. By Remark 5.1(a), l > i1 > . . . >
ik. By Remark 5.1(c), it follows that w1, . . . , wk must be nodes in the subtree with root w created by
(R′i)1≤i≤m and different from w (otherwise we would have is ≥ l for some 1 ≤ s ≤ k). Suppose that
u0 = w, uh = wk, and R′jt

(ut−1, ut) holds for 1 ≤ t ≤ h. By Remark 5.1(b), we have j1 > . . . > jh.
By Remark 5.1(c), there exists 1 ≤ s ≤ k such that is ≥ j1. Hence i1 ≥ j1. By Remark 5.1(c), we also
have ik ≥ jh. There are the following cases:

ψ = [a1, . . . , ap] : Since 2i1 . . .2ikψ ∈ H(u0), i1 ≥ j1 and ik ≥ jh, by the definition of
trans(KDI45, , ) and the tableau rule (I5a), there exists i ≥ jh such that 2iψ ∈ H(uh−1).
Hence ψ ∈ H(uh). By the inductive hypothesis, it follows that M,uh |= ψ, which means
M,wk |= ψ.
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ψ = [a,2ib] : If i < jh then apply the argument as in the above case. Suppose that i ≥ jh. Let
1 ≤ t ≤ h be the smallest index such that i ≥ jt. If t > 1 then i < jt−1, and similarly to the above
case, we derive that either 2jψ ∈ H(ut−1) for some j > i or [2ia,2ib] ∈ H(ut−1). If t = 1 then,
by the tableau rules (I5a) and (I5c), we derive that [2ia,2ib] ∈ H(ut−1). Hence, by the tableau
rules (I5c) and (∨), 2ia ∈ H(ut−1) or 2ib ∈ H(ut−1). If 2ia ∈ H(ut−1) then we can derive that
a ∈ H(uh). If 2ib ∈ H(ut−1) then from the definition of trans(KDI45, , ) and Remark 5.1(c)
we can derive that M,uh |= 2ib. Thus, in both of the cases, we have M,uh |= [a,2ib], which
means that M,wk |= ψ.

ψ = [a,3ib] : If i < jh then apply the argument as in the case when ψ is of the form [a1 . . . , ap].
Suppose that i ≥ jh. Let 1 ≤ t ≤ h be the smallest index such that i ≥ jt. If t > 1 then we
have i < jt−1, and similarly as in the above cases, we derive that either 2jψ ∈ H(ut−1) for
some j > i or [2ia,3ib] ∈ H(ut−1). If t = 1 then, by the tableau rules (I5a) and (I5d), we
derive that [2ia,3ib] ∈ H(ut−1). Hence, by the tableau rules (I5d) and (∨), 2ia ∈ H(ut−1) or
3ib ∈ H(ut−1). If 2ia ∈ H(ut−1) then we can derive that a ∈ H(uh). If 3ib ∈ H(ut−1) then
there exists u such that R′i(ut−1, u) holds and b ∈ H(u), and hence M,uh |= 3ib. Thus, in both
of the cases, we have M,uh |= [a,3ib], which means that M,wk |= ψ.

ψ = 3ib : Similar to the above case, but use (I5b) instead of (I5d).
ut

The following theorem follows from Lemmas 4.1 and 5.3.

Theorem 5.1. The tableau calculi CL are sound and complete, for L ∈ {KDI4, KDI4s, KDI4s5,
KD4s5s, KD45(m), KDI45}.

6. Complexity

In [12], Halpern and Moses proved that the satisfiability problem in KD45(m) is PSPACE-complete.
In this section, using the algorithms of constructing L-model graphs given in the previous section, we
analyse the time complexity of the satisfiability problem in the remaining multimodal logics KDI4s5,
KD4s5s, KDI45, KDI4, KDI4s.

Theorem 6.1. For KDI4s5, KD4s5s, and KDI45, the satisfiability problem is NP-complete, and for
KDI4 and KDI4s, it is PSPACE-complete.

Proof:
First, observe that computing a CL-saturation of a CL-consistent set of formulae can be done non-
deterministically in polynomial time as follows: while the set is not immune to some tableau rule δ from
SCL, apply δ to the set, guess which denominator remains open and update the set to that denominator.

If L ∈ {KDI4s5,KD4s5s,KDI45} and X is a CL-consistent set of formulae then an L-model
graph constructed by Algorithm 1 for X has a polynomial size: the content of each of the possible
worlds is a subset of X∗CL and has a size bounded by a polynomial in the size of X; the number of
possible worlds of the model graph is bounded by a polynomial in the size of X because each path
via (R′i)1≤i≤m has length 0 or 1 for L ∈ {KDI4s5,KD4s5s} and a length not greater than m for
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L = KDI45. This together with the above observation imply that ifX is a CL-consistent set of formulae
then an L-model of X can be constructed non-deterministically in polynomial time. Hence the problem
of checking satisfiability in KDI4s5, KD4s5s, and KDI45 is NP-complete (the lower bound NP-hard
is clear).

Because the monomodal logic KD4 is an instance of the multimodal logics KDI4 and KDI4s, the
satisfiability problem in these multimodal logics is PSPACE-hard. We show that the problem is in the
PSPACE class.

Let X be a set of formulae with size n. To check whether X is L-satisfiable, where L ∈
{KDI4,KDI4s}, we do not try to construct a consistent L-model graph satisfyingX as in Algorithm 1,
but just check whether such a model graph exists. For our complexity analysis, we assume the following
modifications for Algorithm 1:

• An input for this algorithm is no longer required to be CL-consistent.

• “CL-saturation” is replaced by “candidate for CL-saturation”, which is constructed non-
deterministically in polynomial time as follows: while the set is not immune to some tableau
rule δ from SCL, apply δ to the set, guess which denominator remains open and update the set to
that denominator.

• When “loop-checking” at Step 2(a)i, instead of “cross-tree” edges, we allow only backward edges
to ancestors on the same branch. That is, we consider only nodes u occurring in the branch from
τ to w. (Lemma 5.3 still holds for this modification).

• If a world is inconsistent (in the sense that it contains both p and ¬p for some p) then the compu-
tation fails.

• If all possible computations fail, then return that the input set of formulae is L-unsatisfiable, else
return that the input set of formulae is L-satisfiable.

During run time of the modified algorithm, we need to keep only the content of the current path in
the model graph. To show that checking satisfiability in L ∈ {KDI4, KDI4s} can be done in PSPACE,
it is sufficient to show that the current path (via (R′i)1≤i≤m) in the model graph constructed forX always
has a length bounded by a polynomial of n (the size of X).

Consider the case L = KDI4s. Let Y2 = {ϕ ∈ Y | ϕ is of the form 2iψ}. Suppose that there is a
path from u to w via (R′i)1≤i≤m in an L-model graph constructed by the modified algorithm forX . Then
we have H(w)2 ⊇ H(u)2. Because of loop-checking, if H(w)2 = H(u)2 then the path from u to w
has no more than n nodes. This implies that every path via (R′i)1≤i≤m in an L-model graph constructed
for X has a length not greater than n2.

Consider the case L = KDI4. Let Y2i = {ϕ ∈ Y | ϕ is of the form 2iψ}. Suppose that there is
a path from u to w via (R′i)1≤i≤m in an L-model graph constructed by the modified algorithm for X .
Then we have H(w)2m ⊇ H(u)2m . Because of loop-checking, if H(w)2m = H(u)2m then the path
from u to w has at most n nodes which are R′m-successors. This implies that every path via (R′i)1≤i≤m

in an L-model graph constructed by the modified algorithm for X has no more than n2 nodes which are
R′m-successors (since 2m-formulae accumulate along any such path). Analogously, every (sub)path with
no R′m-edges contains no more than n2 nodes which are R′m−1-successors. Repeating this argument for
(m−2), . . . , 1, we derive that every path via (R′i)1≤i≤m in an L-model graph constructed by the modified
algorithm for X has no more than n2m nodes. ut
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7. Conclusions

The multimodal logics considered in this paper are useful for reasoning about belief. The logics KDI4,
KDI4s, KDI4s5, and KDI45 can be used for reasoning about multi-degree belief [23], and the logic
KD4s5s can be used for distributed systems of belief [23].

Although the axioms we have used are widely known, most of the logics considered in this paper,
namely,KDI4s,KDI4s5,KDI45, andKD4s5s have not been studied by other authors. There were no
(labelled or non-labelled) tableau calculi for the logics KDI4s5, KDI45, and KD4s5s. Only labelled
tableau calculi for KDI4 and KD45(m) [2, 28] and non-labelled tableau calculi for KDI4, KDI4s,
and KD45(m) [10] have previously been developed.

We have given (non-labelled) tableau calculi for all of the six multimodal logics of belief. Our calculi
are sound, complete, cut-free and have the analytic superformula property. Thus, they give decision
procedures.

Our tableau calculi for KDI4, KDI4s, KDI4s5, KD4s5s, and KD45(m) are simple. The calculi
for KDI4 and KDI4s are very similar to the standard tableau calculus for KD4, and clausal form is
not essential for these two logics. On the other hand, the simplicity of the tableau calculi for KDI4s5,
KD4s5s, and KD45(m) is due to the clausal forms for these logics.

Traditional tableaux for modal logics do not use clausal form. What advantages might we gain by
using clausal form? First, handling only clauses may speed up the search process. We do not have
experimental results for this claim yet, but the hope follows from the fact that most efficient SAT solvers
for classical propositional logic handle only clauses. Second, by using clauses in “normal form” such
as in the case of KDI4s5, KD4s5s, KDI45, KD45(m), the task of developing non-labelled tableau
calculi is significantly simplified. For simple logics likeKDI4 orKDI4s, clausal form does not matter,
but for more complicated logics like KDI45, clausal form helps enormously. Third, clausal tableau
calculi sometimes bring interesting results. For example, using them, Nguyen [20] obtained the currently
best space bound of O(n. log(n)) for the modal logics K4, KD4, and S4. In [21], he also gave (non-
labelled) cut-free clausal tableau calculi for the symmetric modal logics KB, KDB, and B.

Finally, using our calculi, we have shown that the satisfiability problem for KDI4s5, KD4s5s, and
KDI45 is NP-complete, and for KDI4 and KDI4s it is PSPACE-complete.
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