SHARP WEAK TYPE ESTIMATES FOR RIESZ TRANSFORMS
ADAM OSEKOWSKI

ABSTRACT. Let d be a given positive integer and let {R; }?:1 denote the col-
lection of Riesz transforms on R?. For 1 < p < oo, we determine the best
constant C), such that the following holds. For any locally integrable function
fonR? and any j € {1, 2, ..., d},

(R )+ Lp.oo Ry < CpllfllLp o0 ma)-

A related statement for Riesz transforms on spheres is also established. The
proofs exploit Gundy-Varopoulos representation of Riesz transforms and ap-
propriate inequality for orthogonal martingales.

1. INTRODUCTION

In recent years, there has been a considerable interest in finding the exact values
of norms of various singular integral operators and Fourier multipliers. One of the
motivations for this direction of research comes from the fact that good estimates
for the LP norm of the Riesz transforms on R? and the Beurling-Ahlfors operator
on C have important consequences in the study of quasiconformal mappings and
related nonlinear geometric PDEs (cf. [8], [12]). The purpose of this paper is to
continue this line of research and investigate the action of Riesz transforms on weak
spaces LP*>°,

Let us start with recalling some related results from the literature. The first
paper we mention is that of Pichorides [19], who identified the norm of the Hilbert
transform as an operator on LP(R), 1 < p < oo. Recall that the Hilbert transform
‘H on the line is the operator defined by the principal value integral

(1.1) W) = i/Rf(xy_y)dy.

Pichorides’ result asserts that

T
), 1<p<oo,
2p*

[ Lp (R)—Lr(r) = COt <
where p* = max{p,p/(p — 1)}. This statement has been extended to the higher-
dimensional setting by Iwaniec and Martin [13] and, independently, by Banuelos
and Wang [3]. Suppose that d > 2 is a given integer. The counterpart of the Hilbert
transform in R? is the collection of Riesz transforms (R;)%_, (see e.g. Stein [21]).
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This family of operators is given by

1.2 R — (“2) Ti Y5 d _ 19 d
( . ) Jf(x)_ﬂ_(d+1)/2 Rd |l’*y|d+1f(y) Y, J=1 4 ..., 4

where the integrals, as in (1.1), are supposed to exist in the sense of Cauchy principal
values. The aforementioned result of Iwaniec and Martin [13] and Banuelos and
Wang [3] is the identification of LP norms of Riesz transforms:

71— .
|| Rj|| L (mt)— Lr(ray = cOt (217) ., l<p<oo, 1<j<d.

Thus, the norms do not change when the dimension d increases. This result has
been extended in numerous directions; the literature on this subject is very large,
we only mention here the sharp weak-type bounds of Davis [6] and Janakiraman
[14], and optimal logarithmic estimates due to the author [17].

In the present paper we will be interested in the action of Riesz transforms on
the spaces LP*°| 1 < p < 00, equipped with the norm

1
1 llp.c0 = SUPW /A |f(x)|dz,

where the supremum is taken over all measurable subsets A of R? satisfying 0 <
|A| < co. We should mention here that || - ||,c0 1S equivalent to the more common
norm given by

11£llpoe = sup { Az € R 2 £(@)] = A}Y7 = A > 0}

However, we do prefer to work with || - |[p,c0, since it is more convenient for our
purposes. To formulate our results, we need some notation. Throughout the paper,
for any fixed A > 0, the function @) : [0,00) — [0, 00) is given by P (¢) = (t — A)+.
For any measurable function f : RY — R, the symbol f* stands for the non-
increasing rearrangement of f, defined by

f@)=inf{s>0: {z:|f(z)] > s} < t}.
Furthermore, f**: (0,00) — R will denote the integral mean of f*, given by
ok 1 " *
=1 [ rod
™ Jo

In other words, f** is the Hardy-Littlewood maximal function of f*:

f**(r):sup{g/f‘f*(t)dt : AC(O,oo)J“EA}.

It is straightforward to see that the LP»*°-norm of f is related to f** by the formula

||f|\LPm(Rd) = sup Tl/pf**(T)~
r>0
We are ready to state the first result of this paper.

Theorem 1.1. Let d > 1 be a given integer and let j € {1, 2, ..., d}.
(i) For any integrable function f : R? — [0,1] and any r > 0 we have

o L 2l we
(1.3) r(R; f) (r)ﬁ;/o sinh <> ds.
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(i) For any 1 < p < 0o we have

ol—1/p
L) IRl < / \/7dr 1711 ety

and

922—-1/p
(15) ‘|ij||LPﬂ°°(Rd) / \/7617’ ||f||Lp 100 (R4 -

The inequalities (1.3) and (1.4) are sharp.

Next, we turn to the case when the underlying measure space is the unit sphere
S4=1 ¢ R4, d > 2. There are many ways of defining Riesz transforms in this setting:
see Arcozzi and Li [2] for an overview of the possibilities. We will work with two
types R® and R?, the so-called cylindrical Riesz transforms and Riesz transforms of
ball type. For the necessary definitions, we refer the reader to Section 4 below, and
only mention here that for d = 2, both operators reduce to the Hilbert transform
on the unit circle S* = [0, 27), given by the singular integral

1 TOf(t
HEf(z) = = p.v. &dt
i 0 t—x
For f : S%~! — R, its non-increasing rearrangement f*, integral mean f** and
weak norm ||f||pp.ec(gi-1y are defined by analogous formulas as in R, We will
establish the following statement for the directional Riesz transforms Rj, , Rll?m

with respect to the (zy, z,,)-plane.

Theorem 1.2. Let 1 < ¢ < m <d be fized and let R € {RS,, R} }. Then for any
1 <p< oo we have

21 1/p
10 Ay < [ \/—dr-llfllmoo@d—l)
and

92—-1/p
(L.7) RS || e i) < / ﬁdr [T P——

The inequality (1.6) is sharp for d = 2.

A few words about the proof and the organization of the paper. We will use
a probabilistic approach to Riesz transforms, which has its roots at the works of
Varopoulos and Gundy. To be more precise, we will first establish an appropriate
martingale version of the inequality (1.3): this is done in Section 2. Then, in
Section 3, we deduce (1.3), (1.4) and (1.5), using the stochastic representation of
Riesz transforms [10]. In Section 4, we use a similar approach to deduce (1.6) and
(1.7). The final part of the paper is devoted to the optimality of the constants
appearing in Theorems 1.1 and 1.2.

2. A MARTINGALE INEQUALITY

The results of this paper depend heavily on an appropriate martingale inequal-
ities. Let us start with introducing the necessary probabilistic background and
notation. Assume that (2, F,P) is a complete probability space, equipped with
(Ft)t>0, a nondecreasing family of sub-o-fields of F, such that F; contains all the
events of probability 0. Let X, Y be two adapted real-valued martingales with
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right-continuous trajectories that have limits from the left. The symbol [X,Y]
will stand for the quadratic covariance process of X and Y, see e.g. Dellacherie
and Meyer [7] for details. The martingales X, Y are said to be orthogonal if the
process [X,Y] is constant with probability 1. Following Banuelos and Wang [3]
and Wang [23], we say that Y is differentially subordinate to X, if the process
(X, X]s — [Y,Y],)i>0 is nonnegative and nondecreasing as a function of ¢.

The differential subordination implies many interesting inequalities comparing
the sizes of X and Y. The literature on this subject is quite extensive, we refer
the interested reader to the survey [5] by Burkholder, the paper of Wang [23] and
the monograph [18]. Here we only mention one result, due to Bafiuelos and Wang
[23], which will be needed in our further considerations. We use the notation
| X|[p = sup;>q || X¢|]p for 1 < p < oo.

Theorem 2.1. Suppose that X, Y are orthogonal martingales such that'Y is dif-
ferentially subordinate to X. Then for any 1 < p < oo,

™
11l < ot (5= ) 11,

(here, as previously, p* = max{p,p/(p — 1)}). The constant is the best possible.

For A > 0, we define the convex function ®, : [0,00) — R by ®(t) = (t — A)4.
The main result of this section is the following.

Theorem 2.2. Suppose that X, Y are orthogonal martingales such that X takes
values in [0,1], Y is differentially subordinate to X and Yo = 0. Then for any A > 0
we have

1 (% @, (|7 logs||) sin(x]|X]]1)
2.1 E®)(|Yoo|) < — T
(21) M¥eol) < W/_Oo 2 111 25 cos(n] [ X] 1)

The inequality is sharp: there is a nontrivial pair X, Y for which both sides are
equal.

Here Y, stands for the pointwise limits of Y as t — oo; the existence of this
limit follows immediately from the boundedness of X and Y in L? (see Theorem
2.1 above).

The proof of Theorem 2.2 will be based on the existence of certain special
harmonic functions. Let H = R x (0,00) denote the upper half-space and let
S = [0,1] x R stand for the vertical strip in R%. For a given A > 0, define the
auxiliary function Uy : H — R by the Poisson integral

L[ B2 (|3 log |t]])
U(a, f) = = x dt.
e =2 | e
Obviously, Uy is harmonic on H and satisfies

(2.2) Ur(a, B) = Dy <7lr| log |z|> for z # 0.

lim
(@,8)—(z,0)

Consider a conformal mapping ¢(z) = —e™*"* or, in real coordinates,

o(xz,y) = (—e™ cos(mz), ™ sin(rx)) .

This function maps (0,1) x R onto H. Define Uy in the interior of the strip S by
the formula

(2.3) Ux(z,y) = Us(p(x,y)).
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The function Uy is harmonic on (0,1) x R and, by (2.2), can be extended to a
continuous function on the whole S by setting Ux(0,y) = Ux(1,y) = ®x(Jy]).
Some further properties of Uy are investigated in the lemma below.

Lemma 2.3. (i) For 0 <z <1 and y € R we have

1 [ D, %log S|+ y|) sin(mz
(2.4 e =1 | (I loglsl +y) sinz)
T J_oo (8 cos(mz))? + sin“(wx)
Thus, the right-hand side of (2.1) is equal to Ux(||X||1,0).
(ii) The partial derivative Uyg, is nonpositive in the interior of S.
(iii) We have the majorization

(2.5) Ux(z,y) = ®A(lyl)  for any (z,y) € S.

Proof. (i) It suffices to substitute t = se™ in the integral defining U,.

(ii) By the harmonicity of Uy inside the strip S, it suffices to show that Uy, > 0.
But this is clear, in view of (2.4): for any s € R, the function y — @, (|2 log |s| + y|)
is convex.

(iii) By (i), all we need is to show the majorization for x € {0,1}. However,
when z = 0 or z = 1, then both sides of (2.5) are equal. O

In the proof of Theorem 2.2 we shall require the following auxiliary fact, which
appears (in a slightly different form) as Corollary 1 in Bafiuelos and Wang [4].

Lemma 2.4. Suppose that X, Y are real-valued orthogonal martingales such that
Y is differentially subordinate to X. Then'Y has continuous paths and is orthogonal
and differentially subordinate to X¢, the continuous part of X.

We are ready to prove the martingale inequality.

Proof of Theorem 2.2. Fix t € (0,00) and introduce the process Z = (X,Y). Since
U, is of class C* in the interior of S, we may apply 1t6’s formula to obtain

1 1
Ux(Zy) =Ux(Zo) + 1 + 5-’2 + 513 + Iy,

where

t t
I = / Use(Zs_)dX, + / Usy(Ze )dYs,
0+ 0+

t
I = 2/ Usey(Zs_)d[X¢, Y,
0+

t

13:/0, UAm(Zsf)d[X,X]g-i'/ Usyy(Zs_)d[Y, Y],

+ 0+
L= {Ux(Z:) - Ux(Z.-) = Une(Z.)AX,}.
0<s<t

Here AX; denotes the jump of X at time s. Note that we have used above the
equalities Y;_ = Y, and Y = Y°, which are due to the continuity of paths of Y.
Let us analyze the above terms separately. First, note that Uy(Zg) = Uy (Xo,0) =
Ux(]|X|]1,0) (since X is nonnegative). The term I; has zero expectation, since
both stochastic integrals are martingales. Next, we have I = 0, because of the
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orthogonality of X¢ and Y. The differential subordination together with Lemma
2.3 (ii) give

t t
Iy < / Usea(Zs )X, X% + / Usyy(Zo_)d[X, X]C = 0.
0 0

Finally, each summand in I, is nonpositive, by the concavity of Uy(-,y) for any
fixed y € R (again, apply Lemma 2.3 (ii)). Therefore, using the majorization of
that lemma, we obtain the estimate

(2.6) E®(Y:]) < EUA(X:, Y:) < Ua(|1X1]1,0)

and (2.1) is established, in view of Fatou’s lemma. To see that this estimate is
sharp, pick any pair X, Y of continuous-path orthogonal martingales satisfying
d[X, X] = d[Y,Y] and such that X, = lim; o X; € {0,1} with probability 1.
Then the last two terms in (2.6) are equal for each ¢, and the first two become
equal when we let ¢ — co (in view of Lebesgue’s dominated convergence theorem).
This proves the claim. O

3. INEQUALITIES FOR RIESZ TRANSFORMS IN R¢

There is a well-known representation of Riesz transforms in terms of the so-called
background radiation process, introduced by Gundy and Varopoulos in [10]. Let
us briefly describe this connection. Throughout this section, d is a fixed positive
integer. Suppose that X is a Brownian motion in R? and let Y be an independent
Brownian motion in R (both processes start from the appropriate origins). For any
y > 0, introduce the stopping time 7(y) = inf{t > 0: Y; € {—y}}. For sufficiently
regular f (say, f € LP(R?) for some 1 < p < 00), let V; : R? x [0,00) — R stand
for the Poisson extension of f to the upper half-space. That is,

Vi(z,y) = Ef (z 4+ Xr(y)) »
or, which is the same, V¥ is the convolution of f with the Poisson kernel
r (%) Y d
Py(z) = T@ D72 (|z[2 + y2)(d+1)/2’ z € R y>0.

For any (d + 1) x (d 4+ 1) matrix A we define the martingale transform Ax f by

()
Acflag) = [ ATV o+ Xy + V) - d(X, Vo).
0+
Note that A f(z,y) is a random variable for each x, y. Now, for any f € C5°(R%),
any y > 0 and any matrix A as above, define T f : R? — R through the bilinear
form

(31) [ Tit@serds = [ BlAxf@g)glo + Xog)]do
R R
where g runs over C§°(R%). Less formally, 7V f is given as the following conditional

expectation with respect to the measure P = P®dx (dz denotes Lebesgue’s measure
on R%): for any z € R,

THf(2) =E [Axf(z,y)le + X, = 2] -

See Gundy and Varopoulos [10] for the rigorous statement of this equality. The in-
terplay between the operators T and Riesz transforms is explained in the following
theorem, consult [10] or Gundy and Silverstein [9].
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Theorem 3.1. Let A7 = [aem] j=1,2,...,d be the (d+ 1) x (d + 1) matrices
given by
| 1 ifl=d+1,m=j
a, =< —1 ifl=jm=d+]1,
0 otherwise.

Then T}, f — R;f almost everywhere as y — oo.
We shall require the following auxiliary fact, see Lemma 3.2 in [17].

Lemma 3.2. Let f € C°(R?) and A = A7 for some j. Then (3.1) holds for all
g€ LIRY), 1< q< oo.

We are ready to establish the inequalities of Theorem 1.1.

Proof of (1.3). Pick j € {1, 2, ..., d} and suppose that A = A7 is the matrix of
Theorem 3.1. Fix A > 0 and an integrable function f : R — [0, 1]. For any z € R¢
and y > 0, denote

TA .
(3.2) g(z) = %Mmmzx} it 73 f () # 0,
0 if T4 f(x) = 0.

Now, fix z, y and consider the pair £ = &Y = (§)i>0, ( = (™Y = ({)e>0 of
martingales given by

gt = Vf (1' + XT(y)/\ta Y+ Y-r(y)/\t)

T(y)At
Vi)t [ Vit Xay+ V) d(XY)
0+
and
T(y)At
G= [ ATVt X+ ) d(X YL,
0+
for t > 0. Then the martingale ( is differentially subordinate to &, since
WAL 91/, f 2
R D S (24 Xoy+Yy)| ds
0+ Oy,
k¢ {j,d+1}

is nonnegative and nondecreasing as a function of ¢. Furthermore, £ and ( are
orthogonal, which is a direct consequence of the equality (Az,z) = 0, valid for all
z € R?. Indeed,

()
€, ¢l = / (AVV (2 + Xy +Ya), YV (2 + Xoy + Ya))ds = 0.
0+
Therefore, by Theorem 2.1,
™ ™
Y tP
=) Nl = cor” (5
and integrating both sides with respect to = € R? gives

/ E|Axf (z,y)|Pdz < cot? < T )/ Elf (24 X7(y)|Pde = cotp<
R4 2p* ) Jra

Gl = il < cot” 5 )l 1<p<.

) .
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by virtue of Fubini’s theorem. Similarly, for any h € LY(R%) (¢ = p/(p — 1) is the
harmonic conjugate to p),

/ E|h(z 4+ X;(y))|?de = ||h||qu(Rd).
Rd
Combining these estimates with (3.1) and Holder’s inequality yields

TXf(x)h(x)dx
Rd

/Rd E[A*f(:c, y)h(z + XT(y))]dx

™
< cot? (zp*> 111z gy Al -

This implies 7} f € LP(R?) and hence g € LP(R?), by Chebyshev’s inequality (recall
that ¢ is given by (3.2)). Thus, by Lemma 3.2, we may write

[ o (ms@hds = [ (T2 =N Lgrzsopznds

Rd R4
- [ Ttr@ate) = Ag(a)lds
= [ B[4 )ae + X)) = Mol + Xy do
< / B4 y)| = Vgl + Xoy)lde

< [ @14 p)is,

where in the last line we have used the fact that |g| takes values in {0,1}. Now, by
(2.1), we get that

[ B (Axs @) do = [ Bos(¢z7)da
R4 Rd

< [ Oallle" I, 0)da.
Rd

The function U) is nonnegative, so by Fubini’s theorem, we may write

PR

- /oo 22 (| toslsll) / sin(r|€™]|,) (s 1) (€7 ]lndar ds
o DT Jre il 5P 4 2s cos(allgn) + 1 |

Since f is nonnegative, bounded by 1 and integrable, we have

|1,0)dl‘

lim sup ||€"Y|[; = lim sup Vy(z,y) = 0.
Y0 geRrd Y0 geRd
Indeed, with no loss of generality we may assume that f is compactly supported.
Then it suffices to use of the following straightforward property of the Poisson
kernel: for any positive numbers D and ¢, there is a level yg such that if y > o,
z € R and E is a set of measure D, then [, P,(x)dz < e.

Next, an application of Fubini’s theorem gives

/ €7 [rdz = [| f]| 1 (ray-
Rd
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Thus, by Lebesgue’s dominated convergence theorem, Fatou’s lemma and Theorem
3.1, we get the bound

= @, (|11
83 [ emg@pars [T P00,

However, we easily compute that

/oo (I)A({Tlrloms”)dsz/oo (1log5—)\)+ds+/oo (llogs—)\)+ds
0

oo (84 1)? (s+1)2 (s —1)2
C>O(1logs— 1logs— )
:2/1 o (s+1)2 sh2 / (s—1)? ERTES VR
(3.4) e EA (7 -
_2/0 (eu+1+du+2/ (eu +du

2 (% du 2 [
_;/ﬂ e“+1+77/“ et —1
2 (% du
_;/ﬂsinhu'

Pick an arbitrary measurable subset E of R? with 0 < |E| < oo and decompose it
into the union of

Et =En{z:|R;f(z) > A}, and E- =En{z:|R;f(z)| < A}

By (3.3), we have

2
| oir @i < [ an(rf@his< 2 [

> du

y sinhu

Al ey

and, obviously,
| R s =o.

Adding both above statements, we get an inequality which is equivalent to

2 [ du
(35) JIRif@ide < 2 [ S 1l + A1)

y sinhw

Now optimize the right-hand side over A\. A direct computation of the derivative
with respect to this parameter shows that the minimal value is attained for A =
sinh™* (2||f||1/|E|) /m. For this choice of A, we obtain the estimate

|E| ) N
/ |R; f(z)|dz < l/ sinh ™! (lf”L “Rd)) ds.
E ™ Jo s

This is precisely the desired upper bound for R; f**. O

Proof of (1.4) and (1.5). Clearly, it suffices to establish the first estimate, since the
constant in (1.5) is twice bigger than that in (1.4). Pick 1 < p < oo, a function f on
R? satisfying || f||r.(re) < 1, and a measurable subset E of R* with 0 < |E| < oc.
Riesz transform R; is a Fourier multiplier with the symbol —i&;/|¢|, i.e., we have
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the equality 1/%3‘(5) = —i&; f(€)/|¢] for all € € R?\ {0}. Thus, by Parseval’s identity,

we have
/ R, f(x)d = / R, f(2)xs(@)de
E Rd

= / R; [ ()X (x)de
R4
_ / f(2)Ryxp(x)da
R4

< / ) Ry ()

Here in the last passage we have used the Hardy-Littlewood inequality f fg <
J f*g*, which is actually valid on general measure spaces (see [11]). Now, fix
0 < m < M and use integration by parts, then (1.3) and then integration by parts
again, to obtain

M
/ () (Rixp)* (r)dr = f*(M)M(R;xg)™ (M) — f*(m)m(R;xs)™" (m)

m

M
+/ F(Rxe)™ ()d(— ) (r)

m

< fAM)M(Rjxe)™ (M) — f*(m)m(R;xe)""(m)

w5 [ () asac- 0

1 2|FE
=I+II+— / sinh™ ( |r ) fr(r)dr.
™ m

M
1= FM)M(Ryxa)™ (M) — f(M) - = / sinh~! (2'E> ds < 0,

™ S

Here

in view of (1.3), and

1= ey - [ s (2 s - mm(Ro) ),

s

which is positive by (1.3). However, by de I'Hospital rule and the assumption
[ fllLpoe ey < 1, we get limy, oo [T = 0. Thus, letting m — 0 and M — oo, we

obtain
1 [ 2lE
/E R;f(x)dz < — /O sinh™* (L') f*(r)dr.

Therefore, integrating by parts and arguing as above, we get

2|E| [ (r
/Rf )da < / \/ZW

However, 71/ f**(r) < 1, so the substitution r := 2T|E| in the integral above yields

" 91-1/p r—1/p
. proo <
(R )+l oo ey < —— . e

since E was arbitrary. The claim is proved. (I
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4. INEQUALITIES FOR RIESZ TRANSFORMS ON SPHERES

Now we will analyze the weak-type estimates for Riesz transforms on the unit
sphere S~ = {2 € R? : || = 1} equipped with the standard Riemannian metric
and normalized SO(d) invariant measure. We will work with two non-equivalent
notions of Riesz transforms on the spheres. These two possibilities arise from the
fact that there are two natural ways to “fill in” S?~! so that it is the boundary of
an d-dimensional Riemannian manifold (cf. [2]). Let us analyze these two cases
separately.

Firstly, one can express S?~! as the boundary of the cylinder S~! x [0, c0),
and this leads to the cylindrical Riesz transform R€¢. For fixed 1 < ¢ < m < d,
consider the differential operator Tpm = ¢Om — TmOp. If Tp + iz = re'?, then
Tm = 0/00 is the derivative with respect to the angular coordinate in the (z¢, z,)
plane and hence is a well defined vector field on S*~!. We define the directional
Riesz transform (of cylinder type) by

Rgm = Jem © (_ASdfl)_l/a

where Aga—1 denotes the Laplace-Beltrami operator on S¢~1. See Stein [20] for the
detailed exposition of the subject.

We turn to the second type of Riesz transform on S?~! (cf. Kordnyi and Vagi
[15, 16]). Denote by Hj the space of spherical harmonics of degree k (see Stein
[21]) and let

N
(4.1) 80:{f:8d‘1—>R:f:ka, fker,Nzl,Q,...}

k=1

be the space of harmonic polynomials with null average on S?~!. For a fixed f € &,
let H be the solution on the unit ball B¢ of the Neumann problem with boundary
data f, normalized so that H(0) = 0. Less formally, this can be expressed by the

equation
o\ !
<(9V) f = H|Sd_17

where v is the outward pointing normal vector to S?~!. One easily extends (9/0v) 1
to L3(S?1) by the following formula: if f = >, fi is the decomposition of f
into spherical harmonics, then (8/8v)~'f = 3.+, fx/k. We define the directional
Riesz transforms of ball type by the formula

a —1
Rll?m :Emo <8y> .

An important remark is in order. In general, if M is a complete Riemannian
manifold equipped with the corresponding gradient Vj; and the Laplace-Beltrami
operator Ay, then one defines the associated Riesz transform by

R]\/I =V o (—AM)_l/Q.

Since S?! is a Riemannian manifold, this gives rise to the question about the
relation of the associated Riesz transform RS" ' to those introduced above. It
turns out that this new operator is strictly related to the cylindrical case. To make



12 ADAM OSEKOWSKI

this interplay more apparent, observe the identity

1/2
Vg1 f| = <Z |72mf|2> ;

<m

valid for smooth functions f : S9! — R. Consequently, if R® denotes the vector
(RS, )1<tem<a, then |RS"" f| = |[R°f|, and thus the analysis of RS reduces to
that of R¢.

From Green’s formula and elementary properties of the Laplace-Beltrami oper-
ator (cf. [20, 21], we infer that if R is a directional Riesz transform (of cylinder or
ball type) and f, g are sufficiently regular functions on S?~!, then

M@%MwFAHﬂ@@MM

Sd—1

This will allow us to carry out the appropriate duality argument (see the proof of
(1.4) above).

Now we will describe the probabilistic representation of the above Riesz trans-
forms. Let B = (B!, B2,..., B%) be the standard Brownian motion in R, starting
from 0, and let 7 = inf{t > 0 : B; ¢ B?} be the first exit time of B from the unit
ball. Note that B, has the uniform distribution on S¢~!. Let A be a continuous
function on the closed unit ball, with values in the class of d x d matrices. This
function gives rise to the following operation on stochastic integrals. For a given
f € C>=(S471), let F be its Poisson extension to B and put

AxF = (/TM A(Bs)VgaF(Bs) ~dBS>
0 t>0
We define the A-transform of f by the conditional expectation
Taf(z)=E[AxF|B, =z], a2eS™.

The connection between the operators T4 and directional Riesz transforms is ex-

plained in the following statement, see Arcozzi [1].

Theorem 4.1. For given 1 <{ < m <d, a function ¢ :[0,1] = R and x € Ed, let
Apm () be the matriz with entries

) pllz2) ifi=t,j=m,
Ap (@) = q —p(|z?) fi=m,j=2¢,
0 otherwise.

(i) If o = 1, then Ta,, = RS .
(ii) Suppose that d > 3 and let ¢ be defined by the formula

t
atjd-2)y _ Jo To(s)ds
ole /( )) = t>0,
where Iy(z) = Z;’;O(z/2)zj/(j!)2, z € C, is the modified Bessel function of order
0. Then T4,,, = Rj,,.

We are ready to establish the bounds for Riesz transforms. We start with the
following analogue of (1.3).
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Theorem 4.2. Let 1 < { < m < d be fized and let f : S~ — [0, 1] be an integrable
function. Then, for R € {R§ R} } and any 0 <r <1,

(4.2) r(Rf)**(r) < l/or sinh~! <Sin (W|f|L1(Sd—1))> s,

™ tan(rs/2)

and the inequality is sharp for d = 2.

Proof. As we have already observed, the random variable B, is uniformly dis-
tributed on S?~!. Therefore, by conditional version of Jensen’s inequality,

/S (RS (@))dr = EA(Ta,,, f(Br)]) < EOA(|Apm * FI).

However, the martingale A x F' is orthogonal and differentially subordinate to the
martingale (F'(B;at))i>0. Consequently, by (2.1), we may write

/Sd_l OA(|Rf(2)|)da < UX([F(Br)|l1,0) = Ur([[f]lge-1, 0)-

Now, for a given measurable subset FE of S¥~1, we write the decomposition E =
E*T UE~, where

Et=En{z eSS |Rf(z)|> )}, E =En{zecS¥:|Rf(x) <.
We have
| orr@hdr < [ s(Rs@))ar < UA(Ifll2.0)
and, of course,
| esirs@has=o.
Summing these facts, we obtain

[E RF@)|de < Un([flls01,0) + A- |,

Optimizing the right-hand side over A > 0, we get the inequality

1 ‘E‘ . _1 Sin(’]l"|f”L1(Sd—1))
/E|Rf($)|dx = ;/o sinh < tan(mws/2) @,

which is (4.2). We postpone the proof of the sharpness to the next section. [l

Proof of (1.6) and (1.7). As previously, it suffices to establish the first estimate.
The proof is similar to that of (1.4). We fix 1 < p < 0o, a function f € LP->°(S?~1)
of norm one and a set £ C S%~! of positive measure. We start from observing that

[ Ri@aa= [ Ri@xs(s

— [ f@Ryp@)ds < / () (Rxe)* (r)dr.

gd—1
Integrating by parts and noting that lim,_,o f*(r)r(Rxg)**(r) = 0, we get

1 1
/0 f*(r)(RXE)*(T)dT’:f*(l)(RXE)**(1)+/O r(Bxe)™ (r)d(=f)(r).
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By (4.2), the right-hand side does not exceed

) (. (sin(x|E]| 1 ( sin (7| E]) e
v /0 sinh (tan(ws/2 )d T / / sinh - <tan(7rs/2)> dsd(=f")(r)
== f (1) sinh~ 1 (Sln(ﬂ-lE")) dr

T Jo tan(7r/2)
1t d _, [ sin(x|E|)
T Jo ) ar (tan(wr/?) dr
< - /1 ri=1/p 4 sinh ™! 75111 (W|ED dr
- 7y dr tan(mr/2)

1 .
pmJo tan(7r/2)

-1 ! 2|E
< L/ r~1/Pginh ! (|> d
pm - Jo r

mmﬂ*ﬂ/ﬂW>lr4wd
= ——dr,

™ 0 V1472

where the last three equalities follow again from integration by parts. Combining
the above facts yields the inequality (1.6). O

5. SHARPNESS

5.1. Sharpness of (1.3) and (1.4), d = 1. In the one-dimensional case, if we take
f = xg for some measurable E C R satisfying 0 < |E| < oo, then both sides of
(1.3) are equal. This follows at once from the identity of Stein and Weiss [22]:

2|E|
sinh(rt)’
We turn to (1.3). Fix 1 < p < oo, take E = [—1,1] and consider the function

f R — R given by
-1 T 1/p
flz) = pr <2m|2—1|) sgn .
Let us first compute the LP>*°-norm of f. Observe that
(5.1) f@) =f(1/z) = = f(-2) = = f(=1/x).
Thus, for a given t > 0, we have
{z:1f (@) >t} = (=, —1/2) U (124, 240)

for x; > 1 satisfying f(x;) = —t. The latter equality can be transformed into

Ty :( pt )p
2(z? —1) p—1) "

or 2(z; — ;') = ((p — 1)/pt)P. Consequently, we have that [{z : |f(z)] > t}| =
((p — 1)/pt)P, which implies that f*(t) = (p — 1)t~*/?/p and

/
)= 3 [ rwa=rn o
0

{z eR: [Hxp(z)| >t} = t>0.
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Thus, we have || f||zr.c(ry = 1. The next step in the analysis is to compare f and
‘Hx g, which is explicitly given by

1 1 |z + 1

T | —1]

Hxe(r) =

It is clear that these two functions have opposite signs (f(z)Hxg(z) < 0 for almost
all € R) and are “equimonotone” in the sense that for any x;, 2o € R, we have
|f(z1)] < |f(z2)] if and only if [Hxg(z1)] < [HxEe(z2)|. The latter property follows
from (5.1), the analogous symmetry condition for Hx g and the fact that on [1,00)
both functions are decreasing and nonnegative. Combining all the above facts gives

1
H(H L)+l Lo @) > W/E’Hf(m)dx

V

21,711/1,/}R’Hf(%’)XE(@dCU

:_ﬁ/ﬂgf(x)’}-[x;;(x)dx

-5 [ T @) @)
-1

= pi/ t=Y/Psinh ™! (4/t)dt

2171/pp7-r o
ol—1/p oo 4+—1/p

dt.
™ Jo V1+t?

Thus, both sides of (1.4) are equal.

5.2. Sharpness of (1.3) and (1.4), d > 1. Here the reasoning rests on an appro-
priate transference-type argument. We will focus on (1.4), the argument for the
inequality (1.3) is similar. Clearly, it is enough to deal with the Riesz transform
R; only. Suppose that for a fixed 1 < p < oo and any f € LP»*°(R?) we have

| R1 fl| oo ey < Ol Lo ey

that is, for any Borel set £ C R of finite measure,
(52) [ 1R @)do < €1l fllron B
E

For t > 0, define the dilation operator d; as follows: for any function g : R x R4~1 —
R, we let 6;g(&,¢) = g(&,t¢); for any A C R x R4™1 let 6, A = {(&,1¢) : (€,¢) € A}.
By (5.2), the operator T} := 6; ' o R; o §; satisfies

[ Tir@ae =t [ Riosifs
E 5E

< Ctd_l‘|5tf‘|va°°(Rd)|5t71E|1_1/p-
However, we easily derive that for any r > 0 we have &, f*(r) = f*(rt%~1) and hence
106 f 1] Lp.oo ey = t(lfd)/p||f|\Lp,oo(Rd). Furthermore, |6~ E| = t'~¢|E|, and thus the
above inequality becomes

(5.3) / T, (2)dz < O|[f| oo ey [E[H7.
E
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Now, the Fourier transform F satisfies the identity F = t%~16;, o F o 6, and hence
the operator T} is a Fourier multiplier such that

(52+t§|4|2)1/2f(£7<)7 (&,¢) eRx R,

for f € L?(RY). By Lebesgue’s dominated convergence theorem, we have

lim T, £ (€, ¢) = ToJ (&,€)

T./(€,¢) = —i

in L?(R%), where
(5.4) Tof(£,¢) = —isgn (€) f(£,€).

Combining this with Plancherel’s theorem, we conclude that there is a sequence
(tn)n>1 decreasing to 0 such that T}, f converges to Ty f almost everywhere. Thus,
taking an arbitrary f € L2(R?) N LP°°(R?) and applying Fatou’s lemma together
with (5.3), we obtain

(5.5) /E Ty f(2)dx < C| | o raty BN,

which, by density arguments, extends to all f € LP>°(R?). Now pick a Borel
subset A of R satisfying 0 < |A| < oo, a function g € LP**°(R), and apply (5.5)
to the function f(&,¢) = g(€)x[0,1j¢-1(¢) and the set E = A x [0,1]%"*. We have

[l Lproe may = |gl|Lro ) and To f (€, ¢) = Hg(€)X[o,1)4-1(C), since, by (5.4),
Tof(,¢) = —isgn (€) G(E) X0 (€.

Thus, we obtain

/A Hg(€)AE < C|lgll porme aey | A7,

2l=1/p roo t—1/p . . . . 3 . .
0 7\/Wdt in view of the previous subsection. This

which implies C' >
completes the proof.

5.3. Sharpness of (1.6) and (4.2). Unfortunately, we have been able to prove the
optimality of the bounds only in the case d = 2. If one takes a measurable subset
E of S', then for each ¢ > 0 the distribution function of HT satisfies

{z e S': [H xp(x)| > t}] = %arctan (Sm)

(cf. [22]), which implies that both sides of (4.2) are equal. To handle (1.6), we
proceed as in the proof of the sharpness for the Hilbert transform on the line, with
an aid of an additional limiting argument. Pick an arbitrary x > 1. Then there is
e > 0 such that tan(ws/2) < kmws/2 for 0 < s < e. Let E be an arbitrary subset of
S! of positive measure. There is a function f : S' — R which satisfies

p=l,.-1/p i
" r wr <e,
frr)y=497 .
0 ifr>e.
Furthermore, rearranging this function appropriately, we may assume that its mod-
ulus is “equimonotone” with |H Ty g|; that is, for all s, t € S, we have |f(s)| < |f(¢)]
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if and only if |H xz(t)| < |[HTx£(s)|. Finally, we may change the sign of f on the
appropriate set so that f(z)H xg(x) <0 for almost all € S'. Then

T 1 T
(M f)+||LP~°°(Sl) > |E'11/1’/EH f(z)dz

1
= B /S f@)H e (r)de
1 ! T
- T /0 () (H xp)* (r)dr
= _p=l / r~1/Pginh ! 7SIH(7T|E|) dr
p|E[*Yrr o tan(7r/2)

p—1 S g1 (sin(x|E])
> P ¢inh it Sl el PR B
- p|E|1—1/P7T/O " St KT /2 N

where in the last definition we have used the definition of £ (see the beginning of
the proof). Thus, substituting 7 := r|E| and noting that ||f||1s.« 1) = 1, we get
the estimate

U0t 5 £t [ oo (DY,
fllereoey = pmJo krr|E|/2
Now, if we let |E| — 0, then the right-hand side tends to
—1 [ 2 9l—=1/p oo 4=1/p
pi/ r~YPsinh ™! () dr = —— dt.
pr Jo KT k1I=rg fo T+ £2

by Lebesgue’s monotone convergence theorem. Since x > 1 was arbitrary, we see
that the constant in (1.6) cannot be replaced by a smaller number.
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