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M�NPO ∫

∞

−∞

P (x)

Q(x)
dx,
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deg Q − deg P ≥ 2

~i�"f r
∀xλ ∈ Q−1(0)

�
xλ = αλ + iβλ

v
βλ 6= 0 ����)Y/��Y�a�c,� mo�q}�vR{ur�vWm&{ur�vKx f kHmonqpRnq|i��mqp � |��&r�x f ��� ~ w�x f �&r f n f �,v �o~ r�� f p � | y�f�� � fih`j�� p	|o���

M�NPO y�~ ���i}�xUvWm$k�n&r�|i��� � r�|o� f { j �J�S��� y v`���o��wim<kHmonqp ~ x f rut�vWm&w�x f�y p�m&{*|u�<��{*|�v@nqp`xUvWm$kHm�� �"f xUvW� f
limh→∞

∫ h

−h
P (x)
Q(x)

dx �z  f kHm¡p ~�~y vWmq}@m,n&rim � n&ru� j } f n � � fih m j � j p�� � |D�,v¢nqv � xUvWm£t � {ur�vWmq�,|£r f k¥¤� ~iy�f }�v �XZYU[\YU]�^`_�¦§cS¨ ��x j �$k f¡y |i�,vWm � x f P (x)
Q(x)

{ f kHm©nqv ����~ r h:~ w�| �ªy � h«f � j v�� ��~ nqp:m

M ( O P (x)

Q(x)
=

∑

xλ:Q(xλ)=0

(

Aλ

x − xλ

+
A

(2)
λ

(x − x)λ2
+ · · ·+ A(nλ)

(x − xλ)nλ

)

,

��{ur�vWm�nq��� f � � rim�t�vWmW� f � � rim&r y n&r�|unqp j vWm¬��vWm �¥y v f nqp j v y vWmq} ~ �,v f xU�
Q
�
nλ

kHmonqp ji��~ p`x ~ �u�qv`��v
An��lrimon�� ~ } ~ x�m �R | j*f wq��wim ��~ r juh«f {gkHmonqp�kHm&{*x ~ r�x f �&r�xU| ��® ~ x f {*p ~ �JkHmo�q}�v�� fih$j*f M�NPO�kHmonqp�rut�vWm&w�x f �p ~ ∑

Aλ = 0 �¯±°�²>Y/³�´>�¡²>YµaUcS¶s~ r�� f p � r
lim xP (x)/Q(x)

� � r�|
x → ∞

XZYU[\YU]�^`_�·§c  | j*f wq��wim¸� fih$j*f M:NPOsr f }@m&w�|ep`|D} j�~�~ { Aλ

� f xUvWm¬r f }@m&w�| ~ {
A

(k)
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M	¾�O ∫ h

−h

1

x − xλ

dx =
1

2
ln

(h − aλ)
2 + b2

λ

(h + aλ)2 + bλ

+ i

[

arc tan
h − aλ

bλ

+ arc tan
h + aλ

bλ

]

.

XZYU[\YU]�^`_À¿\c  | j*f wq��wimG� �"f xUvW� f � � r�| h → ∞ y | �&f wimqxUv f�y M	¾�O y |ix ~ nqv ±iπ
�¢��{ur�vWmGr�x fij

kHmonqp�{ ~ { f p`xUv y p�m&{*|P����{*|
bλ > 0 �

XZYU[\YU]�^`_ÂÁÃc�Ä { ~iy�~ {*xUv k���wimÅ� fih$j*f M:NPO�kHmonqp � � y x f
2πi

∑

A
(+)
λ

����{ur�vWm�nq��� f � � rim�t�vWmW� f
y | h ���&r�xUvWm¢� ~ ��vWm �¥y v f nqp j*f �oÆ

xλ

p fij vW�oÆ���wim =xλ > 0 �
XZYU[\YU]�^`_�Ç§csÈ�fih ��w��,|u��wim P (x)

Q(x)
= Aλ

x−xλ
+ R(x) �� | j*f wq��wim Aλ = P (xλ)

Q′(xλ)
�

¯±°�²>Y/³�´>�¡²>YÉ¦§c¼Êªf }@m&w�| ~ {q� ~iy vWm&{*xUv ~ � � rim j n&r�p fih �qv � � ~iy |�wqn&r�| y ri� � v y r�v`� � � �"f xUvW� � � � r�|
x → xλ ��Ë }�p:m � x f p`| y xUvWm ��~ r y v k f �,| Q

y±Ì�f |i} ~i�&f �
XZYU[\YU]�^`_ÎÍ�c)Ï t�}�vW�&r
M`ÐJO ∫

∞

−∞

x2m

1 + x2n
dx,
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n > m �XZYU[\YU]�^`_�Ñ§cSÒ,~i� r�|unqp f k����¬r¡� fih$j vªM`ÐJO�� ~ t�}�vW�&r

MWÓ5O ∫

∞

0

xa−1

1 + x
dx,

��{*|
0 < a < 1 �¯±°�²>Y/³�´>�¡²>YR·§c�Êªf k«��vWm �¥y � ~ {inqp f*y

z = x1/2n
v
a = 2m+1

2n
� Êªf nqp � ��xUvWmZn j�~i� r�|Pnqp f k�rs�qv`�u� h:~ �u�qv� fih`j v y r f }@m&w�x ~ �u�qv ~ {
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Õ�_�Ö�]�^`×oØ�Yµa�cSÊ vWmo�oÆ
a, b > 0 �£ vWmq} j�~ � �

M 6 O
∫ 1

0

xa−1(1 − x)b−1dx

x f r�| y�f �,|£Ù -/0/?D8:#&Q¡»��qCo%RÚZ-/T@�� �% v ~ r�x f �&r f �,| B(a, b) �
X�YU[\YU]�^$_ÜÛ§c  | j*f wq��wim B(a, b) = b−1

a+b−1
B(a, b − 1) �

X�YU[\YU]�^$_ÝaJÞÃcsÊ vWmo�oÆ
n ∈ N � Ï t�}�vW�&r B(a, n) �

X�YU[\YU]�^$_Ýa�aUc¸Ï t�}�vW�&r
B(a, 1 − a) �

¯ß°�²>Y/³�´>�¡²2YÜ¿\c ® ~ {inqp f*y x = y
1+y

�
X�YU[\YU]�^$_Ýa�¦§c¸Ï t�}�vW�&r j�~i� r�|unqp f k����¬rgà¥�>x j �$k¥v

B
∫ π

0

cosn x sinm x dx

Õ�_�Ö�]�^`×oØ�Y�¦ÃcSÊ vWmo�oÆ
a > 0

y p:m&{*|�� fih$j��
M	á5O ∫

∞

0

xa−1e−xdx

x f r�| y�f �,|£Ù -/0/?D8:#&Q�â�% E¡E %¸ÚZ-/T@�� �% v ~ r�x f �&r f �,|©� � rim&r Γ(a) �
X�YU[\YU]�^$_ãa�·Ãc  | j*f wq�©wim Γ(a)

v
B(a, b)

n��� h�f { j vWmzä j } f nq|
C∞ å � Ä { ~iy�~ {*xUv k��lwim

Γ
kHmonqp

y |o��� juh�f �
X�YU[\YU]�^$_Ýa�¿\c¬æ � �"f*y {uçq��wim

Γ(a + 1) = aΓ(a) �
X�YU[\YU]�^$_Ýa�Á§c  | j*f wq��wim

Γ(a) =

∫ 1

0

(

ln
1

z

)a−1

dz.

X�YU[\YU]�^$_Ýa�Ç§c£Ä r f n f {*xUv k���wim

Γ(a) = lim
n→∞

na−1

∫ 1

0

(1 − z1/n)a−1dz.

X�YU[\YU]�^$_Ýa2Í�c  | y xUv ~ n j �¥k���wim

Γ(a) = lim
n→∞

na 1 · 2 · 3 · · · · · (n − 1)

a(a + 1) . . . (a + n − 1)
.

X�YU[\YU]�^$_ãa�ÑÃc  | j*f wq�©wim¸� ~iy |�wqn&r�|À�qv`�u�i��p �"fij p ~iy�f xU|,k fij�~ à¥�>x j �$kHm ~ { a
rut�vWmW� f { ~

Γ(a)xUvWmq� f }DkHm&{*x ~ nqp f k¥xUvWm �
X�YU[\YU]�^$_Ýa�Û§c  | y xUv ~ n j �¥k���wim (ln Γ(a))′|a=1 = −C

����{ur�vWm
C
kHmonqpZnqp fih �¡è���}@m �"f �

X�YU[\YU]�^$_Ü¦UÞÃcsÊ vWmo�oÆ
f : 0 → ∞ � ~ x ~ p ~ xUvW�&r�x f v ∫∞

0
f(x)dx

v@nqp	xUvWm$kHm �£ | j*f wq��wim

lim
h→0

h(f(h) + f(2h) + f(3h) + . . . ) =

∫

∞

0

f(x)dx.

X�YU[\YU]�^$_Ü¦ÃaUc  | j*f wq��wimG{2} f α > 0

lim
t→1−

α
√

1 − t(1 + t1
α

+ t2
α

+ t3
α

+ · · ·+ tn
α

+ . . . ) =
1

α
Γ(α).

¯ß°�²>Y/³�´>�¡²2Y�Á§cs¶S~ r�� f p � r
f(x) = e−xα � dgfih$j�� r f

n�� ��~iy�f {uç){ ~
Γ
� � rim&r

e−xα

= t �



XZYU[\YU]�^`_�¦�¦§c¸Ï t�}�vW�&r ∫∞

0
ya+b−1e−(1+t)ydy �£ | y xUv ~ n j �¥klnqpW��{i��wim

Γ(a + b)

∫

∞

0

ta−1

(1 + t)a+b
dt =

∫

∞

0

ta−1

(
∫

∞

0

ya+b−1e−(1+t)ydy

)

dt.

 | j*f wq�gp�m �&f rq��wim
B(a, b) =

Γ(a)Γ(b)

Γ(a + b)
.

Ò,~i� r�|unqp f k����¬r)p:mW� ~ � ~ t�}�vW�&r
Γ(a)Γ(1 − a) � äéà ~i� �,� h«f { ~ �Um h xUvWmqxUv f å¯±°�²>Y/³�´>�¡²>YßÇ§c  � ~iy |�wqn&r�|i� y r ~i� rim �"f rên j�~i� r�|unqp f k£r�r f �,v f xU|zr�r f { f xUv f�ë�ë � Ï¢�"f r

~ �&r�| y v@�u�qvWmSr f �,v f x fRj�~ }@m$k¥x ~ �u�qv�� fih$j�~iy�f xUv f �XZYU[\YU]�^`_�¦�·§csÊ vWmo�oÆ
En = Γ( 1

n
)Γ( 2

n
) . . .Γ(n−1

n
) � Ï t�}�vW�&r E2

n �XZYU[\YU]�^`_�¦/¿\c ® ~ n h �*�*�qk����©nqv � � yÅ�&f r�vWm<� ~ p � rim�t�|P��� ~ � � rim&{*xUvK�±r f { f xUvWmq� ~ t�}�vW�&r
M	ì�O ∫ 1

0

ln Γ(x)dx.

XZYU[\YU]�^`_�¦�Á§c¸Ï t�}�vW�&r,� fih`j�� M`ì�O j�~i� r�|unqp f k���� y | h ���&r�xUvWm¬r�à ~i� �,� h |�{ ~ �Um h xUvWmqxUv f �¯±°�²>Y/³�´>�¡²>YÀÍ�csÈ�f �,v f x f
x → y = 1 − x �

XZYU[\YU]�^`_�¦�Ç§c ® ~ { ~ t�xUvWmo�2k fij¡y � ~ � � rim&{*xUvK�ír f { f xUvK� ~ t�}�vW�&r,� fih$j��
∫ 1

0

cos(2nπx) ln Γ(x)dx.

XZYU[\YU]�^`_�¦�Í�c   } f |c| < 1
~ t�}�vW�&r ∫ π/2

0
tanc xdx �

XZYU[\YU]�^`_�¦�Ñ§c  | j*f wq��wim limb→0[Γ(b) − B(a, b)] = Γ′(a)
Γ(a)

�
XZYU[\YU]�^`_�¦�Û§c£Ä { ~iy�~ {*xUv k���wim
M	î�O Γ′(a)

Γ(a)
=

∫

∞

0

[

e−x − 1

(1 + x)a

]

dx

x
.

XZYU[\YU]�^`_�·UÞÃc  | y xUv ~ n j �qk���wim C =
∫

∞

0
[ 1
1+x

− e−x]dx �
XZYU[\YU]�^`_�·ÃaUc¬È�f � y�f w©r f p�mq�)��wim
M�N 4 O Γ′(a)

Γ(a)
+ C =

∫ 1

0

[

1 − ta−1

1 − t

]

dt.

¯±°�²>Y/³�´>�¡²>Y�Ñ§c)Ï {�m$k¥�,v k y ri� � M	î�OG{2} f
a
v�{2} f

a = 1 �S® ~ {inqp f*y t = 1
1+x

�
XZYU[\YU]�^`_�·�¦§cs¶S~ r y vKï)à¥��x j �$k � � ~ {�� fih$j�~iy � y M:N 4 O � Ä { ~iy�~ {*xUv klx f nqp � ���¥k����om y r ~i� |

d

da
ln Γ(a) + C =

∞
∑

ν=0

(

1

1 + ν
− 1

a + ν

)

,

d2

da2
ln Γ(a) =

∞
∑

ν=0

1

(a + ν)2
.

y n&ri�&rimW���i}�x ~ �u�qv
(ln Γ(a))′′|a=1 = π2

6
�

XZYU[\YU]�^`_�·�·§csÒ,~i� r�|unqp f k����sr)p:mW� ~ ��wim
1 + q + q2 + · · · + qn + · · · = 1

1−q

y | j*f wq��wim
∫

∞

0

xs−1

ex − 1
= Γ(s)ζ(s),

��{ur�vWm
ζ
kHmonqpUà¥�>x j �$k���{urimqp fR¶ vWmq� f xUx f �

¯±°�²>Y/³�´>�¡²>Y�Û§c 1
s−1

= Γ(s − 1)/Γ(s) �



X�YU[\YU]�^$_Ü·/¿\c  n&ri�&rimW���i}�x ~ �u�qv y | j*f wq��wim

lim
s→1+

(ζ(s) − 1

s − 1
) = C.

X�YU[\YU]�^$_Ü·�Á§c  | j*f wq��wim
∫

∞

0

e−x lnxdx = −C,

∫ 1

0

ln(− ln u)du = −C.

X�YU[\YU]�^$_Å·�Ç§clÊ vWmo�oÆ
a1, . . . , ap > 0

� f
S = {(x1, . . . , xp1

) ∈ R
p−1 : xi ≥ 0,

∑

xi ≤ 1} �
 | j*f wq��wim

∫

· · ·
∫

S

xa1−1
1 xa2−1

2 . . . x
ap−1−1
p−1 (1 − x1 − · · · − xp−1)

ap−1 =
Γ(a1)Γ(a2) . . .Γ(ap)

Γ(a1 + · · · + ap)
.

X�YU[\YU]�^$_Ü·�Í�c  vWm&{uru���o��wim 1
xm = 1

Γ(m)

∫

∞

0
tm−1e−xtdt

~ t�}�vW�&r¸{2} f
0 < m < 1 ð

∫

∞

0

cos ax

xm
dx


