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Theory of characteristic classes is intimately connected with the notion of push-forward in coho-
mology theory. We need some basic constructions. We will start with general formalism, but primarily
we are interested in the standard cohomology theory and K-theory. Many seemingly nontrivial theorems
follow from abstract nonsense. The topological spaces we deal with are ,,decent”, they are the complex
algebraic varieties. Technically we can assume that they are of homotopy type of finite CW-complex.

1 Complex-oriented cohomology theories
A generalized cohomology theory is an assignment
pair of topological spaces — graded ring.

We can consider Z— or Zo—grading. We assume that cohomology theory satisfies all of Eilenberg-
Steenrod axioms (homotopy invariance, excision, long exact sequence) except the dimension axiom, i.e.
we do not assume anything about h*(pt).

Let P" = P"(C) be the complex projective space of dimension n. The complex orientation (see
[Sto68, p. 61]) is a choice of elements e, € h?(P") such that 1,e,,e2,...,e" is a free basis of h*(P")
over the ring coefficient ring h*(pt). We assume that ¢! = 0 and e, |P""! = e,_1. Moreover e” is
the image of a generator of h*(P*,P"~1) ~ h*(S§%" pt) ~ h*~2"(pt) with respect to the natural map
h*(P7,P*—1) — R*(P"). These data allow to define

- ¢1(L) for a topological line bundles,

- Chern classes,

- push forward for proper maps of complex manifolds (more general: for normally nonsingular

maps).
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1.1 Classical cohomology. The usual choice is e, = ¢1(Opn (1)) € H*(P";Z), but we might have
chosen e, = ¢1(Opn(—1)).

1.2 K-theory. K-group of a compact space (CW-complex) X is defined as the

Ko(X) = K(X) = Grothendieck group of isomorphism classes of vector bundles,

Vi = Vo] = [Wh] = [Wa]  if VieW,=WiaVs.

dim

Of course K (pt) ~ Z.

Exercise: K(S') — K(pt) is an isomorphism, K(P!) ~ Z? is spanned by the trivial line bundle and
the Hopf bundle Op1(—1) a.k.a. the tautological bundle.
The Ky-groups extends to the cohomology theory: we set

Ko(X) = ker(K(X) — K(pt)),
The K-groups of a pair are defined as
Ko(X,A) = K(X/A).

The K theory of a pair (X, A) can be presented as a formal difference of two bundles E — F with given
isomorphism F|4 >~ Fj4. Alternative description is via the complexes of vector bundles 0 — FEy —
FEi1 — ...E, — 0 which are exact on A.

The negative gradations are defined by taking the n-fold topological suspension:

K_,(X):=K(Z"X),
(n > 0). The K theory in positive gradations is defined by the Bott Periodicity Theorem
K(X)~ K(2?X).
Precisely, the isomorphism is given by multiplication by the Bott element
Be K(S(XU{pt}) = K(P' x X, {{oo} x X})
B=0p - Op(-1),
which defines the isomorphism
V= B x[V]=[Op ®V] = [Op1 (~1) K V].

Here Op: is understood as the trivial 1-dimensional bundle and Opi(—1). To make this definition
correct we note, that (Op1(—1) X V)1 xx and (Op1 ¥ V)|1yxx are canonically isomorphic.
The choice of an orientation
en = Opn — Opn(—1)

is motivated by the exact sequence of sheaves
0— Opn(—1) = Opn - Oy — 0,
where H is a hyperplane in P".

1.3 Complex bordism theory. We assume that X is compact a C°°-manifold, Q¥ (X) is generated
by the maps f : M — X, where M is a C*°-manifold, and the bundle f*(TX) — TM has a stable

complex structure. Then e, = [P"~! < P"]
1.4 Non-standard orientations in H*(—;Q). Instead of e, = ¢1(Opn(1)) we can take e, :=

f(c1(Opn(1))) where f(x) = z + agz? + azz® + - - - € Q[[z]] is any power series. An interesting choice is
the Jacobi theta function 6 (z) which depends on the parameter 7 € Cy;, ()50
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1.5 The first Chern class ¢;. Each line bundle over a compact space is a pullback of Opn (1) for

some n. The choice of e, allows to choose in a coherent way the first Chern class by taking the pull
back from P".

1.6 Construction of Chern classes. Let E be a complex vector bundle over X of dimension
n. Let & = c1(Opg)(—1)) € h*(P(E)) then h*(P(E)) is a free module over h*(X) (via p*, where
p : P(E) — X is the projection) with the basis 1,&,£2,...£7~L. This follows from the Leray-Hirsch
theorem. The Chern classes are defined as the coefficients of the relation

n

Y (DB =0

=0

and co(E) = 1. (Note that if £ = L is a line bundle, then P(E) = X, ¢ = L. The relation is trivial
C1 (L) - Cl(L) = 0.)

Example: If h* = H*, then the relation (¥) = > (—1)%¢;(E)"% = 0 is satisfied. It is either the
definition of the Chern classes or it follows from another property:

(%) =cn (@(OP(E)(—I), E)) .

The Hom-bundle has a section, since Op(g)(—1) C E is the tautological bundle. The top Chern class
of any bundle with section vanishes.

Example: Let h* = K be the K-theory. Then
§=c1(Opp)(—1)) =1 - Opg(1).
The Koszul complex
0 — p"(A"E") ® Opg)(—n) — pr(A"IEY ® Opg)(1 —n) — L pF(ATEY @ Opg)(—=1) = Oppy = 0
with differentials induced by the contraction
P (A'E") @ Op(gy(—1) = p* (A1 EY)

is exact. Thus after tensoring with Op(p) (n) we obtain the relation

Z(—l)n_i[p*AiE* ® Op(py(n —14)] =0,
Since (—1)"*[Op(gy(n — )] = (£ — 1)"~" we have
Z(ﬁ _ 1)n71[p*AzE*] —0.
Example: Let n = 2:
-1+ (E-1)E*+AE* =0
(1-E*+A’E*) —€(2—-E)+ €2 =0,

Hence
ci(E)=2—-FE*, c(E)=1—-E*+ A*E*.

For arbitrary n we deduce that formally
CZ(E) = 61‘(51, 52, ey 571) y
provided that E = @' L;, §; = 1 — L}. Here e; is the elementary symmetric function.
Theorem: Leti:Y — X be the inclusion map of smooth complex manifolds of codimension n, then

i"ix (@) = cn(vy/x)o.

This statement is well known in H*(—) or K-theory. In general it follows from the construction
below. The top Chern class is called the Euler class and denoted by eu(—), or eu(—) to remember the
cohomology theory.
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1.7 Thom class and Thom isomorphism.

Lemma: The sequence
0—=h"PE®]L),PE)—-hMPE®L)—APE)—=O0

1S exact.

The Thom class of E is the element 7(F) € h*(E,E \ X)) ~ h*(P(E @ 1),P(F)) which maps to
S (=1)"Fep (E)E™F under the natural map h*(P(E @ 1),P(E)) — h*(P(E @ 1)). It has the property,
that restricted to the fiber is a generator 7(E) g, € h*(Ex, £ \0) = h*(C",C"\ 0). The multiplication

by 7(E) defines an isomorphism
h(X)— h*(E,E\ X),

again by Leray-Hirsch theorem.

The Thom class is natural with respect to pull-back’s and direct sums.

Example: if h* is the K-theory then the Thom class of F is given by the Koszul complex p*(A®E*)
with the differential on p*(A*(E*)), = A*(E*),,) given by the contraction with v.

1.8 Push forward. The case of inclusion Y C X: we assume that the normal vy, bundle has a
structure of a complex vector bundle. We define the push-forward by the composition of the maps

pr—2codimY (yy O™ W vy x, vy x \Y) = B*(Tub(Y), Tub(Y) \ Y) = h*(X, X \ V) = h*(X).

Every (at least in topology) proper map of smooth manifolds can be factorized as a composition
Y — E — X for some complex vector bundle E. The push-forward is defined when the normal bundle
of X has a complex structure:

h*(Y) N h*+dimE_dimY(Tub(Y),Tub(Y) \ Y) N h*—i—dimE—dimY(E, E \ X) ngm h*+dimX—dimY(X) )

1.9 Generalized Riemann-Roch Theorem. See e.g. [FF16, §42] Suppose that we have a trans-
formation of oriented cohomology theories © : k* — h* in general the push forwards do not match.
Since the push-forwards are defined by the Thom isomorphism, let us check what happens there. Let
™(E) € k*(E,E\ X) and 7"(E) € h*(E,E \ X) be the Thom classes. The Thom isomorphism in
k* sends o € k*(X) to 7% - p*(r) where p : E = X. Let To(E) = (Thom")™!(©g(7*(E))). The the
following diagram is commutative

To(E)-©x

kE*(X) h*(X)
Thomkl lThomh

K (B, E\ X) > h*(B, B\ X)

For a =1 € k*(X)

1 To(E) = (Thom")~Y(©p(r"(E)))
Thomkl lThomh
m™M(B) — Og(T"(E))

and in general

To(E) - Ox(a)
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1.10 Grothendieck-Riemann-Roch and Hirzebruch-Riemann-Roch. For a complex mani-
fold X we define Td(X) = To(v(X)) = To(TX)~! (or T'dy to underline dependence of ), where v/(X)
is the normal bundle'. Let f:Y — X be a holomorphic proper map. Then

Td(X)-©x

k*(X) h*(X)
‘| B
k*(Y) h*(Y)

_—
Td(Y)-Oy
In the special case when X = pt

Opt(f£(a) = F1(Td(X) - Ox(a)).
Suppose
e k* is the K-theory,
o h*(=) =H"(-,Q),
e O = ch the Chern character, i.e. ch(L) = e®(F) =1 + ¢ (L) + %cl(L)2 +- mcl(L)dimX,

e « = [F] the class of a holomorphic vector bundle,

e TdIL(X) = Td(TX), where T'd(—) is the multiplicative characteristic class associated to the power
series
x
l1—e @’

This means that

C1 (L)

Td(E® F) =Td(E)-Td(F),  Td(L)= "

then the last equality reads
X(X,E) = / Td(TX) - ch(E).
X

The point is that the push forward in topological K-theory coincides with the push-forward in the

algebraic K-theory
dim X

H(E) = ) (FDFRM(B)].

k=1
Assuming that f is a projective morphism it is enough to check the compatibility of push-forwards for
inclusions of manifolds and for projections in P™ bundles.

2 Algebraic theories

We assume that X is a (complex) algebraic variety

2.1 Algebraic K-theories built from coherent sheaves and locally free sheaves. Consider
the category of coherent sheaves Cohx and its full subcategory LocFreex whose objects are locally free
sheaves. Both are so called exact categories, i.e. there is distinguished a class of short exact sequences.
In that situation we define K-theory as the free group spanned by the isomorphism classes of objects
divided by the relation generated by

[A] + [C] = [B] whenever 0—-A—-B—-C—0 is a short exact sequence.

Then

'The bundle v(X) satisfies v(X) ®TX is a trivial bundle. It always exists in topology provided that X is paracompact
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K% (X) := K(LocFreex), behaves well with respect to f*,

G(X) := K(Cohx), behaves well with respect to f&9 := gi:le(—l)k[ka*(—)] .

If X is smooth, quasiprojective, then K9(X) = G(X), since every sheaf has a finite resolution con-
sisting of locally free sheaves (Hilbert syzygy theorem).

2.2 Chow groups. This is an analogue of homology theory. The group Ai(X) is generated by
algebraic subvarieties of dimension k.

2.3 Comparison. Suppose X is a smooth variety of dimension n. Then there is a class map ¢l :
Ap(X) — HX =R (X). If X is singular, then we have a map to Borel-Moore homology HEM(X) ‘which
can be identified with Hox(X,0X), where X is a compatification (completion) of X and 0X = X \ X,
see §6.1.

2.4 Chern character. If X is smooth, then there is a compatibility

forgetting

K9(X) K(X)
ch“lgl ich
A(X) ® Qo H¥(X;Q)

2.5 Higher Chow/K-theory. Suppose Y C X is a smooth subvariety of a smooth variety,
U= X\Y. It is possible to extend the sequences

Kel9(y) o galo(y) 2o gelo() —— 0

Ap(Y) — A (X) — AL (U) —.

The existence of these extensions is important for some proofs, but we will not discuss that.

3 Equivariant complex-oriented cohomology theories
The equivariant cohomology theory is a contravariant functor
(compact group G , pair of G-spaces) — graded commutative ring.

The group G and the space X are assumed to be compact. We assume usual axioms of nonequiva-
riant theory (G-homotopy invariance, excision, long exact sequence). In addition there are natural
isomorphism for a subgroup H C G and a H-space

hi (G x g X) ~ Wy (X).

In particular
ha(G/H) ~ hy(pt) .

There is given the Thom class 7% € h24mE(E E\ X) for any complex G-bundle E. We assume
that the given class is natural with respect to pull-back’s and direct sums. This class allows to define
a push-forward in the equivariant theory.

Remark: comparing with the nonequivariant case we impose existence of the Thom class for any
equivariant vector bundle. One can view the equivariant definition, as a choice of ¢; for line bundles.
This would not be enough for general GG since we have to care about all equivariant bundles, which
possibly do not split into line bundles.

By functoriality the ring h,(X) is an algebra over hf(pt).
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3.1 Equivariant K-theory. Construction by Segal [Seg68]. This theory is more natural than
equivariant cohomology, so we present it first. Let Vect§< be the exact category of G-vector bundles on
a compact topological space X. Then the equivariant K-theory of X is defined as the K-theory of that
category.

K2(X) = Kg(X) = K(Vect$)

This category is semisimple, hence the construction in §1.2 applies. The extension of K to cohomology
theory is possible due to Thom isomorphism (equivariant Bott periodicity)

Ka(X) ~ Kq(E,E\ X),
given by Koszul complex (see §1.7). Straight from the definition
Kg(pt) = R(G)

is the representation ring and B
Kg(pt) = Kg(s1) =0

If G =T = (C*)" then
Kp(pt) = R(T) = Z[ty, 65, 151],

where t; denotes the representation given by the projection on the i-th factor T — S* < C* = GL1(C).
Invariantly Kt(pt) = Z[TV] where TV denotes the group of characters of T.

Suppose G is a (complex) algebraic group and X is a (complex) algebraic G-variety. Algebraic
K-theory K glg (0) is the K-theory of the exact category of algebraic G-bundles over X.

Theorem: [FRW18| Suppose that G¢ is a linear algebraic group, G C Gc a mazimal compact
subgroup. Let X be a smooth algebraic Gc-variety, consisting of a finite number of orbits. Then the
natural forgetting map ¢ : Kgg(X) — K2(X) is an isomorphism and K}(X) = 0.

3.2 Eqivariant cohomology. If G acts on X freely, then Hj(X) = H*(X/G). Otherwise we
substitute X by a homotopy equivalent space on which G acts freely. The formal definition is the
following;:

HE(X) = H*(EG % X)),

where EG is a contractible G-space with a free G-action. If G = S! then EG = S>® C C*®. The
classifying space BG for G is defined as EG/G. For a torus T = (S!)" we have BT = (P*)" and
Hi(pt) = H*(BT) = Z[z1, %2, . . ., xy), where x; = ¢1(§;), & = ET x7C — BT, with T acting on C via
t;. Invariantly: Hz(pt) = Sym(TY)

If X is a manifold then it is possible to define equivariant cohomology using de Rham theory. For
G=T=5"

Hi(M;R) ~ H*((Q%)F,dr),  dr(w) = dw + tpw.

where v is the vector filed defined by the circle action, see [AB84].

3.3 Chern character. To define Chern character in equivariant theory we have to complete the
cohomology, since in general EG x ¢ X is of infinite dimension:

ch™ : Kg(X) — ﬁé(X»@)
V] s ch(EG xg V)

For example A
ch” : Kr(pt) — Hi(pt; Q)

is the map oy
Zityh Lt = Qw2

t;-tl — etz
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4 Localization

4.1 Abstract localization theorem. Let S C hZf(pt) be a multiplicative system. Let

Xg={z € X : Snker(hi(pt) = hix(G/Gy)) = 0} .

Example: Suppose G =T, h* = H*(—,Q), S is generated by hZ(pt) = Q[t1,ta,...t,]1 \ {0}, i.e. by
the nontrivial linear forms (or simply S = Hz(pt) \ {0}). Then Xg = XT.
Proof: If T" C T, there exists a character 0 # f : T — C* such that T/ C ker(f). Then

f € ker(H3(pt) — ker(H3(T/T")) = ker(TV — T'V).

Example: G = T, h* = K*, S is generated by (1 — f), where f is a nontrivial character. Then
Xg=XT.
Theorem: The restriction map S~ hi(X) — S™1hE(Xs) is an isomorphism.

Proof. If X = G/H, such that s € SN hEL(G/H), then ST hE(G/H) = 0. If X is a decent
topological space, (e.g. G-CW-complex), then applying an induction by equivariant cells we have

ST (X, X\ Xs5)=0.

Finally we use the the long exact sequence argument.
Example: h* = H*(—,Q), G =T = (S})"*! X =P

n

Hy(P") = Qlto, t1, ..., tn, b/ T(h = 1)), Hi((P")T) = P Qlto, t1,- .-, tn] .
i=0
The restriction map
f = (flhos—t)i=01,..n

This is a monomorphism. The image consists of the sequences (g;)i=o,1,...n, such that g; — g; is divisible
by t; —t;. Hence the cokernel of the restriction map is killed by S generated by the monomials #; — ¢;.

For torus C* action on compact algebraic manifolds the localization theorem leads to the conclusion
that

dim H*(M;Q) = dim H*(M"; Q).

For example for M = P! we have dim H*(P') = dim H*({0,00}) = 2. The relation between coho-
mologies of M and M7 was studied by Bialynicki-Birula [BB73]. The decomposition of cohomology
following from the decomposition into BB-cells gives stronger stronger result

HY(M;Q) ~ @ H*'7(F;Q),
FcMT

where np is the dimension of the subbundle of v(F) with positive weights of torus action.

The localization theorem is meaningful for G = T. Otherwise, e.g. when G is connected, then
H(pt;Q) — HE(G/H; Q) = Hy(pt; Q) is a monomorphism, provided that H contains the maximal
torus. This follows from the formula

HE(X;Q) = Hiy(X; Q)W

where W = NT/T is the Weyl group of G. For S = H(pt) \ {0} and a homogeneous space X = G/P
we have STLH}(G/P) = 0 which agrees with the fact that (G/P)% = 0.

4.2 Localization formula. Suppose X is a smooth complex T-manifold. The composition map

sk

Wo(XT) = hp(X) = hi(XT)
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is the multiplication by the eu(vr) on each component of XT. If we can invert

eu(vxr) = (eu(vr))pexr

then the composition )i* o iy is an identity. Then (under some finiteness assumptions) the com-

1
eu(v
position i, o mi* is the identity as well.

Theorem: If S C hi(pt) contains c1(Cy) for x appearing in the normal bundles vp then eu(vxr) is
invertible.

For the proof in the case of Chow groups see [EG98]. This proof generalizes easily to a wider setup.
Theorem is obvious if X7 is finite. As a corollary we have:

Theorem: Localization Theorem. For a € h}(X)

“‘23”42ﬁg)

FcXT

The equality holds in the localization of hi(X).
Taking the push-forward to the point we obtain classical theorems:

Theorem: Atiyah-Bott-Berline-Vergne. Suppose that X is a compact complex manifold, X is

finite, « € H3(X)
a
[o=> b
peXT

where eu(p) = eull (p) € Hi(pt) is the product of weights appearing in the tangent representation at p.

Example: X =P", a = c1(O(1))* via residues

3 i_ n k _ n k R k _
;Hj;éi(xj_xz ZH _«Tg Z €Sz= a:lHn

];ﬁz J O(Z - IE])
ok
H?:o(z — ;)

wn—k

wF

H?JW*—%YwJ]:
—— w,1| = (=1)"*Coe __
Iwnu—wwy’q = (jﬁhwou—w@>

G D DR

[I|=k—n+1

= —(—1)"FRes,—o = (—1)"*Coeff

= (—1)"*Coeff

,w,k—n] =

i.e. the complete symmetric function of degree k — n.

Theorem: Atiyah-Bott, Grothendieck. Suppose that X is a complex manifold, X is finite,

[E] € K1(X) .
X(X7E): E
2 kG

where eu® (p) € Ki(pt) ~ Z[tE1 51, ... t51] is the product of factors (1 —t~%), where w is the weight
appearing in the tangent representation at p.

Example: X =P(V)=P" E = O(k) for k > 0: modifying the previous calculation

X(]P)n’ O(k))Tiizti_l = Z TI.

I|=k

Note that we obtain the character of Sym*(V*).
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Example: X = Gr(k,n), h* = H*, a = ¢;(L)*™ 0 where L = O(-1) = Ay, Yrn is the

tautological bundle:
k(n—k)
/ Cl(L)k _ Z (Zzel l) : ~
Gr(k.n) ICn |I|=k Hielde” C )

Example: In K-theory let us compute x(Gr(k,n); L*) of the previous example

—1
X(Gr(k,n); L) = > ier ! -

Icn ‘Ilik Hie[,je[v(]‘ - ﬁ)

After simplification the answer is 62(t1_1, tz_l, tgl, t;l). Computing further powers of L~
x(Gr(k,n); L™%) = es — e1e3

€2
e3 —eres
3_9 _ 2 2
[ e103eg — e402 + €3 + efeq
— 3e103€3 — 2e4€3 + 2€3eq + 2€2e4e0 + 07€3 + 07 — 2erezeq

USRS

Can you see the pattern?

4.3 Example. Weyl character formula. Let X be the complete flag variety
GL,/B={0=VcVicVaC---CV,=C"| dimV; =i}.

The maximal torus of GL,, is acting. The fixed points are indexed by permutations. The K-theoretic
Euler class at o is equal to [],_;(1 — )/t (j))- Let E be the line bundle Z()\) := GL, xp C_,.
Suppose A = (A1 > A2 > ...\, >0), ie. /\ is dominant

5 JJ K

lo(i -

where V), is the simple representation of G with the highest weight . by Borel-Weyl-Bott theorem (see
e.g. [FuHa91, §23.3]. For example n =2, A = (k,0):

1 2 1 2 1 2 — —k+1,— —
t t —1 —1 —1 —1 —1 —1 1 1 2 2
1—% 1—% T —t, ty " — 1t ty T —t,

Setting t; :=t, ! The formula can be transformed to

o

(2 S A

5 [Ti- 1t§"1) I e
- —1 —2

GES, Hz<j( )) tqf ) t? ) 1
n— n—

VA |

Ve Lt N |

where o = A\ +n — k.
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4.4 Lefschetz-Riemann-Roch. Relative generalization of AB-BV localization theorem theorem
is the commutativity of the following diagram:

Theorem: [Nie77],[CG97, Thm. 5.11.7] Suppose f : X — Y is a map of complex manifolds.
Then the following diagram diagram is commutative

h*(X) X S (XT)

h*(Y) e ST (YT) ,
where . "

resy(a) = G Z ()

eu(vyr) eu(vr)

FcXT
and S C hi(pt) is generated by c1(Cy), where w # 0.

If Y is a point we obtain the localization of the previous section. One can consider this theorem
as a special case of the Riemann-Roch for (equivariant) generalized cohomology theories:

(=) = hi(=) 5 hi(—) = STHR((H)T) .

5 GKM
5.1 Formality. We say that a topological G-space X is equivariantly formal (with respect to the
theory h*) if hf,(X) is a free module over hy.(pt).

Theorem: Let G be a compact group, Ge its complexification. If X is a smooth, compact algebraic
variety, on which G¢ acts algebraically, then X is equivariantly formal with respect to H*(—; Q).

(Similarly for K-theory tensored with Q, see [Um13] for the flag variety case.)
If X is equivariantly formal then h%(X) — hi(XT) is a monomorphism. The following lemma is
a description of the image.

5.2 Chang-Skjelbred Lemma. Suppose X is equivariantly formal, then the following sequence is
exact

0 Hi(X;Q) 5 Hi(X";Q) & B (X, XT;Q),

where X is the union of 0- and 1-dimensional orbits and ¢ is the differential in the long exact sequence
of the pair (X1, XT). The statement is equivalent to

im(Hp(X1;Q) — Hy(X";Q)) = im(HH(X;Q) — Hi(X";Q))

or
ker(HF(X";Q) — Hi' (X1, XT;Q)) = ker(H3(X";Q) — HF (X, X", Q)).

See the proof in [Ful, Lecture 5] for a particular case of GKM spaces. For K-theory see [RK03].

5.3 GKM spaces. Instead of compact torus let now T ~ (C*)". We assume, that there is a
finite number of fixed points and 1-dimensional orbits. If X is smooth and the tangent characters at
each fixed point are pairwise not proportional then the second condition holds provided that the first
condition holds. The GKM graph is defined as follows

e V/ vertices=fixed points
e [ edges=one dimensional orbits, joining fixed points: from the tail ¢(e) to head h(e)

e cach edge e is labeled by the weight w(e) through which T acts on the corresponding orbits.
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Having such abstract data (V, E,w) we define the GKM algebra as the kernel of the map

o (V,E, w) :ker(@Ag@A/(w e

veV ecl

where A = Hi(pt; Q)
5((9)vev), = In(e) — G(e) -

Theorem: [GKM98] Suppose that X is equivariantly formal, then
Hp(X;Q) = (V. E,w).

The theorem is a reformulation of the original Chang-Skjelbred Lemma, since we have
Hit'(P1, {0, 00}) = HE(C*) = A/(weight),

hence
Hi (X, XT) = @A/
eckE

The K-theoretic version A is replaced by K (pt) = R(T) and

A (V, E,w) = ker (@D R(T Q%@R )o/(1 —t7wE)).

veV eclF

Theorem: [RKO03] Suppose that K1(X)g is a free R(T)g-module, then
Ki(X)o~ X2 (V,E,w).

Geometric interpretation:

Spec(Hp(X;C)) = |_| C"/glued along a configuration of hypersurface .
veV

Here C™ is identified with the Lie algebra t. The (dual of the) restriction map

()" : Spec(H7(X"; C))Spec(H(X; C))

| jcr— | |cvy~.

veV veV

is the gluing map

Similarly

Spec(Kt(X)c)) = |_| T/glued along a configuration of subtori of codimension 1.
veV

The map (i*)* is again is the gluing map
| |T— |1/ ~.
veV veV
One can guess, that the similar picture appears for ,,equivariant elliptic cohomology”. There
“Spec” (Ell3(pt)) = E™
for (C*)" is the product of an elliptic curve E which is an analogy to
Spec(H{guyn (pt;C)) =C",  Spec(Kcxn(pt)c) = (C)",

see [Gj94]. The point is that EM’E “yn (pt) itself does not exist, since the expected variety is not affine.
Instead we consider the algebra of sheaf sections over a space glued from the products of an elliptic
curve.
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5.4 Example of the Grassmannian. The associated GKM graph is the following:
e vertices are the subsets A C {1,2,...,n}, |A| = k.

o the edges: if A differs from Ay by one element: A; = (A1 N A) U{t;, }, A2 = (A1 N Ay) U{ti, },
then there is an edge A; — Ay with the label ¢;, — ;.

For projective algebraic varieties GKM graph has a natural embedding to R™, where n = dim T, see
the moment map below.

5.5 Moment map without symplectic geometry. Let t be the Lie algebra of the torus T.
Suppose that L is a T-equivariant line bundle over X. There is well defined map po = XT — t*,

po(x) = weight of the T action on L, .

Example: If X =P uo(fe;]) = € € t ~ R""! where ¢; is the standard basis vector. This map
extends to
ppn P — R

. . _ ‘ZOP ‘Z1’2 ‘Zn‘z
ppn ([20 0210+ 1 2p)) = < FEANFEARRFr
The image is equal to the simplex conv(eg, €1, €2, ..., €p).

Suppose that L is a T-equivariant very ample bundle. It defines an equivariant embedding
X - P:=PHX;L)).

Let Tyuez be a maximal torus in GL(H?(X; L)), such that the image of T is contained in T,,q,. Then
we have a sequence of maps

X P A ¢

*
max t °

The composition is the moment map ux : X — t*, which can be constructed straight from the

symplectic form w = (Wrubini—Study)|x Dy the method of (real) symplectic geometry.

Theorem: Atiyah, Guillemin-Sternberg. If X is a compact manifold, with T-equivariant (very)
ample bundle, then px(X) = conv(pux(XT)). In particular px(X) is convez.

The original formulation of this theorem is for real symplectic manifolds with Hamiltonian action
of the compact torus. See [McDSal, §5]. The moment map satisfies (du(z), \) = ¢, w for z € X, A € ¢,
where vy is a vector field on X generated by .

Example: Let p: Gr(k,n) = R", u(pr) = > ;c;€i; e.g. for G(2,4) we have
u(Gr(2,4)) = conv{(1,1,0,0), (1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,0,1), (0,0,1, 1)}

This is the octahedron contained in a hyperplane in R%.
{1.2}

l”

Example: The flag variety can be embedded into the product of projective spaces

n—1 n—1
FI(C™) < [] Gr(k,n) = J] P(A*C™) — P(CY)
k=1 k=1
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The fixed points of the homogeneous space G/B are in bijection with the Weyl group via the
obvious map

NT/T — (G/B)Y  nT+ nB.

Proof: if TgB = ¢gB then ¢ 'Tg C B. In B all tori ale conjugate, so there exists b € B such that
b=lg7'Tgb=T. Hence gb =n € NT and gB = nB. The conclusion follows since NTN B = T.

Proof using compact groups: G/B = K/T where K C G is the maximal compact group, and T' C T is
the compact torus. Then from the general group properties: (K/T)" = NT/T.

Below we give some example of moment polytopes.
{2,8,4,1}

Y/
IR

4R ‘\
=

2\
S s‘/
N,
s

7
A "'
N

A

K

NY

X
X/

N
KL

7

3

N
N\

7
7]
g,
s
7R
SR
§ T\
v

N

e AN, ¥ |

7

y .
N

W

o

17

T

7N

i

i e IS AWIN 7N
X
5
X3
>

Zi

FI(C*) with a different ample bundle. The picture for Sps/B.
5.6 Kirwan surjectivity.

Theorem: Let G¢ be a reductive group. Let M /G be a smooth GIT quotient of a compact manifold.
Then the natural map Hf(M; Q) — H*(M))G;Q) is surjective.

There exists an equivariant version for a normal subgroup Gy < G manifold:
HE(M;Q) — Hy g, (M) Go; Q)
Example: : Grassmannian of k-dimensional spaces in C" can be presented as the GIT-quotient.

Gr(k,n) = Mono(C¥,C")/GL; = Hom(C*,C") JGL.(C) = P(Hom(C*,C")) /PSLy(C) .

The induced homomorphism is surjective

H, o, (Hom(CF,C")) — HE_, qr, (Mono(C*,C")) = Hi(Gr(k,n)),
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L1, s Ty YLy Y2 - - - Yk — HE(Gr(k,n)).
We obtain a presentation of H3(Gr(k,n)) as

Z[$1,x2, ey Ty Y1, Y2, - 7yk}2k/Ik,n7

where I is the ideal of functions such that for any {iy,io,...,ix} C {1,2,...,n}, the substitution
f|{sj::xij j=12,...k} € Z[r1,29,...,2y] vanishes.
Similarly for the flag variety

FL, = GL,/B " GL,/T = End(C"))T

Hrop(End(C™)) = Zlx1, @2, . .y Ty Y1,Y2, - - -, Yn) — Hp(FLy),

The class of the point wgB, where wy is the longest permutation, is presented by the polynomial

IT @i—wp)-

i+j<n
For example for n = 2
1 —y1 = (21— 21,71 — 22) = (0,21 — 22) = [woB] .

Forn=3
(.%1 - yl)($1 - yg)(l‘z - yl) = (070a Oa 07 07 (:El - 372)(x1 — xg)(l’g - .%'3)) .

(To agree with the previous convention we have to switch z; — 711')

6 Fundamental classes of singular varieties

6.1 Fundamental classes of algebraic subvarieties in H?"(—) and in K-theory. If M is a
compact algebraic variety, X a closed subvariety, then X (e.g. after triangulation) can be treated as
a homology cycle, and thus defines the fundamental class [X]| € Hoqim x(M). If M is not compact,
then in general X is not compact, and after triangulation we obtain a cycle which is locally finite. The
cohomology group built from locally finite chains is called Borel-Moore homology. If M is smooth, then
canonically

HPM 3 (M) ~ H?9mX (3)

The cohomology class has the property, that
[X]a\sing(x) = ix(1) where i : X \ Sing(X) — M \ Sing(X).

Similarly a G-invariant subvariety defines a class [X] € HZUmX (M), If M is singular, then we would
have to define equivariant Borel-Moore homology, whose construction is quite involving.

6.2 Fundamental class in K-theory. This class seems natural, but for bad singularities we have
several choices: in algebraic K-theory of coherent sheaves take just the class of Ox. If the ambient
space M is smooth, then we can replace Ox by its locally free resolution, thus defining an element
in K% (M). In the equivariant context the locally free resolutions exist as well, hence we have a well
defined element of K glg (M). But here (also in a nonequivariant case) a problem appears. Suppose
f: X — M is a resolution of X then | [«(O%)] in general differs from [Ox]. The equality holds if
X has rational singularities (i.e. J[«O5 = Ox and higher images vanish). For arbitrary singularities
the class fiOg (not taking into account the higher images) does not depend on the resolution, but
it is not an ultimate solution. There is another candidate ,,;mCy” coming from the work on motivic
classes [BSY10], which will be discussed later in §11.7. It satisfies the additivity condition: whenever
we have a resolution of singularities f : X — X C M and a closed set Y C X such that Jif—1(x\y is an
isomorphism to its image, then

mCy(X) —mCy(Y) = f.(mCo(X) — mCo(f~H(Y)).
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The above formula allows to compute mCy(X) inductively with respect to the dimension.

If X has rational singularities, then all three notions coincide. The class in the topological K-theory
is defined as an image of [Ox] € Kglg(M).

If M = C" with linear action of the torus, and X is a hypersurface given by a homogeneous
function (with respect of the torus action) of the weight w, then

[Ox] = [Oum] = [On(=X)] =1 —17%.

Example: Suppose M = Hom(C?, C?) with T = (C*)? x (C*)?2, the first factor acts on the source with
the characters s1, so and the second factor acts on the target with the characters t1,t2. Let X C M be
the set of linear maps of rank < 1. In local coordinates

X = {x11292 — w1221 = 0}.

The character of the equation zlﬁ Hence
152

[Oxhzl—éﬁfelﬁ{M):B@@ﬂ:ﬂﬂT):beﬂ@ﬂxfﬂﬁﬂ.

7 Characteristic classes of Schubert varieties in G/B

7.1 Cohomology and K-theory of G/B as representation spaces of some algebras. Let
75, = T : G/B — G/ Py denote the contraction associated to the simple root ay.
Consider the following endomorphism in h}(G/B)

e multiplication by a € hi.(pt),
e multiplication by c.(Ly) (or by [L}] in K-theory),
o Dy, = Dy := T[T

These operations generate a reach structure. The resulting algebra was considered e.g. by Lusztig in
[Lu85] in K-theory. Only the case of cohomology and K-theory is considered. In the remaining theories
(with a small exception) the key braid relations are not satisfied. Thus the obtained formulas e.g. for
a candidate for [¥,,] would depend on the presentation of x as a reduced word presentation of w.

7.2 Fundamental classes in H*(—): the nil-Hecke algebra.
According to [BGG73, Dem74] if w = w'sy, ¢(w) = £(w’) + 1 then the operation fj := 7} o Ty, in
cohomology satisfies
Be([Zw]) = [Ew],  Brofr=0.
The algebra generated by the operations §j is called the nil-Hecke algebra.
Theorem: The operators B, satisfy the braid relations and By o B = 0.

Theorem: [BGGT73]| The operations B acting on
H*(Fl(n)) ~ Hp(End(C")) /1, = Z[x1,z2, . ..,x4)/(e1,€2,. .., €p)

lift to the polynomial ring. The braid and square zero relations are preserved. The formulas do not
depend on n.

The operations

e Ty Tty o) — J o Tl Ty e e S;
/Bz(f) _ f( 7y Lit1 ) f( i+1, L1 ) _ f + zf .
T — Ti+1 Tj — Ti+1 Ti+1 — L4
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are called the divided difference operators, they are known in algebraic combinatorics. The starting
point is []i, 2. For n=3 we have

id Tixy
S1 122
59 .%%
S9S81 T+ T2
8152 I
S§189281 = 828182 1

In the equivariant version we consider the presentation
Hp(Fl(n)) ~ Hryp(End(C")) /I = Zlz1, @2, - Tn, Y1, Y2, - - - Ynl /-

The formulas for ; remain the same and do not involve y;. The calculus in equivariant cohomology
gives ,,double Schubert polynomials”. The starting point is [];, i<n (i —y;). For n = 3 we have

id (1 —y1) (21 — y2) (22 — 11)
S1 (1 — 1) (72 — y1)
S2 (1 —y1) (x1 —v2)
S981 1+ T2 — Y1 — Y2
5152 1 — Y
S$15281 = $251S9 1

Let us identify elements of Hj.(G/B) with their res-image, where
res: Hp(G/B) — H3(G/B) @ Q(t) = @Q(t), a— {H%} .
oW eu (T,(G/B)) cEW

Here Q(t) is the field of rational functions on t, and eu! (—) is the equivariant cohomological Euler class.
The action of the Demazure operations on the right hand side is given by the formula

5k<{fo})0 - cl(lTk,)U(fU + fa'sk)'

Here Ly is the line bundle, the relative tangent to the contraction 7y : G/B — G/Py. For G = GL,
we have c1(L)s = To(kt1) — To(k) (Where z1,29,..., 7, are the basic weights of T C GLy).

7.3 Fundamental classes in K-theory. There is an operation, which allows to compute K-
theoretic fundamental class. The resulting polynomials were constructed by Lascoux and Schutzen-
berger, see e.g. [LaSc82, Bu02, RiSz18] and references therein. Similarly let dj, = 77, in K-theory.
We have: dk o dk = dk.

Theorem: The operations dj acting on
K(Fl(n)) ~ Z[tE 51 21,

lift to the Laurent polynomial ring. The braid and idempotent relations are preserved. The formulas do
not depend on n.

dk(f):Zk’f("'vzk>zk+l7"')_Zk+1f("'7zk+lazk7"'): f Sk’f

+ .
zZ 4

Zk T Ak 1- % 1= Zkil
We obtain the ,,isobaric” divided difference operators from algebraic combinatorics.

There are different distinguished elements of K (G/B), namely &, = [£,] — [02,]. They are equal
to the motivic Chern classes mCy—o (25, — G/B) considered in §11.7. To compute &, we modify the
operators d. Let T,g = dj, — id. We have

Cw =T (Ew) if w=wsp L(w)=~Lw)+1.

Let us note that
TP o TP = —T7

and T,S’s satisfy the braid relation as well.
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7.4 Double Grothendieck polynomials. We have a presentation

L

K1 (Fly,) :Z[zfl,zgﬂ,... P tfl,tfl,...,zfl]/ﬂl.

Since .
FL, =GL,/B '~ GL,/T = End(C")/T

the surjection is constructed via Kirwan map:
Kt p(End(C") = Z[" 2ozt 5 2 ' Ke(FLy) © €D Kiot),
wew
f = (f|Z’L:tw(1) )wEW .
The action of dj, lifts to the Laurent polynomial ring (given the by same formula as in nonequivariant
case). The starting point is
— _z
fO - H (1 tj) .
i+j<n

Note that for n = 3 the restrictions of fj are the following:

(1,2,3) {1,3,2) {2,1,3} {2,3,1} {3,1,2} (3,2,1)
( 0 0 0 0 0 (1—g)Q—gD(1—g)>

We obtain the class of psa1. (To agree with our convention the variables should be inverted. Our
tangent characters at pso; are equal %, % and %, and in the formula for [pse;1] the inverses should

appear.) We list the Grothendieck in that case

@ (-0 0-5)0-8)

s1 - (1-4
21 z9
89 L)(1-£
8281 212
5189 1-— i
518281 = 525189 1

The restrictions to the fixed points are the following:

id S1 S9 5981 51892 518281
oo 0 T N IO
t t t t
t t t t
w00 LA I Gt (-
s951 | 0 1—% 0 1—% 1—% 1_%
t t t t
s182 | 0 0 1—% 1—% 1—% 1-&
wo | 1 1 1 1 1 1

In literature the polynomials are indexed by permutations in the reversed order, such that &;q = 1.

7.5 Affine Hecke algebra. The folowing algebra was considered by Lusztig in [Lu85]. He considers
the equivariant K-theory of G/B with respect to the group G x C*, where the factor C* acts trivially
on G/B. Then

Kaxe+(G/B) ~ Kq(G/B) ® Z[g, ¢ '],

where ¢ is the fundamental representation of C*. Lusztig defines the operations
Ts : Kgxc-(G/B) = Kgxc+(G/B)

Ts(z) = Ds((1 - qQ;)x) —xz, z€ Kgxc+(G/B)

Page 18



2019/09/14

for each simple reflections s = s, € W. Here Q! = .Z(—ay) is the line bundle of the differentials along
the fiber of 75 : G/B — G/Ps. For X\ € t* the multiplication by .Z(\) is denoted by 6.

Theorem: [Lu85| Let W =tz x W be the affine Weyl group. (We use multiplicative notation in
tz = Hom(T,C*).) The operations Ts and 0y satisfy:

(Ts+1)(Ts —q) =0 (1)
TSLTs - =TiTTy. .. (2)
(number of factors on the both sides is equal to the order of st € W),
0,0y = 00, (3)
T =0T, =0 if s(A)=Aet', ie sh=AscW (4)
Tl Ts = qfy  if s(N)=A—aset’, e sk A T=aleW, (5)

where ag is the simple (positive) root corresponding to the reflection s.

The resulting algebra is called the affine Hecke algebra. We can check the above formulas using
localization formula for T C G, since K(G/B) = K1(G/B)W.

Example: Let G = SLy. Lets look how the operation 77 acts on images of the restrictions
Kp(PY)[g] = Kr((PY)T) = Z[t1, 57, a] @ Z[t7, 15 q):

- a; — altgtl as — agttitg a; — altgtl as — anth
1(a1,a2) = 4 + [ —ay, 0 + b —az | =
to t1 to t1
a1qt1 — aity — asqts + asty —aiqty + aite + asqte — asto
t1 — 12 ’ to — 11

In [AMSS17] it is shown that the motivic Chern classes of the Schubert cells can be computed
using the dual operations

T, (z) = (1 — QL) Ds(z) —x, z € Kgxe+(G/B)
The operations T, satisfy the same relations as the original Lusztig operations Ts.

7.6 Motivic Chern classes.
(The basics about motivic Chern classes are given in the appendix.)

To agree with the standard notation set ¢ = —y. Then
T) = (L +yL; Ympmg, —id,
where L = Z(ax) is the line bundle, the relative tangent to the contraction 7y : G/B — G/P.
Suppose w = w's, {(w) = ¢(w') + 1 then
T (mCy(27,)) = mCy(Z5,) (6)

see [AMSS19]. In the local presentation, i.e. after restriction to the fixed points and division by the
K-theoretic Euler class, the operator Tkv takes the form

(L+y)(Lg')o
1- (lel)a

1+ y(L;Zl)af
oS+

T (1D = —ra
Kk Jo

fo +

Here for example, for G = GL,, we have (L), = to(k)/to(er1)-

Example: Let G = SLo. Lets look how the operation 77 acts on images of the restrictions
Kp(PY[y] — Kr((PHYT) = (Z[tF', 151, y])? (without division by the Euler class). We have

t t t
Y (1-20)= (-9t 1-T2).
to to t
Since the motivic Chern classes were defined via resolution of singularities, we to show the formula
(6) analyse the Bott-Samelson resolution.
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7.7 CSM-classes: the group ring Z[W]. A similar result holds for CSM-classes. It is shown in
[AIMi16, AMSS17] that the CSM classes of Schubert cells satisfy the recursion: if w = w's, {(w) =
f(w') + 1 then

A (52,)) = e™(55)

where

Ap = (1+c1(Ly)) Dy —id.

In terms of res-images

Ak({f-})a = Cl(]ik)(,fo + 11_16(11536)0]00%

Theorem: [AIMil6, AMSS17| or by straightforward calculation we find that Ay o Ay, = id and the
operators Ay, satisfy the braid relations.

We obtain a representation of the group ring Z[W].

8 The end

8.1 Continuation. There are several extensions possible. One choice is to force the Schubert calcu-
lus to other cohomology theories. The elliptic cohomology is of special interest. Other possibility is to
develop theory for the Kac-Moody groups. A lot of work was done for loop groups/affine Grassmanians
by Thomas Lam and his coauthors. See for example [LaSh13].
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10 Some exercises
10.1 Compute K glg (pt) for G = B being the group of invertible upper-triangular matrices 2 x 2.
10.2 Let S! act on X = S* by (&,2) = £"2. Compute Kg1(C*).
10.3 Compute K, (P') for all possible linear actions.

10.4 Let X be a T-manifold, F C XT a component of the fixed poit set. Show that eu(vg) is
invertible in S~!K7(F), wher S contains the elements (1 —¢~%) for the weghts appearing in vp.

10.5 Let Gr(k,n) = Ap—1(k) be the Grassmanian of k-dimensional spaces in V' = C". Prove that
the tangent vector bundle T, () ~ Hom(Ven, V/kn) = Q ® S.

10.6 Compute x(P™; O(k)) by localization formula.
10.7 Compute x(Gr(2,4); O(1)) by localization formula.
10.8 Prove x(Gr(k,n);vj,,) = > i, t; ~! by localization formula.

10.9 Compute x(G7(k,n); Ty (kn))-

10.10 Show that there are finitely many orbits of the torus action for Grassmannians, complete flag
varieties, and in general for homogeneous spaces G/P.

10.11 Draw GKM graphs and their maps corresponding to the contarctions for Bs = Cs and Gbs.
10.12 Check the affine Hecke relations for G = SLs.

11 Appendix 1: Characteristic classes of singular varieties

An important one-parameter deformation of the notion of the fundamental class is the equivariant
Chern-Schwartz-MacPherson (CSM, in notation ¢*™(—)) class.

11.1 Constructible functions. The topological Euler characteristic of a complex algebraic variety
satisfies

Xtop(X) = Xtop(Y) + Xtop(X \ Y)

whenever Y is a closed subvariety of X. Moreover if X is smooth and compact, then

Xtop(X) == /X Cdimx(TX) .

The question arises: how to define in a natural way a (co)homology class ¢(X) which after pushing to
the point would give X;0p(X). This question seems to be ambiguous.
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11.2 Question of Grothendieck and Verdier about transformation of functions. Instead
we will be looking for a homology class

¢(X) = [X] + lower terms € HPM(-).

which behaves well with respect to proper push forwards. To say what it mans, we consider another
object, the constructible functions

F(X)={¢:X - Z|VnecZ ¢ (n) is a constructible set} .

The group F(X) is generated by the characteristic functions 1y of subvarieties Y C X. Such functions
behave covariantly. For a map f : X1 — X5 we define

fly (@) =x(fHz)nY).

Clearly for f : X — pt we have f,(1x) = x(X). Grothendieck and Verdier asked if there exist a natural
transformation of functors
c:F(—)— HM ()

Such that for a smooth variety X
c(lx) = c(TX)N[X]. (7)

Here ¢, (TX) = ng%x ck(X) denotes the total Chern class of the tangent bundle. This formula makes
sense only when X is nonsingular. Otherwise there is no good candidate for the tangent bundle?. The
functorial class ¢ (if exists) is unique: Let f : X — X be a resolution. Then

f«(15) = 1x + something supported by the set of dimension < dim X .

Proceeding inductively we find that if ¢ exists, then it is unique. It exists by the work of Schwartz and
MacPherson and it will be denoted ¢*™.

The question has been positively answered by MacPherson. Later it came out that the classes
constructed by MacPherson coincide with earlier constructed classes of M. H. Schwartz. Now this
class, which can be constructed in several ways, is called Chern-Schwartz-MacPherson classes (CSM)
and denoted by ¢*™

11.3 Chern-Schwartz-MacPherson: Aluffi approach via logarithmic tangent bundle. Aluffi
have shown that if V' C M is a smooth subvariety (not necessarily closed) then ¢*™ can be computed
in the following way: Let f : Y — M be a resolution of U, such that Jiy-1(v) 1s an isomorphism on its
image. Let U’ = f~}(U), D =Y \ U'. We assume that D is a simple divisor with normal crossings,
D =JD;. Then

fmlu=:ﬂ(smaﬂn (8)
U') = M (1y) — }:@m1D +§:c (Ip,ap,) = - - (9)

The later class is the Poincaré dual of the Chern class of the vector bundle Q1 (log D)*, whose associated
sheaf is the sheaf of the vector fields which are tangent to the stratification given by D

11.4 Generalization: K(Var/M) instead of constructible functions. Brasselet, Shiirmann
and Yokura were searching for the characteristic class, which admit a functorial generalization for
singular varieties. That is, one would like to assume a normalization condition different than (7). It
turns out, that except Chern-Schwartz-MacPherson classes there does not exists anything essentially
different. Instead, it is interesting to consider a very formal object: the Grothendieck group of varieties
over M denoted by K (Var/M). It is generated by maps Y — X (not just inclusions) and the additive
relations hold

[ X = M]=[fiy : Y = M+ [fix\y : X \Y = M]

2In fact there are too many choices and none of them has all expected properties.
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for a closed subvariety Y C X. It is a highly nontrivial result of Bittner (following from the weak
factorization theorem) that K (Var/M) is generated by proper maps with smooth domain and the
relations are generated by the blow-up relation

[f: X = M]~[fiy:Y = M]=[f:BlyX - M] - [fig: E— M| (10)
for a closed submanifold ¥ C X. The corresponding results hold in the equivariant category as well.

11.5 Hirzebruch class constructed by Brasselet-Schurman-Yokura in H.(—)[y]. Brasselet,
Shiirmann and Yokura have constructed a transformation of functors

tdy : K(Var/M) — HPY (M; Q)[y].
where y is indeterminate. The normalization condition is given by
tdy(f: X = M) = f.(Td(TM) - ch(\,T*X) N [X]),

where
N(E)=14+yE+y*AE+....

This class is called the Hirzebruch class. For smooth varieties it appears in the Hirzebruch work from
50-ties on topological methods in algebraic geometry, [Hir56]. If M is smooth, then

tdy(idy) = T'dy(TM),
where T'd,(—) is a multiplicative characteristic class such, that for line bundles

_ 1+ ye )
Tdy(L) = C1 (L)m .
By Hirzebruch-Riemann-Roch theorem

dim M

/M Tdy(TM) = Z X (M; Qﬁ/[)yk = Z(—l)th’qyp.

k=0 p.q

This is the Hirzebruch x,-genus. For example

M”—U@”—®-~@”—¢35> .

(" -1)(¢*—q)...(¢" — ¢*1)

11.6 Special values: y = —1, 0, 1. For the special value y = 0 we have the Todd class. If y =1
then we obtain the L-class

/ Tdy—1(TM) = signature(M) .
M

After the normalization
1 4+ e~ Wwtbe(L)

1 — e~ (te(L)

Tdy(L) = cr(L)
in the limit with y — —1 we obtain the Chern-Schwartz-MacPherson class. That is because

14+ e~ (wthz

11.7 Motivic Chern classes of BSY. Instead of considering the characteristic classes with values
in H,(X)[y] it is natural to define the classes in K-theory of coherent sheaves, called ,,motivic Chern
class” with the normalization condition

mO(f : X = M) = [:(A\y(Q%)) € K(M)[y]
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for proper morphism from a smooth domain. The existence of such class can be shown by checking the
blow-up relation (10).

For y = 0 we obtain a candidate for the fundamental class. If X has rational singularities, then

ng(X — M) = [Ox] .

There can be given a meaning to the variable y. Let y = —h~!. Consider the equivariant K theory
for C* action. Let ¢ be the character of the natural representation. Any vector bundle is automatically
C*-bundle with respect to the scalar multiplication. In that theory consider a characteristic class with
the the normalization condition

mc(idyr) = equivariant K-theoretic Euler class of TM .

Then
me(idar) € Ko« (M) = K(M)[h, h™Y

if C* acts trivially on M. That class is equal to
me(idyr) =1 —h ' T*M + h2A*T*M — -- -+ h™"A"T*M
=1-hr Q) +n2Q%, - £ QY

12 Appendix 2: Equivariant classes of singular varieties

12.1 Simplification. For convenience assume that X is contained in (or mapped to) a smooth
ambient space, otherwise we would have to deal with equivariant homology or equivariant K-theory built
from coherent sheaves. For smooth variety M (not necessarily complete) we obtain the transformations:

& : Fa(M) — HE(M,7Z),
(tdy)e : Ka(Var/M) — He(M,Q)[y],
mCq : Kg(Var/M) — K&(M)[y],

where Fg(M) and K¢ (Var/M) denote the group of equivariant constructible functions and the Grothendieck
group of equivariant maps. For introduction to equivariant characteristic class see, [Ohm06, Web12,
AMSS17] for CSM-classes, [Web16] for td,, [FRW18, AMSS19] for mC.

12.2 Fundamental computation. Let M = C with the standard C*-action. Then

’ ‘ mC ‘ td, ‘ s ‘
C—C | 1+yt! :rlltyee_;z 1+z
{0y =C| 1-¢t! x x
C*—=C |14yt ! x% 1

This formula allows to compute locally characteristic classes of a resolution.

12.3 Rigidity. The class mC (and hence the remaining ones) has the following property
Theorem: Let G =T, M = pt. Then

mCt(X — pt) = mC(X — pt).

In other words the equivariant global invariants do not see the group action.
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12.4 Example: Schubert variety ¥; C Gr(2,4). The canonical neighborhood of the point p; o
in Gro(C*) is identified with
Hom(span(e1,e2), span(es, e4))

and the variety 1 intersected with this neighbourhood is identified with
{¢ € Hom(C?,C?) : det(¢) = 0}.
The corresponding elements of 3; are the planes spanned by the row-vectors of the matrix
<1 0 a b>
01 ¢ d)°

The variety 31 is defined by vanishing of the determinant of the 2 x 2 matrix

a b
det(c d) =0.

Before performing computations let us draw the Goresky-Kottwitz-MacPherson graph® ([GKMO9S,
Th. 7.2]) with the variety ¥; displayed.

@

{1,2}

{1, 4} @, 3}

{3, 4}

Schubert variety 31 in Gra(C*).

The numbers attached to the edges indicate the weights of the T actions along the one dimensional
orbits. For example at the point p; 3 in the direction towards p; 2 the action is by the character xg — 3.
The variety ¥, is singular at the point p;2 and it is smooth at the remaining points. For example at

the point p; 3 the coordinates are
1 a 0 b
0 ¢c 1 d

and the equation of > is b = 0. For that point the local equivariant Chern class is equal to
(.CL'4 - xl)(l + X9 — xl)(l + x99 — 333)(1 + T4 — .CL'3) .

By AB-BYV localization theorem we have

5= Xtop(X1) =
= | res(c”™(X1))py, |+ res(c™ (X1))pis + res(c™(X1))p1y + 1res(c™(X1))pos + res(c™(X1))ps  (11)

3To avoid intersections, edges in the second picture do not have right directions, i.e. the second picture is not the
image of the moment map.
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The first summand is unknown, while the remaining points are smooth and for example

(x4 —x1)(1+ 22 —21)(1 + 22 — 23)(1 + 24 — 23) B
(x4 — 21)(@2 — 1) (22 — 23) (24 — 3) B

:@+ ! )Q+ ! )@+ ! )
To — T To — T3 Ty — X3

Simplifying the sum (11) we find the formulas for the restrictions of the CSM classes

res(c”™ (%) )p13 =

0 deg =10
T3+ T4 — 1 — To deg =1
(w3 4+ 24 — 21 — 32) 2 deg = 2
(3 + x4 — 21 — x2) (20172 — T3x2 — T4y — X123 — T1T4 + 2x324) deg =3
(x3 —x1) (3 — x2) (x4 — 21) (T4 — X2) deg =4

The computation for mCr(X; — Gr(2,4)) is similar:

res(mC(X1))p,; = <1 - y%) (1 " y}i) (1 +ty§i>
(-8) (-2) (- 2)

and x,(21) = xy(Gr(2,4)) —y* =1 — y + 2y? — y3. We obtain using some software

res(mC(X1))p, = y3 fita (1 tlt2>

tsts \ lsts
L t%t§+ t2 N t3 +t1t2+t1t2+3t1t2 Lt t1+t1+t2+t2
Y 313 t3ty  t3ts 13 t3 sty tata \t3 ta t3  ta
Ly(ioht)(h bt btk
tsty ) \ts ta t3 ta tsty
tyt
+1--12,
l3ts

The coefficient at y° is equal to 1 —¢~%, where w = (—1, —1, 1, 1) is the weight of the defining equation
ad—bec = 0, since the weight of the variable a, b, ¢, d are (—1,0, 1,0), (-1,0,0,1), (0,—1,1,0), (0,—1,0,1).
That is so because ¥; has rational singularities (as any Schubert variety, by the work of Ramanathan),
hence mC(%1)y—o is equal to [Oy,].

Our goal will be not to compute the particular classes of Schubert varieties, but to find some
structure governing these wild formulas. The solution for Schubert cells in G/B will be presented in
final section in the language of Hecke algebra action.

12.5 Local classes, application of localization theorem. Assume that G = T. To compute
the characteristic classes of open possibly singular variety U C M we apply the formula (8). Suppose
both MT and YT are finite. Let p € MT be a fixed point. Then

mCT(U — M)‘p Z mCT(U’ — Y)|q
K - K
eu’ (p) ey @
The quotients %’(_;)y)‘q are easy to compute. If locally D = {2z = 29 = --- = 2z, = 0}, then
mC’T(U’ s Y)|q B ﬁ (1 —l—y)t_wi ‘ dimY 14 ytw
euf(q) N Pt e AL B A ’
= =

by, §12.2 where w;’s are the weights of torus actions on coordinates at q.
This strategy is be applied to compute the characteristic classes of Schubert varieties in homoge-
neous spaces G/B.

Page 27



