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Abstract

Suppose f = (fn), 9 = (gn) are martingales with respect to the same
filtration, satisfying

|fn*fn71|§|gn*gn71|a n=1,2,...

with probability 1. Under some assumption on fy, go and an additional
condition that one of the processes is nonnegative, some sharp inequalities
between the p-th norms of f and g, 0 < p < oo, are established. As an ap-
plication, related sharp inequalities for stochastic integrals and harmonic
functions are shown to hold.

Discipline: Probability Theory and Harmonic Analysis.

1 Introduction
Let (2, F,P) be a probability space equipped with a discrete filtration (F,,),>o-

Let f = (fn), g = (gn) be two adapted martingales taking values in a certain
separable Hilbert space ‘H, with

fo= dfes gn = dgs.
k=0 k=0
We say that f is differentially subordinate to g, if for any nonnegative n we have

|dfi] < |dgn]

almost surely.
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The main interest of this paper is to compare the moments of f and g, if f is
differentially subordinate to g. As proved by Burkholder in [1], for 1 < p < oo
we have the following sharp estimate

1 falle < allgnllp, 7 =0,1,2, ..., (1.1)

where o, = max{p, p/(p—1)} — 1. Furthermore, if 0 < p < 1, the inequality fails
to hold for any finite a,.

But what happens if we add an extra assumption that one of the martingales
f, g is nonnegative? This question was raised and answered by Burkholder in [4]
in the case g > 0. Namely, (1.1) holds for 1 < p < oo and the optimal constant
equals
,_{1/<p—1> if p e (1,2,

P pMPl(p - 1)/2)P7 Vi p e (2,00).

Hence the constant remains the same for 1 < p < 2 and decreases for p > 2.

We continue this line of research in two directions. The inequality (1.1) fails
to hold if p € (0,1) and g > 0. But it turns out that the reverse one is true, if
the differential subordination is replaced by a slightly different condition.

Theorem 1.1. Suppose [ is a martingale taking values in H and g is a nonneg-
ative martingale. Assume that for some deterministic 3 > 0 we have

Blfol 2 g0 and |df,| <|dgn|, n=1,2,...,
with probability 1. Then for p € (0,1),
[ fallp = Cpllgnllp, n=0,1,2..., (1.2)

where Cp, 5 =0 if 3 > 1 and

1/p

B p(1=8) "7 201+ 8)(1—p) +p’
Crr = [(Q(Hﬁ—p)) p(1+ 08 —p)

if B < 1. The inequality is sharp if 23 > p.

By sharpness we mean that for any C' > C, 3, there exists a pair (f,g)
satisfying the assumptions of the theorem and an integer n for which we have

[l < Cllgn]lp-
The second result we obtain is the following.

Theorem 1.2. Suppose g is H-valued martingale and f is nonnegative and dif-
ferentially subordinate to g. Then for 0 < p < oo,

||fn||p§0p||gn||p7 n:07 L 2 et (13)



where

00 if pe (0,1)
o 1 ifp=1,
o) PR/(p -1 ifp e (1,2),

p—1 if p€[2,00).

The inequality s sharp.

Therefore, compared to the general case, the constant decreases for p € [1,2).

Let us comment upon the method of the proof. In [1] (see also [2]) Burkholder
proves the inequality (1.1) for general f, g constructing quite complicated special
function U, satisfying some convex-type properties. It turns out that a certain
integration trick is available, which enables to build U, from much simpler func-
tions and to reduce significantly the complexity of the proof (cf. [5]). In [4], the
proof of the inequality (1.1) for nonnegative g follows the same pattern and the
special function U, is even more complicated than U,. In this paper we discover
integral identity which expresses U, in terms of much simpler objects. Related
identities yield special functions leading to the inequalities (1.2) and (1.3).

The paper is organized as follows. In the next section we introduce the simple
special functions, study their properties and present the crucial integral identities.
Section 3 contains the proof of Theorems 1.1 and 1.2. The last two sections are
devoted to applications of these theorems to stochastic integrals and harmonic
functions on Euclidean domains.

2 The special functions

For a fixed number s > 1, consider a set D given by

1
D:{(x,y)6Ri:y§min(az+1,s+1—x)}.
S_

Define functions u; s : H X Ry = R, ugs : Ry X H = R, s : H x Ry — R by

5= 2 2 2 2s .
wn (1, y) = (| —y?) — el + 2y it (||, ) € D,
| ! it (|2],y) ¢ D,
s=1/..2 2
wsley) = 5 i (2. |y) € D,
%~ wpalyl +1 if (=, lyl) ¢ D,

Si(al? =) + Jhy — Sl + 1 i



It is easy to check that these functions are continuous. Furthermore, let ¢y 5, 11 5,
¢2,87 ¢2,87 ¢oo,s, 1/]00,3 be deﬁned by

2(s—1 2(s—1 s .
(roles) el g)) = o~ ST+ ) (el €D,
SN/ AT (0,0) if (|z|,y) € D,

2(5_1).% _2(s—1) :
) y) if (l’, |y|) € D7

<¢275<I, y)v wQ,S(x7 y)) = ( .= S . 3
(-2 1yl € D,
(0,0) if (y,|z|) € D,

(Qboo,s(l’, y)? wOO,S(‘r7 y)) - s— S S— .
(Bt = 250 =25y + 25) it (ylal) € D,

where ' = z/|z| for x # 0 and 2’ = 0 if 2 = 0.

The key properties of the functions above are described in the following lemma.

Lemma 2.1. Let s > 1 be a fired number.
(i) We have

ul,s(xay) S 17 (21)

2 2s
- 1 2.2

U2,s (I, y) <

s—1
<ST 2,2

(ii) Suppose x, h € H, y, y+k >0 and |h| < |k|. Then

2s
— 1. 2.3
y— sl + (23)

ul,s(l‘ + ha ) + k) S ul,s(xa y) + ¢17S(I7 y) : h + wl,s(l‘7 y)ka (24)

Uoo,s(T + 0,y + k) < oo s(T,Y) + Boos (T, ) - b+ Yoo s (2, ). (2.5)
Suppose x, x+h >0,y, k€ H and |h| < |k|. Then

Up s (T + hyy + k) < ups(w,y) + Gos(z,y)h + o s(2,y) - k. (2.6)

Proof. (i) It is easy to see that the inequalities (2.1), (2.2), (2.3) are equivalent and
therefore it suffices to prove the first one. To this end, note that for (|z|,y) € D
the partial derivative of u;  with respect to y equals

2(3—1)( s
s+1 ‘*s—1

—y) =0

and the inequality follows by the continuity of w; ;.

(ii) This is done by a well-known procedure (cf. [2], [3], [4]). Consider a
function

G15(t) = uy s(x + th,y + tk),
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defined on {t : y +tk > 0}. The inequality (2.4) is equivalent to
GLS(l) < GLS(O) + Gll,s(o)

(with (G1,5)(0), (G1,5),(0) or 0 instead of G ((0) if the latter does not exist)
and will follow once we have established the concavity of G 5. Consider the sets

Eis={t:(Jx+thl,y+tk) ¢ D}, Fis={t:(lx+th|,y+tk)e D} (2.7)
On FE;, we have G;, = 1, which is clearly concave, while on F};, Gy 4(t)
equals

2 2s
th| + —— tk
5+1’$+ ’+S+1(y+ )

s—1
s+1

1
(|hJ2 = k2)2 + zﬁﬂxﬁ 4 2tah—y? — 2tyk] —

and concavity follows from |h|? < k% and concavity of the function ¢ — —|z +th]|.
It remains to note that E) s, F s are intervals and, by (2.1), G(¢) <1 on Fi .
For the functions us 5, s s the argument is essentially the same; we introduce
the functions Ga s and G s in the similar manner and reduce the proof of (2.5),
(2.6) to the concavity of these functions. The concavity is clear on the sets
Ess, Fos and Eo s, Fi s, defined as in (2.7), and the inequality for one-sided
derivatives follows from (2.2), (2.3). The sets Es s, Ew s may happen to be a sum
of two intervals, but this does not change the argument. O]

Now let us introduce the special functions corresponding to the moment in-
equalites. For p € (0,1), x € H, y > 0, let

Upaliny) = P PIE P L) /OOO 0ty O, (28)

while for p € (1,2), x > 0, y € H,

Upulay) = P 1C PG D /0 Ty (el (29)

Finally, for p € (2,00), x € H, y > 0, set

pp =D =2)(s + 1) /Oo L (x/t,y/t)dt. (2.10)

Up,S ('ZC7 y) - 2 0

The formulas for U, ; are as follows. Suppose p € (0,1). If y < s|z|, then

s—1
s+1

)p_ (1ol + 1) [y(s = 1+ p) + lal (5 — sp — 1)].

el = (
while for y > s|z|,
Ups(,y) = (y = z))P Hy(s +1 = p) + |zl(sp — s — 1)].
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In case p € (1,2), if |y| < sx, then

s—1
s+1

Upa(.y) = ( ) et Iy Iyl (= — p+ 1) + a(sp— s+ 1],

while for |y| > sz,

Ups(,y) = (lyl =) [lyl(p — s — 1) + 2(s — sp + 1)].
Finally, let p € (2,00). Then, if sy < |z|,

Ups(,y) = (lz] =) y(sp — s = 1) + |2[(s — p +1)]
and for sy > |z,

s—1
s+1

>,,_ (1ol + 1) [y(s = ps — 1) + Jal(s + p — 1)].

mmww)z(

The following functions will also play a role. If p € (0,1) and s > 1, let V}, :
H x R, — R be given by

‘/p,s<xay) = (S +1- p) [yp - Kp,8|x’p}
and for p € (1,2), s > 1, define V,, s : R, x H — R by

Vos(z,y) = (s + 1= p)[ — [yP + K, 7).

P s—1\""! P
) s+1—p

We will need the following fact about the functions defined above.

Here

Lemma 2.2. Suppose p € (0,2), p# 1 and s > 1. Then
Ups 2 Vp,s- (2.11)

Proof. 1t suffices to prove the inequality in the special case H = R. Consider the
functions F, G : (0,1) — R given by

F(t) = V;D,s(tv 1- t)’ G(t) = Up,s<tv 1— t)'

The function F is convex on (0,%;) and concave on (o, 1) for some ¢, € (0, 1),
while G is concave on (0, (s 4+ 1)7!) and linear on ((s+ 1)~!,1). Moreover,

F(0) = G(0), F'(0) < G'(0), F(S%) —6(- i ) and (- i =c'(- i )

Thus F' < G, which yields (2.11) by homogeneity. O

Remark 2.1. If z = 0 or 2|y| = (s — 1)|z|, then we have U, s(z,y) = V, s(z,y).
This is a consequence of F(0) = G(0) and F'(2/(s+ 1)) = G(2/(s + 1)).

6



3 The proofs of the theorems

The inequalities (2.4), (2.5), (2.6) yield the following estimates.
Lemma 3.1. Let s > 1 and suppose f, g are martingales satisfying
ldf| <|dgn| n=1, 2, ...

with probability 1.
(i) Suppose f is H-valued and g is nonnegative. Then

Eul,s(fn;Qn) S Eul,s<f07g(]>7 n= 07 17 27 R (31)

(i1) Suppose f is H-valued and g is nonnegative. Furthermore, assume that
both f and g are square integrable. Then

Euoo,s(fnagn) S Euoo,s(f(]?g(]>7 n= 07 17 27 s (32)
(#11) Suppose f is nonnegative and g is H-valued. Then
EuQ,s(fnagn) S ]Eu2,s<f07gﬂ)7 n = 07 17 27 R (33)

Proof. We will only prove (i), the remaining statements can be established in the
same manner. It suffices to show that for any 1 < k < n,

Eus(fr, 9x) < By o(fr1, gr—1)- (3.4)
Since |dfy| < |dgx| almost surely, the inequality (2.4) gives
U1 s (fro gk) < v s(fr1s Go—1) + O1,s(fo—1, Gr—1) - dfic + ¥1s(fr—1, Gr—1)dGi-

Both sides of the inequality above are integrable; taking the conditional expecta-
tion with respect to Fi_1 gives

Eluwr s(fr, ge) | Fr-1] < wrs(fre1, gr—1)-
This implies (3.4) and completes the proof. H

Proof. of the inequality (1.2). If 8 > 1, then C, s = 0 and the inequality is trivial.
Assume that § < 1. The identity (2.8) together with Lemmas 2.2 and 3.1 yield

(3 + 1— p)E[Qﬁ - Kp,s|fn‘p] = ]E‘/p,s(fna gn) S EUp,s(fm gn) S EUp,s(an gO) (35)

for any n. Now set
1 _
et/ Y
1+8—p
Then EU, s(fo,90) < 0, which follows from the fact that for x € H, y € Ry
satisfying B|x| > y we have

Up7s(x7y) < Up,s($7ﬁ|x|) = C[B(S —1 +p) +5—sp— 1] = 07

for a certain nonnegative c. To complete the proof, note that K, = C, g. O
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Proof. of the inequality (1.3). It suffices to prove the inequality for p € (1,2),
as for p < 1 it is trivial and for p > 2 it holds for general f, g. We proceed as
previously. The identity (2.9), Lemmas 2.2 and 3.1 give

(8+1_p)E[_|gn|p+Kp,sfr};] - Evp,s(fmgn) S EUp,s(men) S EUp,s(f0790) (36)

for any n. Now the choice s = p implies EU, s(fo,90) < 0, since U, ,(z,y) < 0 if
x < |y|. All that is left is to observe that C;? = K, . O

Remark 3.1. For p > 2, the function U, , can be used to establish the inequality
(1.1) for H-valued f differentially subordinate to g > 0 (with the optimal constant
ay,). In [4], Burkholder uses a slightly different function

Up,p(xay) if (p— 1)y < 2[z|,

_ —1 .
p(5H)" lylP = |zlP if (p— 1)y > 2[x]

U;($7 y) = {

and proves EU, (fn, gn) < EU}(fo,90) < 0 by showing an inequality analogous to
(2.4)—(2.6). Our approach (identity (2.10)) enables to avoid technical computa-
tions.

Remark 3.2. The inequalities (3.5), (3.6) can be used to obtain variations of
(1.2), (1.3), involving the initial variables fy, go. For example, assume that f
is H-valued and differentially subordinate to a nonnegative g with |fo| = go. If
0 < p < 1, then (3.5) yields

2 (s =12 =P e
EE=mm

(8—1)p_1 p
]Ep< |: E np
I R [l

for any s > 1. Take s — oo to obtain

P\ /P
lgally <2 (1=2) " 11l

Sharpness. This will be shown in a few steps. Assume H = R.
Step 1. Let us consider the following process, a modification of the one used
by Burkholder in [4]. Let s > 1, § € (0,1) be fixed and set

20 \n 1-0)(s—1 n
s—1 (140)(s—1+20)
forn =0, 1, 2, .... Consider a Markov chain H = H(p, s,d) with values in R,
starting from (1, s), such that forn =0, 1,2 ...,
1
P(Hopi1 = (2(1 — 0), 2,(s + 0))|Hap = (20, $T)) = ——,
1496
P(Hyusr = (2, (5 — 1)) oy = (1, 52,)) = —
= (2z,, (s — 1z = (2, 81y)) = ——
2n+1 ny n 2n n n 1+5a



P(Honso = (0, 2(s — 1+ 26))| Hons1 = (2n(1 — 8), zn(s +8))) = 5(s+1)

s—1+4+20’
_ _ _(1=6)(s—-1)
]P(H2n+2 - ($n+1>5$n+1)|H2n+1 - (xn(l 5)73371(8 + 5))) - s—1+ 25

with the further condition that all the states lying on the lines 2y = (s — 1)z and
x = 0 are absorbing. Then the processes F' = F(p,s,d), G = G(p, s, 9), defined
by H, = (F,,G,), are martingales such that for n > 1, dF,, = +£dG,.

Step 2. Now we will show that the sequence (EU, s(H,,))n>0 is almost constant.
For any nonnegative integer n, let A, = {H,1 # H,}. Note that

Agy, = {Hay = (2, 570) }, Aoni1 = {Hont1 = (zn(1 —9), z(s+0))}.

Lemma 3.2. Let n be a nonnegative integer.
(i) We have P(Asy,) = pn.
(ii) The following equalities hold true.

EUp,s(Hant2) = EUp,s(Hant1), (3.7)
EUp,S(HQR_i_I) == EUP’S<H2n> — ZL‘%R((S) . ]P)(Agn), (38)
for some function R = R, s : Ry — Ry satisfying R, s(9)/6 — 0 as 6 — 0.

Proof. (i) We have P(Ag) = 1 = py and P(Agy|Aox_2) = py for any k > 1.
(ii) On the set As,41, the variable Ha, o takes values

20 20
(0,2, (s—1429)) and (241, STpi1) = (l‘n(l-i- 1),xn(s—1+25)+xn(1+—1)>.
s — 5 —
But the function t — U, (¢, z,(s —1429) + ) is linear on [0, z, (1 +26/(s —1))];
this proves the first estimate. For the second one, the argument is similar: on
A2n7

Hop1 € {(2zp, (s — Day,), (2(1 = 9),2,(s+9))}, Hopn = (2, s21)

and the function ¢ — U, s(z,, +1t, sz, — t) has a continuous derivative on (—0, z,,)
and is linear on [0, x,]. It remains to use the fact that U, is homogeneous of
order p to get the special form of the remainder. n

Step 3. Let us study the following estimate.
EV, s(Ha,) + cEFY > EU, s(H). (3.9)

Lemma 3.3. Let € > 0 be fized.

(i) Suppose p € (0,1) and s > 1. Then there exists 6 > 0 such that the
inequality (3.9) holds for large n.

(ii) Suppose p € (1,2). Then there exist s < p and 6 > 0 such that the
inequality (3.9) holds for large n.



Proof. Outside Ay, the variable Hs, takes values on one of the lines 2y = (s—1)z,
x = 0. Since Uy, V, s coincide on these lines, we have, by Lemma 3.2,

]E‘/p,s(HQn> — ]EUp,s(H2n) + ]P)(AQn)[‘/p,s(Ina an) - Up,s<xn7 an)]

n—1
= EU,.(Ho) — R(6) > ahpr — - alpy, (3.10)
k=0
where ¢ = =V, 5(1,s) + U, 5(1,5) > 0.
On the other hand, we have

n—1
E£;2§:@%W
k=0

n—1
15anpn = 2_1ézrk, (3.11)
k=0

where

25 \r-1 1—
5)p- 0 (3.12)

s—1 1+46
(i) Fix e > 0, p € (0,1) and s > 1. By (3.11), there exists d such that

r=r() =alp = (1—1—

—1
Z o< P0p g < Cmp, (3.13)
k=

for any n. Furthermore, since p < 1, we have r(d) < 1; hence czfp, = cr
ed/4 < 27'eEFY, for large n. Combining this estimate with (3.10) and (3.1
yields (3.9).

(ii) Fix e > 0 and p € (1,2). We have r'(0) = 2(p — s)/(s — 1), so there exists
s € (1,p) and 0(¢) such that if § € (0,0(¢)), then 1 < r(d) < 1+ed/8c. Then, by
(3.11),

"<
3)

2(r—1
cxbp, = cr" <c[ (7”5 )EF§n+1 gZEF§n+1<2EFp

2n»

if n is large enough; the latter inequality follows from EF} — oo as n — oco. We
conclude the proof by the observation that (3.13) holds for sufficiently small ¢,
and applying (3.10). O

Step 4: the sharpness of (1.2). Let B € (p/2,1), 6 >0, ¢ > 0 and set

1+ 06— 28 —s+1
_1+p 6p>1 28— s+

= , a= < 1.
1+8—p 1+

The inequality p < 20 implies @ > 0. Consider martingales F = (F},)n>_1,
G = (Gp)n>—_1 satisfying

(I) Foy =2 —a, G_1 = a+ s — 1 almost surely,
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(1) P((Fo, Go) = (1,8)) = a =1 —P((Fo, Go) = (2,5 — 1)),
(III) on {F, = 2}, the process (F),, G,) is constant,

(IV) on {Fy = 1}, the conditional distribution of the process (F,,G,) is the
distribution of H(p, sd) constructed in the Step 1.

By the choice of a, we have fF_; = G_; and EU, ;(F, Gy) = 0. Clearly,
EV, s(Fon, Gon) = EV,, s(Fon, Gon) X{ro=1} + EVp s(Fon, GQn)X{FO:Q}-
On the set {Fy = 1} we can use Lemma 3.3: a proper choice of § and n implies
EVp s(Fon, Gon) X (=1} + eEF5, x(m=1} = EU, s(Fo, Go)X{ro=1}-

On the set {Fy = 2} the pair (Fy,, Gon) = (Fo, Go) lies on the line 2y = (s — 1)z,
which implies V), s(Fopn, G2n) = U, s(Fo, Gp). Combining these two facts we get

E‘/L,S(an, ng) + Z‘:EFQpn Z EUP’S(F(), Go), (314)
SO £

This proves that (1.2) is sharp. For the case 3 > 1, observe that C, 3 is nonin-
creasing as a function of 3 and Cp3 — 0 as 3 1 1.

Step 5: the sharpness of (1.3). The cases p < 1, p = 2 are trivial; for p > 2,
we use the example on page 669 of [1]. The only case left is p € (1,2).

For ¢ > 0, let s € (1,p) and 6 > 0 be the numbers guaranteed by Lemma 3.3.
Consider martingales F, G satisfying (I) — (IV) with a = (3 —s)/2. Using similar
arguments as above, (3.9) leads to the inequality (3.14), valid for large n. Since
EF), — oo, we have EU, ((Fy, Go) > —cEFY for large n, which combined with
(3.14) implies

2e
EGE < (K4 ——
2n—( P, +$+p—1
Therefore C, is the best possible in (1.3).

JEF}, < (C,7 +2¢)EFY,.

4 Sharp inequalities for stochastic integrals

Suppose X = (X});>0 is a martingale on a complete probability space (2, F,P),
which is filtered by a nondecreasing right-continuous family (F;):>¢ of sub-o-fields
of F. In addition, assume that F; contains all the events of probability 0. Let YV
be the Ito integral of H with respect to X, where H is a predictable process:

Y, = Ho Xy + HydX;.
(0,¢]

The continuous-time versions of Theorems 1.1, 1.2 are stated below.
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Theorem 4.1. Suppose p € (0,1), X is nonnegative and for any t > 0, the
variable Hy takes values in a closed unit ball of H. If B > 0 satisfies P(5|Ho| >
1) =1, then for any t > 0,

[Yillp = Copll Xellp (4.1)
and the inequality is sharp if p < 2.

Theorem 4.2. Suppose p € (0,00), X is nonnegative and H takes values outside
the open unit ball of H. Then for any t > 0,

1 Xillp < CpllYill (4.2)

and the inequality is sharp.

The proof of the inequalities (4.1), (4.2) follow from (1.2), (1.3) by discretizing
argument; see [3], where an analogous submartingale inequality follows from the
corresponding discrete-time version. The sharpness follows from the fact that the
constants C), g, C), are the best possible in (1.2), (1.3) in the case when f is a
transform of g.

5 Inequalities for harmonic functions

In this section we study harmonic extensions of inequalities (1.2), (1.3). Let N
be a fixed positive integer and D be an open connected subset of RY. Fix £ € D
and consider two harmonic functions u, v on D, taking values in certain Hilbert
spaces H, K. Suppose u is differentially subordinate to v, that is

|Vu| < |Vov|  on D.

Let Dy be a bounded subdomain of D with £ € Dy C DyUdDy C D. Let u%o
stand for the harmonic measure on 0D, with respect to ¢ and

p £ 1/p
lellowy = | | a2l (d=)] 0 <p<oo
0

The norm inequalities for smooth functions can be stated as follows.

Theorem 5.1. Let u, v, Dy be as above.
(i) Assume that p € (0,1) and v is nonnegative. Then

[lullpo.p = Cppllvl]Do p (5.1)

where 3 = v(&)/|u(§)].
(11) Assume that p € (0,00), u is nonnegative and u(§) < |v(€)|. Then

[lullDop < Collv]| Do p- (5.2)

12



Proof. We will prove only the first part, the second one can be established simi-
larly. As C, 3 =0 for 3 > 1, we may assume that 3 < 1. Let

]_ _
s_1tB=Fp
1+8—p

It is easy to check that the function u (u,v) is superharmonic. Therefore

[ e, v (02) < (€, 0)

Applying the identity (2.8) we obtain

/D Uy a(u(2), 0(2))iy, (d2) < U a(u(€), () = 0,

since Blu(§)] = v(§). It suffices to use the inequality (2.11) to get (5.1). O

Acknowledgement: The results were obtained while the author was visiting
Université de Franche-Comté in Besangon, France.

References

[1] D. L. Burkholder, Boundary value problems and sharp inequalities for mar-
tingale transforms, Ann. Probab. 12 (1984), 647-702.

[2] D. L. Burkholder, Ezplorations in martingale theory and its applications,
Ecole d’Ete de Probabilits de Saint-Flour XIX—1989, 1-66, Lecture Notes
in Math., 1464, Springer, Berlin, 1991.

[3] D. L. Burkholder, Strong differential subordination and stochastic integra-
tion, Ann. Probab. 22 (1994), 995-1025.

[4] D. L. Burkholder, Some extremal problems in martingale theory and
harmonic analysis, Harmonic analysis and partial differential equations
(Chicago, IL, 1996), 99-115, Chicago Lectures in Math., Univ. Chicago
Press, Chicago, 1L, 1999.

[5] A. Osekowski, Inequalities for dominated martingales, Bernoulli 13 Vol. 1
(2007), 54-79.

Department of Mathematics, Informatics and Mechanics
Warsaw University

Banacha 2, 02-097 Warsaw

Poland

email: ados@mimuw.edu.pl

13



