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Abstract — Representationtheoremsfor systemsof regionshave beenof interestfor some
time,andvariouscontexts havebeenusedfor thispurpose:Mormann[17] hasdemonstratedthe
fruitfulnessof themethodsof continuouslatticesto obtaina topologicalrepresentationtheorem
for his formalisationof Whiteheadianontological theory of space;similar resultshave been
obtainedby Roeper[20]. In this note, we prove a topologicalrepresentationtheoremfor a
connectionbasedclassof systems,usingmethodsandtoolsfrom thetheoryof proximity spaces.
Thekey novelty is a new proximity semanticsfor connectionrelations.
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0. Intr oduction

Following de Laguna[5], Whitehead[27] developeda theory of spaceknown as pointless
approach to geometry. Whiteheadiantheoryis basedon theprimitive notion of spatialregion
anda binaryrelation

�
betweenregions,calledconnectionrelation. Thenotionof “point”, the
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basicprimitive notion of classicalgeometry, is now (second-order)definablein variousways
asa specialcollectionof regions; this way it becomesoneof the very complex notionsof the
theory. We will elaboratebriefly on this in Section1, andreferthereaderto thepaperby Gerla
[10] for a survey on pointlessgeometry.

The fact that relationssuchas“part-of”, “overlap”, “non-tangentialinclusion” andotherscan
bedefinedin termsof theconnectionrelationrelatessomepointlessgeometriesto thefield of
mereology[16] andto its fusionwith topology– mereotopology[26]. Thelatteris closelyrelated
tonaiveor qualitativephysics, introducedby [12], in particular, to its subfieldQualitativeSpatial
Reasoning(QSR)[3]. It hasbeenrealisedthat searchingfor modelsof mereologicalsystems,
methodsof lattice theory and the theory of relation algebrascan be fruitfully employed, see
e.g. [22, 21, 8, 7]. It is remarkable,however, that in the fastgrowing field of mereologyand
mereotopologylittle attentionhasbeenpaidto thetheoryof proximityspaces,theonly exception
beingtheearlypaperby [23], in whichthenotionof proximitydistributivelatticewasintroduced,
anda topologicalrepresentationtheoremwasproved. It wasmentionedthere,thatthepapercan
beconsideredasanattemptto build a pointlessanalogueto thenotionof proximity space.The
paperhadbeenwrittenunderthedirectionof theRussianProfessorV. A. Efremovic, thefounder
of thetheoryof proximity spaces[9]. This makesit clearthatthepossibilityto build a pointless
analogueto proximity theory, andin general,to topology, hadbeenknown to its originators.

Roughlyspeaking,a proximity spaceis a non-emptyset � with a binary relation � between
subsets,calledproximity, with the intuitive meaningthat ����� holds,when“ � is near � ” in
somesense.Theproximity relationsatisfiesaxiomswhichareidenticalwith someof thetypical
axiomsof theconnectionrelation.Eachproximity spacedeterminesanaturaltopologywith nice
properties,andthe theorypossessesdeepresults,rich machineryandtools; the main work on
proximity spacesis thebookby S.A. NaimpallyandB. D. Warrack[18].

In this paperwe will apply the theoryof proximity spacesto a concretemereologicalsystem,
basedonaconnectionrelation,calledconnectionalgebra. Naturalexamplesof connectionalge-
brasareBooleanalgebrasof (closed)regularsubsetsof completelyregular topologicalspaces;
it is well known thatthesetopologiescorrespondto proximity spaces.We prove thateachcon-
nectionalgebracanbeisomorphicallyembeddedinto thealgebraof closedregionsof a certain
proximity space. Using the fact that eachproximity spacecan be isomorphicallyembedded
into a densesubsetof a compactHausdorff spaceby Smirnov’s compactificationtheorem,we
obtaina representationtheoremfor connectionalgebraswith theclassicalstandardtopological
interpretationof theconnectionrelation,namely,� �	� if f thethe(closed)regions � and

�
sharea commonpoint.

Otherformsof connectionhave beenstudiedby A. G. CohnandA. Varzi [4]. Applicationsof
proximity spacesto similar problemscanbefoundin [25] and[6]. There,proximity spacesare
usedto formalisethenotionsof local andglobalsimilarity relations.A local similarity relation
hasa semanticsjust astheoverlappingrelationin mereology, anda globalsimilarity relationis
interpretedjust by the proximity relation. This shows anotherpossibleapproachto the theory
of mereologicalrelations– the theoryof similarity relations(or, moregenerally, informational
relations)in informationsystems(see[24] for references).

Thepaperis organisedasfollows. In Section1 weintroducethenotionof connectionalgebra,as
aBooleanalgebrawith anadditionalbinaryrelation

�
satisfyinganumberof additionalaxioms.

In Section2 we give somedefinitionsandfactsfrom the theoryof proximity spaces.Herewe
introducethenotionof proximityconnectionalgebra asthealgebraof closedregularsubsetsof
a proximity space;the connectionrelationbetweenregions is just the proximity relation. We
prove herethateachproximity connectionalgebrais isomorphicto a standardconnectionalge-
bra in which closedregionsareconnectedif andonly if they sharecommonpoint. In Section
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3 we introducethenotionof cluster, which is ananalogueof point just asmaximalfilters may
beidentifiedwith pointsin thetheoryof Booleanalgebras.Clustersin thetheoryof connection
algebrasarelattice-theoreticalanaloguesof clustersin thetheoryof proximity spaces.Themain
resultof thepaperis arepresentationtheoremfor connectionalgebras:Everyconnectionalgebra
canbeisomorphicallyembeddedinto aproximity connectionalgebraandinto standardconnec-
tion algebra.The representationconstructionsimulatesthe correspondingproof of Smirnov’s
compactificationtheoremfor proximity spaces,usingclusters.In Section4 we discussthenew
proximity semanticsfor the connectionrelation,somerelatedworks, andmentionsomeopen
problems.

If � is a set,we denoteby 
�� thepowersetof � . If ���� , we usejust �� to denotetheset
complementof  in � . Thebaseset � will alwaysbeclearfrom thecontext. It shouldalsobe
mentionedthatwe regarda relation � ona set � asa subsetof ����� . Thus, ��� ����� � hasthe
samemeaningas � � � � . For a topology � on � we denoteits closureoperatorby ���! , andits
interior operatorby "$#&%  . If no confusioncanarise,we just write �'� or "$#&% . Recallthat ��� and"(#&% areinter-definableby ��� � )�+*,�-"(#&% � ��.� . We invite thereaderto consult[13] or [15] for
undefinednotionsin topology, and[14] for Booleanalgebras.

Many of theresultsbelow aretranslationsof factsaboutproximity spacesof which proofsare
availablein [18]. Sincespaceis at a premium,we will usuallycite this sourcefor thoseproofs
whichareknown andnot immediatelyobvious.

1. Connection algebras

An algebraicsystem�/* � �103240657098:09;:0'<&0 � � is calledaconnectionalgebra (CA), if � �103240�570=8:09;:0=>6�
is a Booleanalgebraand

�
is a binaryrelationon � , satisfyingthefollowing axioms:

C1. If � ; �@?*A2 then � �	� .
C2. If � �	� then � 0 �@?*A2 .
C3. � �	� implies

�B� � .

C4. � � � � 8�C&� if f � �	� or � � C .
C5. If �D� � � � � then �D� � � �EC and

� � � � �EC > for someC)FG� .

C6. If � ?H � then C � � and C � � � � � for someC)F@� .

Usually, we shall just write � �I0 � � for a connectionalgebra.Theelementsof � will becalled
(spatial)regionsandtherelation

�
theconnectionrelation. Notethatourdefinitionof CA differs

from thatof [21]. Axiom C6 is anextensionalityaxiom,sinceit implies in thepresenceof the
otheraxiomsthat � * �)J)K �ML C)F-�)�'N C � � J)K C �	�&OQP
Wedefinenon-tangential inclusion R by

� R �SJ.K ��� � � � � >(1.1)

This relationhasdifferentnamesin theliterature:“well-inside relation",“well below”, “interior
parthood",or “deepinclusion”. The relations

�
and R areinter-definable,andthe axiomati-

sationof
�

can be equivalently rewritten in termsof non-tangentialinclusion. Onepossible
axiomatisationis asfollows:

( R 1). 5TRU5 ,
( R 2). � R �

implies � H � .
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( R 3). � H � RVC HXW implies � R W
.

( R 4). � R �
and � RVC implies � R � ;YC .

( R 5). If � RVC then � R � RZC for some
� F-� .

( R 6). � R �
implies

� > R � > .
( R 7). If � ?H � then C[R � and C ?R �

for someC)F-� .

Weusetheseequivalentaxiomatisationsof connectionalgebras,becausethey correspondto the
axiomaticsystemsof proximity spacesgivenbelow. Notethataxiom( R 5) correspondsto axiom
C5.

Ourconnectionalgebrasarestronglyrelatedto thestructuresof [11] and[2]. All of ouraxioms,
except

��\
, areeitheraxiomsor theoremsin theGrzegorczyksystem.Grzegorczykassumes�

to beacompleteBooleanalgebrabut wehavedecidedto dropthisassumptionin orderto obtain
a first-ordernotion of connectionalgebra. Grzegorczykalsoassumestwo non-trivial axioms
in his system,containingthedefinablenotionof point. In pointlessgeometry, thedefinitionof
point is oneof thecentralproblems,andit is defined(in differentways)asa collectionof sets
(or sequences)of regions.Includingthenotionof point in thesetof axioms,asGrzegorczykdid,
makeshissystemcomplicatedandnotfirst-order. [1] havediscussedtheproblemof equivalence
of thenotionof point in thesystemsof GrzegorczykandWhitehead.They provedthat thetwo
notionsareequivalentif theGrzegorczyksystemis enrichedwith axiom( R 5) above. They also
notedthat this axiom is satisfiedin the modelsof the connectionrelationin “good” topologi-
cal spaces,for instancein all normalspaces,in particular, in n-dimensionalEuclideanspaces.
Therefore,weincludeaxiom( R 5) (or its equivalentform C5)in orderto obtainarepresentation
theoremsuchas the topologicalrepresentationtheoremin Grzegorczyk’s systemwithout the
notionof point.

Thefollowing Lemmacollectssomeeasypropertiesof theconnectionrelation:

Lemma 1.1. Supposethat � �10 � � is a connectionalgebra.

i. If � �	� and � H �^] and
� H � ] then �_] �	� ] ,

ii. � � � iff � ?*A2 ,
iii. � H � iff �ML C&� � C � � implies C �	� � .

2. Proximity spaces and their topologies

In this Sectionwe explore the basicdefinitionsand propertiesof proximity spacesand their
associatedtopologies.It will turnout thataconnectionalgebracanberegardedasaspecialkind
of proximity space.

If � is a nonemptyset,thena binaryrelation � on thepowersetof � is calleda proximity, if it
satisfiesC1– C5ontheBooleanalgebra� �-03`a0b�-09c:0=d:0��T� ; thepair � �-0E�e� is calledaproximity
space. If �f0E�,�g,�g� , then �T�6hi� J.K �T�7� definesa proximity on  which– with some
abuseof notation– we will alsodenoteby � . Furthermore,insteadof writing j �lk �ej � k , we will
simplywrite � � � .
A proximity (space)is calledseparatedif it satisfies

Psep. � � � implies � * � .
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Defining ��Rnmo� if f � � ���e� � ���S� we obtain the analogueof non-tangentialinclusion. As
with

�
andthenon-tangentialinclusion R , therelations� and R m areinter-definable,andthe

definitionof proximity spacecanbere-axiomatisedin termsof R m by using( R 1) – ( R 6).

Herearea few examplesof proximity spaces:

1. Let �f0b�p�g� , andset �T�7� J.K � ?*A` and � ?*A` . This is thetrivial proximityon � .
Notethatin generalit doesnotsatisfyC6.

2. Let � �-0b�q� bea normaltopologicalspaceanddefine

�T�7� J.K ���6�XdI���6� ?*A` P(2.1)

We call this proximity the standard proximity. It is separatediff � �-0b�^� is a Hausdorff
space.

3. Let � �-0b�q� be a locally compactHausdorff space,�f0E�r��� , anddefine � � ���e�E� if f���s�ndY�'�s�/*A` and ���6� or ���6� arecompact.

4. Let � �-0bt4� be a metric space,�f0b�u�v� , and define ����� if f t � �f0E�)�@*r2 , wheret � �f03�S�w*A"(#4x=jst �y� 0 � �{z � F@�[0 � F@� k .
5. Let � �-0b�^� bea completelyregularspace.Two subsets�f0b� of � arefunctionallydis-

tinguishableif f there is a continuousreal-valuedfunction |}z	��~�N 2a065 O suchthat| � ���i*�2 and | � �)�i*�5 . Thenwe candefinea proximity � in � by � � �����E� if f � and� arefunctionallydistinguishable.

Defineanoperator��� on 
�� by

�'� � �	�w*�j � F-��z � ��� k P(2.2)

Proofsof thefollowing resultscanbefoundin [18]:

Theorem 2.1. i. Theoperation of (2.2)definestheclosure operator of a topology � � ��� on� .

ii. � �-0b� � ���b� is a completelyregular space. If � is separated, then � �-0b� � �e�b� is Tihonoff
space, i.e. completelyregular andT � .

iii. �T�7� iff ��� � �����D��� � �S� .
If � �-0b�q� is a topological space, wesaythat � admitsa proximity, if there is a proximity � on� such that �I*�� � ��� .

iv. If � �-0b�^� is a compactHausdorff space, thenit admitsa uniqueproximity � , definedby�T�7� iff ��� � ���ldY��� � �S� ?*A` .
v. �ARXm�� implies �'� � �	�iRnm�� and �ARnm+"$#&% � �S� .

Wesaythatasubset� of � is regular closedif �A*���� � "$#&% � �	�b� . Clearly, � is regularclosed,if
it is a closureof anopenset � . Thenext resultshows thatthedensityaxiom( R 5) is witnessed
by a regularclosedset:

Lemma 2.2. If �AR m � thenthere existsa regular closedset
�

such that ��R m � R m � .

Proof. By ( R 5) thereexists some � suchthat ��R���R�� . Applying Theorem2.1.v we
obtain �AR m "(#&% � �I�+�g��� � "(#&% � �I�b�iR m �10
andthus, ��R m ��� � "(#&% � �I�b�{R m � by ( R 3).
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Next, wewill considerconnectionalgebrasoverproximity spaces.First,recallthatfor any topo-
logical space� �-0b�^� , thecollection � � � ��� of regularclosedsetscanbemadeinto a complete
Booleanalgebra� � � � ���=032a0�5�0=;:098:0'<�� , by setting

5T*��-0�2�*�`40b� > *A�'� � ���	�=0Y�X8��/*A�XcY�I0D�n;G�/* � � > 8G� > � > P
Then, � � � � ���=0b��� is a systemof the sametype asa connectionalgebra,where � is inherited
from � �-0b�^� . Indeed,moreis true:

Lemma 2.3. Let � �-0b��� bea proximityspace. Then, � � � � ���=0E�e� is a connectionalgebra.

Proof. Theverificationof axiomsC1– C4 is straightforward.C5(which is equivalentto ( R 5))
followsfrom Lemma2.2.Finally, C6followsfrom thefactthat � �-0b� � �e�b� is (completely)regular
(seeTheorem2.1,ii).

� � � � ���=0E�e� is calledtheproximityconnectionalgebra over � �-0E�e� . Following thedefinitionin
Example2, we call it a standard connectionalgebra, if

����� if f �ndG� ?*A` P(2.3)

for all �f0E�,F�� � � �@� . Thenext resultshows thatit sufficesto consideronly standardconnec-
tion algebras.

Let � �-0b��� and � � ] 0b� ] � be two proximity spaces.A one-onemapping | from � onto � ] is
called � -homeomorphismif for any subsets�f0b� of � we have �T�7� if f | � ����� ] | � �)� . It is
known that | is alsotopologicalhomeomorphismfrom the topologicalspaces� �-0E� � ���b� onto� � ] 0b� � � ] �b� [18].

Theorem 2.4. (Isomorphism theorem) Each proximityconnectionalgebra is isomorphicto a
standard connectionalgebra.

Proof. Let � � � � ���=0b��� betheproximity connectionalgebraover � �-0E�e� . By theSmirnov Com-
pactificationTheorem(see[18], Theorem(7.7)) thereexist a compactHausdorff space� {0b�q�
anda � -homomorphism| from � ontoa densesubspace�� of  , suchthatfor any �[03�p�g� ,�T�7� if f ���  � | � ���b�ldY���  � | � �S�b� ?*�` . Example2 tellsusthat� � h:� J.K ���M � � ��dI���! � � � ?*�`
definesa standardproximity on  . Now let � � � � ����=0E� h � betheproximity connectionalgebra
over  � inheritedfrom � {0b�6h�� . Since | is also a homeomorphism,the connectionalgebra� � � � ���=0E�e� is isomorphicto the correspondingconnectionalgebrain the densesubspace �
of  . Now, observingthat | � �	� is closedin � h for any closedset � of � , we obtainfor all�f0E�,FG� � � ���

�T�7� J.K ���! � | � ����d����$ � | � �S�b� ?*A` J.K | � �	��d�| � �)� ?*A` P
Theequivalencesaboveshow that � � � � ��6�=0 � �6� is standard,andthat | is anisomorphismfrom� � � � ���=0 � � onto � � � �  � �=0 � � � .
3. A representation theorem for connection algebras

In this sectionwe shall prove that eachconnectionalgebracan be isomorphicallyembedded
into aproximity connectionalgebraandthus,into astandardproximity connectionalgebra.Our
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strategy follows theproof of theStonerepresentationtheoremfor Booleanalgebras.In a Stone
space� � �)� , points are maximal filters. In connectionalgebras,points of the representation
spacewill beanaloguesof maximalfilters, calledclusters. We will take thenotionof a cluster
from thetheoryof proximity spaces,andour definitionis just thelattice-theoretictranslationof
thecorrespondingdefinitionof clusterfrom [18], Definition5.4.Many statementsfor clustersin
connectionalgebrashave identicalproofs(up to theaforementionedlattice-theoreticaltransla-
tion) astheproofsof thecorrespondingstatementsfor clustersin proximity spaces.Whensuch
identicalproofsexist we will referto thecorrespondingstatementandits proof givenin [18].

Throughoutthis Sectionwe supposethat � �I0 � � is a connectionalgebra.

A nonemptysubset� of � is calleda clusterif thefollowing conditionsaresatisfied:

CL1. If � 0 � F@� then � �	� .
CL2. If � �	� for every

� FG� , then � FG� .

CL3. If � 8 � F@� then � FG� or
� FG� .

Thesetof all clustersof � is denotedby �:�$�B�E% � �)� . It is nothardto seethateachmaximalfilter�
of � is containedin exactlyonecluster� � � � , andthattheassignment

���~V� � � � is anonto
mappingfrom � � �)� to �:�(�_�E% � �S� .
Our strategy is as follows: First, we definea suitableproximity �s� on �:�(�_�E% � �S� . Then,we
find a one-oneBooleanhomomorphism� which preserves

�
from � into the proximity con-

nectionalgebraover � �:�(�_�E% � �S�=0b� � � . Finally, we invoke Theorem2.4for anisomorphismfrom� �:�(�_�E% � �S�=0b�s�{� into a standardconnectionalgebra.

Thefollowing propertiesof clusterswill behelpful later:

Lemma 3.1. Let ��F��:�(�B�E% � �)� , and  �0E¡	F@� .

i. If  YFG� and   H ¡ , then ¡�FG� .

ii. If   � ¡ , thenthere is some¢}F@�:�(�B�E% � �S� such that  YF@¢ and ¡�F-¢ .

iii.  ^>	F@� iff for all ¡�0b£	F-� , £�F-� and ¡i8� )*¤5 imply £ � ¡ .
Proof. i. Supposethat  ¥FX� and   H ¡ . Let t�Fn� ; then,   � t by CL1, andit follows from
Lemma1.1.i that t � ¡ . Hence,¡	F@� by CL2.

ii. [18], Theorem5.13.

iii. If   > 03£SFo� and  f8G¡�*,5 , then   > H ¡ . It follows from i. that ¡)F�� , andhence,£ � ¡ by
CL1.

Conversely, supposethatfor all ¡�0b£fF¥� , £[F¥� and ¡{8� Y*¦5 imply £ � ¡ . Setting ¡	*§  > , we
obtainthat £ �   > for all £	F-� , andthus,   > FG� by CL2.

Wedefinea function �@z��/~r�:�$�B�E% � �)� by

� �  B�i*§js�oF@�:�(�_�E% � �S�:ze IF-� k(3.1)

in analogyto theStonerepresentationtheoremfor Booleanalgebras.The following properties
areeasilyprovedfrom Lemma3.1:

Lemma 3.2. i. � � 2��{*A` , � �  B�w*��:�$�B�E% � �)� J.K  .*¤5 .
ii. � �  �8I¡6�i*�� �  _��cG� � ¡6� .
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iii.   � ¡ iff � �  B�ld�� � ¡�� ?*A` .
Next, we setfor �-0bp���:�(�B�E% � �)�

�-�s�i if f �MLq� 0 � FG�S�'N � F@¨V� and
� F�¨� imply � �	�&OQP

By definitionof � , we have

�-�s�{ if f �MLq� 0 � F-�)�'N ����� �y� � and p��� � � � imply � �	�aOQP
Let
�[© � �S� be the structure � �:�(�_�E% � �S�=0b�s�{� . The proof of the next resultcanbe obtainedby

(partof) theproof of theSmirnov CompactificationTheoremin [18], Lemma7.2:

Theorem 3.3.
�[© � �)� is a separatedproximityspace.

Let � bethepowersetof �:�$�B�E% � �)� , and � bethetopologyon � inducedby �6� . Then,for eachª FG� we have

��� � ª �w*§j��oF��:�(�B�E% � �)�:z �ML^� 0 � FG�)�'N � F@� and
ª �«� � � ��* K � �	�&O k

Wearenow readyto prove ourmainresult:

Theorem 3.4. (Representation Theorem)

i. Each connectionalgebra canbeembeddedinto a proximityconnectionalgebra.

ii. Each connectionalgebra canbeembeddedinto a standard connectionalgebra.

Proof. Let � �10 � � be a connectionalgebraand ��z��¬~�:�(�_�E% � �S� be definedby (3.1). Our
aim is to prove that � is a one-oneBooleanhomomorphism�p~�� � � ��� suchthat   � ¡ J.K� �  B�Dd-� � ¡�� ?*¦` . This will show that � �10 � � is isomorphicto a substructureof theproximity
connectionalgebraover � �:�(�_�E% � �S�=0E�s�{� , andthus,prove i. By Theorem2.4,thisalgebrain turn
is isomorphicto a standardconnectionalgebra,which finishestheproof.

Wefirst show that � �   > �i*���� � ��� �  B�b� :
��F-� �   > � J.K   > FG�J.K �ML ¡�0E£�FG�)�'N £�FG� and ¡i8Y )*¤5T* K £ � ¡ O 0 by Lemma3.1.iii.J.K �ML ¡�0E£�FG�)�'N £�FG� and � � ¡i8Y B�w*��:�(�_�E% � �)�w* K £ � ¡ O 0 by Lemma3.2.i.J.K �ML ¡�0E£�FG�)�'N £�FG� and � � ¡6�lc�� �  _�w*��:�(�_�E% � �S�i* K £ � ¡ O 0 by Lemma3.2.ii.J.K �ML ¡�0E£�FG�)�'N £�FG� and �o� �  B�:��� � ¡6�w* K £ � ¡ O 0J.K ��F-�'� � ��� �  _�b� P
This impliesthat � is well defined,i.e. that � �  B��F-� � � ��� , since

� �  B�w*���� � ��� �   > �b�w*���� � �G�'� � ��� �  B�b�b��*���� � "(#&% � � �  B�b�b� P
Furthermore,it shows that � �   > �I*���� � ��� �  B�b�1*�� �  _� > , so that � preserves complements.
Togetherwith Lemma3.2,it follows that � is a Booleanhomomorphism.

To show that � is one-one,supposethat   ?*®¡ , andlet w.l.o.g  �¯,¡ . By C6, thereis some£�F¤� suchthat   � £ and ¡ � � � ��£ . Let ��F/�:�(�B�E% � �)� suchthat  q0b£¥F§� , which exists by
Lemma3.1.ii. It follows now from ¡ � � � ��£ andCL1 that ¡ ?F-� .

If   � ¡ , thenLemma3.1.ii tells usthat � �  B��dG� � ¡�� ?*¤` . Conversely, if � �  B��d�� � ¡6� ?*�` , then  � ¡ by CL1.
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4. Conc luding remarks

In thisnote,wehavedemonstratedtheusefulnessof thetheoryof proximity spacesin connection
basedmereology. Theproximity definitionof theconnectionrelationbetween(closed)regionsis
a new semanticsfor this typeof relationwhich hasnot beenusedsofar. Thestandardmeaning
of the connectionbetweenregions is not alwayssuitableto describethe spatialconfiguration
betweenthem. For instance,theclosedregionsin the topologicalspace° of rationalnumbers
havethesamespatialnatureasthosein thespace± of realnumbers.But in ° , theclosedregions�A*§j � zB5 H �q² H 
 k and ��*§j � z&
 H ��² H�³ k arenot standardlyconnected,becausethey
donotshareacommonpoint,while in ± they areconnected.Thisstemsfrom thefactthat ° does
nothaveenoughpoints.If weconsider° asaproximity space,definedby thenaturalmetric � in° (seeExample4 of proximity spaces),thenwehave ����� , becauset � �[0b�S�w*�2 ; thus,they are
connectedby theproximity definitionof theconnectionrelation.Accordingto theIsomorphism
Theorem,proximity connectionalgebrasdescribethesamespatialpictureasthecorresponding
standardoneswhich areobtainedby thecompactificationconstructionof Smirnov’s Theorem,
in whichnew pointsareadded.Thisshows thatproximity semanticsandthestandardsemantics
for theconnectionrelationarein a senseequivalent. For instance,by applyingthis theoremto
thespace° of rationalnumbers,we obtainthespace± of realnumberswith the two infinities´�µ

and � µ , which contains° asa densesubspace.

The representationtheoremfor connectionalgebras,which we have presentedin the paper,
shows that the axiomsindeedcharacterisethe intendedspatialpropertiesof the regions. As
we have mentioned,topologicalrepresentationtheoremshave beenobtainedearlierby [20] and
[17]. Both authorsassumethat the Booleanalgebraof regions is completeand both obtain
similar results– the region-basedmereotopologyis equivalent to the point-basedtopologyof
locally compactHausdorff spaces.Thesespacescanbeconsideredascompactificationsof local
proximity spaces,andit canbenotedthattheaxiomsof Roeper’s systemarealmostidenticalto
thosefor localproximity spaces[18]. Thus,thetheoryof proximity spacescanbeappliedto the
systemsof MormannandRoeperaswell to obtaintheir representationresults.

We hopeto extendour representationtheoremto theregion connectioncalculus(RCC)of [19],
in which theconnectionrelationsatisfiesC1 – C4,C6,andalso

C7. If � ?*A240�570 then � � � > .
NotethattheBooleanConnectionAlgebras(BCA) of [21] arejustanotherformulationof RCC.
Therearetwo difficultieshere.One,thatBCAsdonotsatisfytheaxiomC5,whichis essentialin
theapplicationof proximity spaces,andalsoplaysaprominentrole in slightly differentversions
in therepresentationtheoremsof MormannandRoeper. Grzegorczyk[11] doesnot useC5,but
to obtaina representablesystemheusesaxiomscontainingthe(second-order)notionof point.
Our conjectureis thatBCAs, andconsequentlyRCC,arenot topologicallyrepresentablein the
sensethatthey do notcontainenoughaxiomsin orderto obtaina topologicalrepresentation.

Acknowledgements. DimiterVakarelov isgratefultoMichaelZakharyaschev andEwaOrłowska
for directinghis attentionto QSR,andto PhilippeBalbiani for many fruitful discussions.Ivo
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