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XCY�Z[Y]\_^M`ba�ced�fhg�iLj
T : [0, 1) → [0, 1) k�l�mVn f-g n�oEmAoEp gGq n�rEs g�t T (x) = 2x − [2x] uAvEm0n fhg [a]rQn�pAo i n!o i n<l�wyx i o�zM{2r q|fJ}L~��-fhi n<k�� a �� oQ������{�oE�2uA� g m � o5{�oE�<m g vQr A ⊂ [0, 1) u A � t+f-g s)n!o � pR�Qu0n�o iLj r�m0n f µ(T−1(A)) = µ(A) �� kA�5��� f-� n σ−
i<f o�z3r T−1M u�vQm0n f-g M � g<�y} σ−

i<f o�z g�t n�k f rQsy� q�tOfhg s)n�o � pR� iLj�q��yg p �yf-g�9g k g�� vE� gE� oOpAo [0, 1) �XCY�Z[Y]\_^M`��0c9d�fhg�iLj
V = R

n k%l<m0n fhg �0syn g���} syn g p f3~��-f p f r q�~ u v1, . . . , vn � g �]k0oEn ~ o e1, . . . , en �kAoEn ~ mV�Ao � p ~ �_��rQn<�Ao } s)��� g<t ���0syn g<�y} syn g<� Lk(R
n)
� {0zMoEmAoT� ~Ei�~��)f l;n ���Vp0{ i �yrQpAo�z3� q k−

�-f p f r q � iLjoEp } � � � tOg¡} sy� i n�pR� iLj pAoEm V u i n¡� �-f9� � g z3p f o6� ~Ei � iLj s g�� o i �yl2¢
l(a1, . . . , ai−1, ai, ai+1, ai+2 . . . , ak) = −l(a1, . . . , ai−1, ai+1, ai, ai+1, . . . , ak).� �£���0p0{ i �yrQp0o�z�o iLj¤} oE{ f-iLj¤t rQ�<pAo t ��w �-g x5�)oE{br q ��n�p0o i n<p f {��[u|{ } �Qs��¥n t+f-g p f o¦n�pAoE{§u|vQmV��0s)n g��y} o q|fR�)f l;{2r � � t pR�V�¡� d�fhg�iLj Sk(R

n) k�l�m0n f-g �0syn g<�y} syn g p f3~|�-f p f r q�~ ���0p0{ i �yrQpAo�zM� q k−
�hf p f r q � iLjn R

n
� rQn�pAo i n!o �-f w t ��� ~ sy� q p f-g � (Rn)∗ ⊗ · · · ⊗ (Rn)∗ �¡�� oQ������{�oE�2uA� g Lk � g<�y} ��r�m0�Vs)n g<�y} s)n g p f3~¨�-f p f r q�~ Sk �� kA�5©�{ErEp �y} s)�0��� �)g p � r q p g r�m q n<rQs)r q oEp f-g n Sk pAo Lk

� �VrQvQ� � p f oT� ~2i�g �0syn g { � n } o�z i<g p fhg m � o
k = 2 u�{ } �Qs g ���0p0{ i �yrQpAo�z3r q|f s(u, v) �0syn<��� fh� ��� g ���0pV{ i �yrEpAo�z l

} oE{ f u|� g l(u, v) =
s(u, v) − s(v, u) �¡�� i ��ªSpAoT�ym0«GkAo2n�l Lk �� mA������{�oE�2uA� g m � o k > n Lk � g��y} �0� �y} ��rQs)oEn dim Lk = 1 u0vEmV� k = n �� g �¬����{�oE�2u�� g L3(R

3) � g���} syrQn�� f l })g �0syn g n g<�-g�t+g p } l uR{ } �Qs���pAo qg { } rEs'o iLj u, v, w �0syn<�!�¯®t ��� g°q oEs } rQw)xGs)� q p ~�q ��n�pAo i n�p f {Er q|f_t o i�f-g s)n¡��� }±q rQs)n<rQp g ���0s)n g n }'g°qg { } rEsy�Q�XCY�Z[Y]\_^M`¨²0cSd�fhg�iLj
A k�l�mVn f-g syr�m0n f p ~�t � �h} ��� �hf {�o } � q p ~ ��r�mVn�k f rQs)� q X

� } r|n�p0o i n¡� A1, A2 ∈
A =⇒ A1 ∩ A2 ∈ A �¡� d�f-g<iLj G k�l�m0n f-g s)r�m0n f p ~ ��r�m0n�k f rQs)� q X

� � g z3p f oT� ~2i � iLj p0o �y} l��0��� ~2i�gq oEsy�0p0{ f ¢�´³ � A ⊂ G �� a � ∅ ∈ G� � �¶µ � o�m0r q r � p g �]�Vs)n g<�-fhi n!o � p g �_s)r�m0n f pR�¬syrQn�z ~Ei n<pR� iLj n<k f rQsy� q Bi ∈ G
t o t � ∞⋃

i=1

Bi ∈ G �� ² � B ∈ G ⇐⇒ X \ B ∈ G �
����{�oE�EuA� g G n!o q|fhg s'o σ−

i<f o�z3r+v g p g s)r q o2p g �Vs)n g n A �·�¸L¹Eº6»�¼�½�¹EºR¾¬¿|À�»�ÁVºEÂ�Ã)»¨Ã'À�Ä6»�ÅMÆSÇ
G ′
ÂÈº�¹EÉ�Ê�¹�Â¯¼�ÃyºË¸±ÁAÌLÍ´ÆAÅ�ºÏÎRÐ�ÑÒÅ�Ó!ÌL¸¡Â�Æ�ºyÓÕÔ�ÆAÅ>Ì�Ó'¸)»6ºO¸±ÁAÀ6Ö¡Ã'¼�Ä¸±ÁAÌLÍ>ÆAÅ�ºyÓ<É�×¡ØR×LÙÏÎRÐ�Ñ�Ú�ÛGÜJº�Ì¡Ü-Ì¡ÔÝÌ¡ÆAÂ±¼�½
A ∈ G ′

Ã'À�»�ÁVºEÂ´Ãy»¶Ã'À�Ä6»�ÅMÆAØ
G ′

A Þ Ç)Ä6»�Å>Ì�ÁAÀ�ÄEÃ'À�Ä6»�ÅMÆ�É {B ∈
G ′ : A ∩ B ∈ G ′}

Ú
XCY�Z[Y]\_^M`àß§c�d�f-g<iLj

A = {(x, y) ∈ R
2 : 1 < x2 + y2 < 2} \ {(x, y) ∈ R

2, x ≥ 0,−x ≤
y ≤ x} �e©�{ErQp ��} sy�0��� � } n�p[� �Vs)n g m �y} o qáq ��r ��} o i<f nTzMrQ� g p f o�� g<q p g � �-f-i n�kR�¨n!o2mAoEpR� iLj �)o q pR� tq n�rQs g�t ��mV��� g r t rQsyâ0n t�t+f l<m0n<� A o�����zM��z�o � n i n¡��n�p ~ {(x, y) ∈ R

2 : y > 0} �

ã


