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K ≥ 10
I�M�SQag[�G�mJkj]tm�]�PnGhUfdf�x]�Una`H�G�|��g[�P`IVa

PZY.sLa`¤`ag�^]�[
K + T

u

à®á =04Oâ,D
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ut(t, x)− uxx(t, x) = 1− u3 (t, x) ∈ [0,+∞]× (−1, 1)

u(t,−1) = u(t, 1) = 0 t > 0, u(0, x) = cos(π ∗ x/2)

H�Y9NjIßY.SQUnaxkT�ZMOHJ]�]�[hsLa`����aTd
xk = −1 + k ∗ h, k = 0, .., N + 1

[hsßY
h = 2

N+1

]tSjkjPnG�i�Y"sLILãQi7G�H%Y"NTSQ�`mJ�"dT�tU¨G
�JKJ�ÐY"[�kj�gM�H�Y.\�PRMOGhURPZY.dfH�G�UXWCPªM�Y"kT�JHJK�ILa`i<m�]�UnPZ�.SjK�]gMOG�iC}

h ∗Bd~u
dt

(t)− 1

h
A~u(t) = h ∗ (~1− ~u3) ~u(0) = ~v,

�l¥��

��[hP`ILa
h = 2

N+1 ä B,A
i�Y"UnIVankjP`a

N ×N ä ~f,~v
MAanK�SQ]tkTG�[%���J�t]�ãQUnI

N
Pg[�an�%HJIL]ZM�Y.HJa+H�Y"NTSj�`mJ�tdT�"Un]J}

A =




−2 1
1 −2 1u u u u u u u u u

1 −2 1
1 −2



, B =




2/3 1/6
1/6 2/3 1/6u u u u u u u u u

1/6 2/3 1/6
1/6 2/3



,

�±å��

Y ~1 = (1, . . . , 1)T ä ~u3 = (u1 ∗ u1 ∗ u1, . . . , uN ∗ uN ∗ uN )T
I
~vk = cos(π ∗ xk/2) k = 1, . . . , N

u
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N
PRM�kQYtUgY�dT�tU`�

i�Y"UnILa`kjP`a
A
I
B
u�F:G�K�]tkjPnG�NjSXY.d�Sj�^���JHJK�Ufdf�7Y"|�GE��S~M¬]�kTPnGh�xi�Y"UnILa`kjPna7[hsßY

N = 10
I
N = 30

u
æ���ç�����	w�î# �ÐêtmJK�SR��ïA]�PRMOIß�"¤Ûkj�gM�H�Y.HJILað�l¥���mJkTPnGem�]ti�]�URGe]�[hm�]gM�ILag[hHJIVUXWéH�Y"kTP`�g[hP`I+ÚªURSXY`_�a�bcY [hsßY
N = 30

H�Yq]�[JUnILHJK��
[0, 5]

u{×zY.kTG�Nj�td�mJkjPnG�|JsVIL¤`]tHJa+kj]tPRMOIw�.PZY.HJIVa7[hsßY
t = 5

SQP`H
u(5, x)

u
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ñ �»ê"mJK�SR��×zY.kTG�Nj�tdAM�G�K�kja`NTG�MONjPnG�NTSQK�IVUXWÛmJkjPRG�|JsLIV¤`]tH�GhUQWòkT]�P¨M�Iß�"PgY"\ò[hsßY
N = 30

[hsßY��JNTS¨YZp
sL]�H�GhUXWðURPZY"Nj�gM

tk = k ∗ τ ∈ [0, 1]
I
τ = 0.1

H�Y�d~ag[hH�G�i¼]t|JkXY.P`K��í��]�[hm�]gM�ILag[hHJIL]òm�]�[hmJILNXY"Hha��9SjP`H
]�[hm�]ZMOILag[hHJIL] MOG�K�kja`NTGEmJkTPnG�|JsLIL¤`a`\

u(tk, ·)
u

æ���ç�����	w�ðó �»ê"mJK�S¨�9ô'H�Y.df[hõEm�]���]�¤`a`HhIVa�kj�gM�HJ]gM�Y"�tIÔ[hswYC�JKJ�ÐY"[h�ökj�gM�H�Y.\öPRM�GhUnPZY.d~H�GhUXW�[hsßY
N = 30�l¥��ªSjP`H
S¨Y.K�ILa

~u1

¤`a7d~a`ãQsLI{PZY.mJIVNjP`a`i7Ge�T¥Z�¬dTY.K�] d~u
dt

= F (~u)
SQ]
F (~u1) = 0

uC�0]�sLIVUnP�[�G�NjK�kjaRSQH���HJ]tkji��
i�Y.K�NjILi,�Ji÷kj�t¤`HJIVURGEmJkjPnG�|JsLIL¤`]�Hha`��]�kj]tPRM�Iß�.PZY"HJIßY

u(5, x)
Y
~u1
u
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æ���ç�����	w�,ý��l¥gþ"mJK�S¨�v×zY.mJILN¨Y"�ÿ�w�JHJK�Uldf�ÿK�Sj��kQYAK�]tkjPnG�NjSXY.dT�"UÿPÿ�w�JHJK�Uld~I������¨µ��zP��v¢x��¢��¬Ï+Y¬]�|hsVIVUnPnG^i�Y"UnILa`kjP
]�[�M�kT]tSjH�� [%Y.HJaTd¬i�YtUnILa`kjPRG

A
MOG�i IwY.kj�

N ×N u�«Y.kXY.i�anSQklG�M¬aTdfãQUnIL]gMAa^���JHJK�UldfI»}�i�Y"UnIVa`kTP
A ä
MOG�i IwY.k

N
u{×zY7M�G.dfãQUnIL�EMOG�HJILK�M§i�Y"UnILa`kjPRG

B
u

ôoY.NTSQ]tNQ]gM�Yt�^[h]�i�YtUnILa`kTPnG

A =

(
2 3
1 4

)

F:G�HJILKEUnPnG�sLIvi�Y"UnIVankjP^]�[�MOkj]"SQH��9M�G�mJkT]ZM�Y"[hP`Iß�xH�Yqa`K�kQY"Hou
×zY"NTSj�`mJHJILa)mJkTPnG¾m�]ti�]�URG¾���JHhK�UldfI�P�y��v¢
	��gM������R�,� MOG�i�HJ]�¤RGh�

A
mJkjP`a`P

B
SQP`H

C = A ∗ BI�NQmhkXYnMz[hP`IV��UnPnG ]"SQkTPnG�i�Y.H�Y�i�Y"UnILa`kjP^dfanNjS+i�Y"UnIVankjPZ��IV[ha`H�S~GhUnP`HJ]tãQUnI�SQP`H M�G�mJkT]ZM�Y"[hP`Iß� i�Y"UnILa`kjP
C
H�Y

a`K�kQY"Hou

 DAû���8R4

æ���ç�����	w���ö�±å.mJK�S¨����PnG��JKJ�ÐYt[�ïOï�ô
y′ − Ay = 1; y(t0) = y0

[hsßY
A = AT > 0

i�YtUnILa`kTPnGEMOG�i IwY.kj�
N × N

SXY"K�ILaTd�¤`a ‖A‖2 = 1
i�]�¤na�|�Gh�)NjPnS~G�M�H�G�i�� ÏªSQ�tkTGPna�NXUQWJa`i�Y�SQ�gM sLa`mJILaTd�PZY"NTSj]�Nj]gMOY"��[h]

kT]�PRMOIw�.PnG�M�Y.HJIwY�Sja`��]E�JKh�»Y"[h��M mJkjPnG�m�Yt[hK�� NQPnS~G�MOHJ]�ãQUnI»}�P`i�]�[�G��%K�]gM�Y"H�G�NQUXWJa`i�Y.S��«�JsVa`kQY ��NXUQWJa`i�Y�S
]"S~M�Y"klSfG�ïA�JHJ�ta`��]�kTP`�g[h�)å��ÔUnPnGEPZY.i�K�HJIL�nSfGENQUXWha`i�Y�S��0kQY"m�a`P`�gM �ÐP`aªMOP`�tsV�`[h�CH�YqKt]�NjPnS¨���
æ���ç�����	w�ò&:�»å"mJK�SR�AïA]�P`m%Y.SjkjP`i9G�[�M�Yqkj�gMOH�Y"HJIßYqHJILa`sVILHJIL]gMAa�} √−x ∗ (x+ 2)5/2 = 0

I
(x+ 2)7/8 = 0 ä]t|�Yxkj�gMOH�Y"HJIßYxi�Y�dT�xmJILa`kfM�IßY"NTSQanKqkT�ZMOH�G −2

u��ÔPnGªdfanãQsLI%PZY.NTSQ]tNj�tdfa`i9Gqi anSQ]�[h��×OaRMOSj]�H%YªSQ]^]tSjkjPnG�i�Y"i7G
P`|JILa`¤`HJ]tãQ�,sL]tKtY.sLH��EY+dfa`ãjsLI�SXY"K�SQ]EUnPnGCkjPZ�"[�P`|JILa`¤`HJ]tNQUnI�|��g[hP`ILa Un]�H�Y.dfi HJIValdOK�M�Yt[hkQY.Sj]ZM�G�����M ãlMOIVaRSQsLa
Sja`]�kTIVIoK�SQ�tkX� �«Y.\JNTS~M¬] P`H�Y"UnIVa�uc�
æ���ç�����	w��� �»ê"mJK�S¨���z]�M�G�i�HJ]t¤`a`HJIßYE[�M��Ûi�YtUnILa`kTPnGCMOG�i IwY.kj�

A,B NxN
PZY.NTSQ]tNj]ZM�Y.HJ]�[�M�YEY"sL�t]"p

klG�SQi9G
� � Â"!RÄ$#&%('RÄ*),+"'RÄ$-&-/. �0� Â1!324#0%5'32&)*+1'326-6-7. � � Â"!98 #&%('98�),+"'98 -6-7. :<;lÄ4=$+0-&26>6#6?<;TÄ*=,+&-480>@=$AB;C8/=$+0-&26>('
]tkXY.P
� � Â"!RÄ$#&%('RÄ*),+"'RÄ$-&-/. �0� Â1!D80#0%5'D8@)*+1'D8 -6-7. � � Â"!�26#&%('�20),+"'�26-6-7. :<;lÄ4=$+0-&26>6#6?<;TÄ*=,+&-480>@=$AB;C8/=$+0-&26>('
M�K�SQ�tkTG�i i�]t¤`a`i7G�NjIV�ªNjm�]�[hP`ILaRMOY"�ªNjPnG�|JNjP`a`�t] UnPZY"Nj��MOG�K�]tH�Y"HJIßY9P`a�MOP`��sL�g[h�EH�Y9WJILa`kXY.kQUXWJILaªm�Y"i�IL�gUnIE�
æ��%ç0���0	��GF¾�T¥nmJK�SR�zÍ�Y"K�ILa,|JIL|JsVIL]"SQa`K�I�i�]t¤`H�Y�PgY"NTSQ]tNj]ZM�Y"�,[h]Ekj]tPRMOIw�.PnG�M�Y.HJIwY�PZY.��Y"[hHJILa`HJIßY�Mx�ÐY.NQHJan��]
P^i�Y"UnILa`kjPZ�

A ä
Pg[�an�%HJIL]ZM�Y"H%�,MÞ�±å��

ä
[hswY [��J¤nGhUXW

N
�

å
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×OILagUXW
ØÙ|��g[hP`ILa�Nj�Ji��EP�PZY"[%Y"\:P�ÚªURSXYg_�a�bcYEI{y�IL|JsVIL]"SQa`KÛK�]ti�mJ�hSQa`kT]gMOGhUQW Y�ÜÝNj�Ji��EmJ�JHJK�SQ�gMÞP

PZY"[%Y.\�SQa`]tkjaRSfGhUnPnH�GhUXWvu
F�Y.kj�JHJK�ILa`i®[h]�mJ�hNQPgURP`a`HJIßYq[h],a`�tPZY"i�ILH��E�JNTSjHJa`��]zdfa`NTS

K ≥ 10
I�M�SQag[�G�mJkj]tm�]�PnGhUfdf�x]�Una`H�G�|��g[�P`IVa

PZY.sLa`¤`ag�^]�[
K + T

u

à®á =04Oâ,D

F MOG�HJIVK��)[�G�NQK�kjanS~G�PZYtUfdfIvkj�gMOH�Y"HhIwYqm%Y"kXY.|�]tsVIVUnP`HJa`�t]J}

ut(t, x)− ux − ε ∗ uxx(t, x) = 0 (t, x) ∈ [0,+∞]× (−1, 1)

u(t,−1) = u(t, 1) = 0 t > 0, u(0, x) = − cos(π ∗ x/2)

H�Y9NjIßY.SQUnaxkT�ZMOHJ]�]�[hsLa`����aTd
xk = −1 + k ∗ h, k = 0, .., N + 1

[hsßY
h = 2

N+1

]tSjkjPnG�i�Y"sLILãQi7G�H%Y"NTSQ�`mJ�"dT�tU¨G
�JKJ�ÐY"[�kj�gM�H�Y.\�PRMOGhURPZY.dfH�G�UXWCPªM�Y"kT�JHJK�ILa`i<m�]�UnPZ�.SjK�]gMOG�iC}

d~uε
dt

(t)− 1

h
B~uε(t)−

ε

h2
A~uε(t) = 0 ~uε(0) = ~v,

�l¥��

��[hP`ILa
h = 2

N+1 ä A,B
i�Y"UnIVankjP`a

N ×N ä ~v
M¬a`K�SQ]tk�[����J�t]tãXUnI

N
Pg[han�JHJIV]gM�Y"HJa^H�Y"NTSQ�nmJ�tdT�"Un]%}

A =




−2 1
1 −2 1u u u u u u u u u

1 −2 1
1 −2



, B =




−1 1
0 −1 1u u u u u u u u u

0 −1 1
0 −1



,

�±å��

~vk = (− cos(π ∗ x1), . . . ,− cos(π ∗ xN/2))T k = 1, . . . , N
u

æ���ç�����	w��èé�»ê"mJK�SR�oë�SrMA�tkjP����JHJK�UldfaÔÚªURS¨Y`_�a�bÖYA]�H�Y"P¨M�ILa�À�ÁtìxK�SQ�tkjaTd>m�Y.kXY.i�anSjkja`ií|��g[hP`ILa
N
PRM�kQYtUgY�dT�tU`�

i�Y"UnILa`kjP
A
u�F
G�Kt]�kTPnG�NTS¨Y.d{SQ�^�w�JHJK�Uldf�7Y.|�GE�hSrMA]tkjPnG��xi�YtURIVa`kTP7[�swY

N = 10
I
N = 1e3

u
æ���ç�����	w�Î# �»ê"mJK�SR��ô�H�Y.dl[hõCmJkjPnG�|JsVIL¤`]tHJa)kj]tPRM�Iß�.PZY"HhIVa)kj�gMOH�Y"HJIßY�T¥Z�q[hswY

N = 100
mJkjPnG¾m�]ti�]�URG

]�[hm�]ZMOILag[hHJIVUXW�H�Y.kjP`�`[hP`IoÚªURSXY`_�a�bcY^[hswY
ε = 1

I
t = 5

u�×zY.kTG�NQ�td«]t|JsLIßURP`]�HJa�mJkTPnG�|JsLIV¤`]tHJa�kj]tPRMOIw�.PZY.HJILa�SQP`H
uε(5, x)

u{ô'H�Y.df[hõ+i�ILHJILi,�Ji÷IvmJkTPnG�|JsLIL¤`��H�G�mJK�S¬M§K�Sj��klG�i d~a`NTSO]�NjIß����Y.HJa�u

¥



æ���ç�����	w�Eñ �ÐêtmJK�S¨�ÿ×zY.kTG�Nj�td�MOG�K�kja`NTG,M�NjPnG�NTSQK�IßUQW�mJkTPnG�|JsLIV¤`]tH�GhUQW�kT]�PRMOIß�"PZY.\�[hswY
N = 100

I
ε = 1/50[hsßY��hNjSXY"sL]tH�GhUXW�UnPZY.Nj�ZM

tk = k ∗ τ ∈ [0, 1]
I
τ = 0.1

H�Y^d~ag[hH�G�i�]�|JkQY"PnK��ö�Ð]�[hm�]ZMOILag[hHJIL]�m�]�[hmhIVNXY.HJa��
SjP`H�]�[hm�]gM�ILag[hHJIL] M�G�K�kjanNjG�mJkjPnG�|JsVIL¤`a`\

uε(tk, ·)
u

æ���ç�����	w��ó �ÐêtmhK�SR��×zY.kTG�Nj�td0MOG�K�kja`NTG,MONjPnG�NTSQK�IVUXW�mhkjPnG�|JsLIL¤`]�H�GhUXW�kT]�PRMOIß�"PZY.\�[�swY
N = 100

I
t = 1

[hswY
ε = 1, 0.1, 0.01

H�YÔd~ag[hH�G�i ]t|JkXY.P`K��C��]�[hm�]gM�ILag[hHJIL]+m�]�[hmJILNXY.HJa���SQP`Hq]�[hm�]gM�ILag[hHJIL]xMOG�K�kja`NTG,mJkTPnG�|JsLIL¤`a`\
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