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.0/�132$465 1.0.β 798;:�<>= 2@?BADCE5GFE5IH 8D8;JK 5;L = /M4ONPAD13A�F 7Q=SR

TVUXWEY-ZX[$\^]	_B[6`X[aWEbca\%de_3fhgjihchW�kXYSlmkXbonX_B[p]	_6f;qrYs[(`XU*tabsfXuwv�qrv*k�UXW	f;W,[xW	fzyaqrYsg6`X[aWEYfhgji�{0|xYs[et�}zUXW,[
bw_~c��;W,[�{
� = /�Lj� Ω ⊂ R

n �	� F 7Q= /�A � 2 7 5;16/Q��5 {gij(x)}n
i,j=1 � 23?616� R ?6��1B��� = /Q��5;���E5��E5 Ω �r� F 7�= /

x = (x1, . . . , xn) �p�x< 5 R 1 7a� .0/M4 γ : [a, b] → Ω � γ(t) = (γ1(t), . . . , γn(t))
A R 13/�� < 5;� � �XuwcD�hU*�*y. 7 AD13/����

�@���
l[γ] =

b
∫

a

(
n
∑

i,j=1

gij(γ(t))γ̇i(t)γ̇j(t))
1/2)dt.

� 5;2 7Q� � 7 5;F�5;� = /Q��43/Q23? 7 �E5 < / 7Q= /Q� = /�13��.���5;� = 5I�E5I� = � = ����� ?B/ � A�¡$��� R Lo43AD�E5h¢£� �� = /�Lj� R : Ω × R
n → R

�	� F 7Q= /zA R 16/�� < AD��/z. 7 A;16/�� R(x, y) =
n
∑

i,j=1

gij(x)yiyj ��¤ ?B/�F �
. 7 �D1 �@�*� �zAD¥Q�E5IC�1 7 /�C = 2B5;¦�. C�AD2@?j5;L =

l[γ] =

b
∫

a

R(γ(t), γ̇(t))1/2dt.

¤ 7 . = � 7�R � 7 ? � �§¡$��� R Lo465�F 7Q= 5h¢¨5;� = 5 � A 7 �E5;L 7 5;�E5©F�A©?B/M4�C�A;1 � C�1 7 / 7 L ?6A©� = L = ����/ � A�465 R
R1/2 �«ª � <S= L 7 � � C�AhLj��AhF��E� R1/2(x, y) C	A xk = C�A yk

�
� H � ∂R1/2

∂xk
=

1

2
R−1/2 ∂R

∂xk
=

1

2R

n
∑

i,j=1

∂gij

∂xk
(x)yiyj.

AD1B5 7
�w¬�� ∂R1/2

∂yk
=

1

2
R−1/2 ∂R

∂yk
=

1

R

n
∑

i=1

gik(x)yi.

ª 2@?j5G?6� = 5�13�*.���AD�6¦. � � =SR 5 7 ¡5 R ?B� � ¥Q/
∂

∂yk
gij(x)yiyj = gij(x)yi

∂yj

∂yk
+ gij(x)

∂yi

∂yk
yj = gij(yiδjk + yjδik).

¤ 2@?j5%. = 5�46�GL�C�AhF x = y A�F�C	A*. = /QF�� = A γ = γ̇ . �¬�� � 7Q� 2 R ��43/�� �
�®�� 1

R

n
∑

i=1

gik(γ(t))γ̇i(t).

� 5;2@? � C�� = /����2 = � � ? � . = / <SR AD�6¦ 7 16�D¥Q� = L 7�R A*.P5;¦¯C�A t �«° 5;��.(5G¥�� �;� ¥�/
�s±D� d

dt
(

n
∑

i=1

gik(γ(t))γ̇i(t)) =

n
∑

i,j=1

∂gik

∂xj
γ̇i(t)γ̇j(t) +

n
∑

i=1

gik(γ(t))γ̈i(t).

° F�16� �;= /M4�2@?B13AD� � �²AD¥�/Q� � C�1 7a� 46�;¦ � ¥Q/ R 1 7Q� .P5 γ 43/Q23?r23CE5;165;�z/a?B1 ��7 A*.(5;��5F	¢¨� � A;�6L = �¯¢¨� R � � ?BA
7 �E5;L 7Q� R ≡ const ��³ 23?BAG?B� = / � � = /�Lj� γ̃(u) �	� F 7�= /¯F�A*.0A < �E�zCE5;1B5G�z/a?B1 �h7 5;LM46� � γ̃ : [c, d] → Ω �� = /QLj� f : [c, d] ��� F 7�= / 7 5;F�5;��/¯C�1 7 / 7

f(u) =

u
∫

c

R(γ̃(t), ˙̃γ(t))1/2dt.

¤ ?B/�F � f 43/Q23?9�zAD��A;?BAD� = L 7 �E5 = L = � � ¢$5 � . = � L = 23?6� = /o43/�¡$��� R LM465�AhF�.�13A;?B�E5 g : [0, l] → [c, d] �
� F 7�= / l = f(d) 43/�2@?IF�¢¨� � AD�6L = � R 1 7Q� .0/M4 ��¤ ?B/QF �D� 465 R ¢$5X?o.PA´23C�1B5%.�F 7Q= ¦ � 43/Q� <>= C�1 7Q� 43� = /�� �
γ(t) = γ̃(g(t)) � ?6A R(γ(t), γ̇(t)) ≡ const � µ



� R AD13A²?B5 R)� ?BA d
dt

R(γ(t), γ̇(t)) = 0 ��� . = � L�C	A�Lj��A�F���5²C	A t . = / <SR AD�6L = �®�� . � ��AD2 =
1

R

n
∑

i,j=1

∂gik

∂xj
γ̇i(t)γ̇j(t) +

n
∑

i=1

gik(γ(t))γ̈i(t).

¤ 23?B5%. = 5�46�;LF�A²16�*.��E5G� = 5��r� < /�1B5�����5 � 1B5G� � /
	 5�� ∂L
∂yk

− d
dt

∂L
∂zk

= 0 A;?61 7Q� ����43/�� �
� J � 1

R

(

n
∑

i,j=1

∂gij

∂xk
(γ(t))γ̇iγ̇j −

n
∑

i,j=1

∂gik

∂xj
γ̇i(t)γ̇j(t) −

n
∑

i=1

gik(γ(t))γ̈i(t)

)

= 0

� 7a�h<S=
��D�

∀k = 1, . . . , n
n
∑

i=1

gikγ̈i −
n
∑

i,j=1

(

∂gij

∂xk

γ̇iγ̇j −
∂gik

∂xj

γ̇i(t)γ̇j(t)

)

= 0

ª ?61 7Q� �z5;��/¯16�*.��E5;� = /��E5 7a� .(5;� ������������������� ���� "!��$#&%$'(���)';�+* 5 R �E5GC�1B5%.�F � � �z5;� � ?B��,?B5�4�F�A²L 7Q� � = /�� = 5 7 � R ¢$5GF�/�� n 13��.���5
-�13�D¥�� = L 7QR A*. � Lj� � � = / <S= � = A*. � Lj� 1 7 � F�� F�.(5 �
�e< 5�C�1 7Q�hR ¢$5;F�� 13A 7 CE5X?B1 7 � � �²/Q?61 �hR � = ��F�� R A*.(5;��� 7 /I23¡$/Q1 �D�/. 5 R�7 AD2@?j5h¢£A C�A R 5 7 5;��/��z50,L = /Q1 7 ?6/M4V�²/Q?61 �hR�= . C���� R L = / (x1, x2)

�z5²C	AD23?B5;¦ ( 1 0
0 cos2(x1)

) �1. /�� <S= C�AhF�2@?j5%. = � � k = 1 � ?BA13�*.��E5;� = / ��D� C�1 7Q� 43���X43/�E5;2@? � C��X46�;L��²C	AD23?B5;¦��2��
γ̈1(t) − sin(2γ1(t))γ̇

2
2(t) = 0,

C	AhF�L 7 5;2 � F � F < 5 k = 2 A;?B1 7Q� ���X43/Q� �� : � cos2 γ1 · γ̈2 + sin(2γ1(t))γ̇1γ̇2 = 0.
3 ��!����4�5�76�819 W	f3\Q��:_jU�`�qrY}*`*f;WEYf²_jnXqrW	f
; ��2�� Y � : � bsfXkXYsgji�l�ZX[ γ1 ≡ 0

Y
γ2 ≡ 0

{
3 ��!����4�5�=<"8 |xYs[jgji v

Y
w > d6��} �;qPU0?²f�]	_BU*taboUj]�f��Xuwv@?IY9qP[jkXbMUX_3f
?IY��Xuwc;�hU*�*gaY�A�{ |�fa]	YSt6`_BnXqrW	f;WEYs[ U*kX_Bds�;c U �a_jU��XkXc q `X[a_3`X[ Y�]	_BU0?IYs[aWEY¨cBA W	f
CS[6Z*}hgj[s�hU �hU�]EuofXt6`Xg6`�v�`�WEv _BU�`@]	Ysdabo[$\

]	_3`X[6`
v
Y
w
{

3 ��!����4�5�ED"8 TVU*k;f*Zal�ZX[�q�t6`�v*tab$kXYs[�U*kX_jds�;Y�b fXkXYs[jl�\QfXk�q ]EUj]	_3`X[6�;WEYF? `*f���f;WEY¨c�l�to]E[jusWEYf3\Q}I_BnXq�GW	f;WEYf �2D� Y � : � {


