A WEIGHTED MAXIMAL WEAK-TYPE INEQUALITY

ADAM OSEKOWSKI AND MATEUSZ RAPICKI

ABsTRACT. Let w be a dyadic A, weight (1 < p < co) and let MZ be the
dyadic Hardy-Littlewood maximal function on R?. The paper contains the
proof of the estimate

w({z € RE: M2 f(z) > w(z)}) < Cplula, / \flda,
Rd

where the constant C), does not depend on the dimension d. Furthermore, the
linear dependence on [w}AP is optimal, which is a novel result for 1 < p < oco.
The estimate is shown to hold in a wider context of probability spaces equipped
with an arbitrary tree-like structure. The proof rests on the Bellman function
method: we construct an abstract special function satisfying certain size and
concavity requirements.

1. INTRODUCTION

Let M be the Hardy-Littlewood maximal operator, acting on locally integrable
functions on R? by the formula

(1.1) M (@) =sup {{IfJoxe() },
where the supremum is taken over all cubes Q C R? with sides parallel to the axes,

and (f)g = ﬁ fQ fdx denotes the average of f over (). A celebrated result of

Fefferman and Stein [2] established in 1971 asserts that if w is an arbitrary weight
on R?, i.e., a nonnegative, locally integrable function, then

(1.2) w({z e R : M f(z) > 1}) ng/Rd|f|dex.

Here we use the notation w(E) = [, wdz for the measure associated with w and
the constant C; depends only on the dimension d. This immediately yields the
corresponding weak-type one-weight bound

(1.3) wlfe € RY: M f(2) 1)) < Cafula, [ Iflude

under the assumption that the weight w satisfies the so-called A; condition

[w]a, = esssup Mw/w < 0.
Rd

The estimates (1.2) and (1.3) play an important role in harmonic analysis, in par-
ticular, they can be used in the study of vector-valued maximal functions (cf. [2]).
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They have also been extended to the setting in which the maximal function M is
replaced by a general Calderon-Zygmund singular integral operator (cf. [3, 4, 5]).

There are dual counterparts of the estimates (1.2) and (1.3), see e.g. the work
of Lerner, Ombrosi and Pérez [4, Proposition 2.1]. For a related statement, consult
Muckenhoupt and Wheeden [6, Theorem 3|. The strong version is

(1.4) w({z eR?: Mf(z) > Mw(z)}) §C’d/Rd|f|d:L',

where w is an arbitrary weight and C; depends only on the dimension. The weaker
inequality concerns A; weights and reads

(1.5) w({z e RY: Mf(z) > w(z)}) < Calwla, /R \f|da.

The primary goal of this paper is to study the version of (1.5) in the less re-
strictive context of A, weights. Recall that a weight w satisfies Muckenhoupt’s
condition A, (or belongs to the class A,), if the A, characteristic of w, given by

(1.6) [w]a, = sgp<w>Q<w”<1*P>>g—1,

is finite. Actually, we will study the estimate (1.5) in the dyadic context. Recall
that the dyadic maximal function M7 is defined by the same formula (1.1) as for
the usual maximal operator, but the supremum is taken over all dyadic cubes @
contained in R?; similarly, a weight w satisfies the dyadic A4, condition, if its A,
characteristic [w] Ad, given by (1.6) (with the supremum taken over all dyadic cubes
Q C RY), is finite.

We will prove the following statement.

Theorem 1.1. Let 1 < p < oco. Then for any dyadic A, weight w on R? and any
locally integrable function f:R? — R, we have

(1.7) w({z eR: M7 f(z) > w(z)}) < er[w]Ad/ |f|dx.
p ]Rd
The linear dependence on the A, characteristic is optimal.

It should be emphasized that the multiplicative constant 2ep appearing in (1.7)
does not depend on the dimension. Actually, we will prove the above statement in a
much more general setting: we will study the estimate in the context of probability
measures equipped with a tree-like structure. Here is the precise definition.

Definition 1.2. Suppose that (X, i) is a nonatomic probability space. A set T of
measurable subsets of X will be called a tree if the following conditions are satisfied:

(i) X € T and for every @ € T we have u(Q) > 0.

(ii) For every @ € T there is a finite subset C(Q) C T containing at least two
elements such that
(a) the elements of C(Q) are pairwise disjoint subsets of @,

(b) @ =UC(Q).
(iil) T = Upso 7™, where 7° = {X} and 7" = Jgerm C(Q).
(iv) We have lim,, o supge7m p(Q) = 0.
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All the objects introduced above in the dyadic setting can be generalized to the
probabilistic context, simply by replacing 2, the family of dyadic cubes in R?, with
T and (R?, |- |) with (X, i). The associated maximal operator M%7 is given by

MET = sup (/) auxa):
QeT

where (f)o, = (n(Q))~! fQ fdu is the average of f over @) with respect to the
measure p. Furthermore, the A, characteristic of a weight (i.e., a positive and
integrable random variable) w on X is given by

[w]a, = sup (w)q,. (w75
QEeT ’

Our main result can be stated as follows.

Theorem 1.3. Let 1 < p < oo and let (X, u) be a probability space with a tree
structure T. Then for any A, weight w on X and any integrable random variable
f we have the estimate

(1.8) w({reX: MYT f(x) > w(z)}) < 2ep[w]a, /X |f]dp.

The linear dependence on the A, characteristic is optimal for each individual triple

(X, T, 1.

Let us stress here that we do not impose any regularity condition on 7: for
any element @ of 7 and any child Q" of @, the ratio u(Q’)/pu(Q) need not be
bounded away from 0 or 1. It is easy to see that the above result is an extension
of Theorem 1.1. Indeed, given a dyadic lattice &, we pick an arbitrary base cube
Q € 2 and consider the probability space (@, |- |/|Q|) equipped with the dyadic
tree. Now, any dyadic A, weight w on R?, when restricted to @, becomes the
probabilistic weight with the characteristic less or equal to [w]a, and hence (1.8)
holds true. Multiplying both sides by |Q| and letting |Q| — oo gives (1.7).

A few words about the proof of the inequality (1.8) are in order. Our approach
will make use of a certain novel aspect of the Bellman function method, a powerful
tool used widely in harmonic analysis and probability theory. This technique has
its origins in the theory of optimal stochastic control, and its connections with other
areas of mathematics were firstly observed by Burkholder, who used it to identify
the unconditional constants of the Haar system. Soon after the appearance of [1],
Burkholder’s arguments were extended by a number of mathematicians to investi-
gate numerous estimates for semimartingales: see e.g. [9, 10] for an overview. In
the nineties, the seminal paper [7] by Nazarov and Treil (inspired by the preprint
version of [8]) pushed the technique towards applications in harmonic analysis;
since then, the method has been used in many contexts, including BMO inequali-
ties, weighted estimates and many more. Roughly speaking, the Bellman function
method relates the validity of a given estimate to the existence of a certain special
function which enjoys appropriate size and concavity conditions.

The following important comment is worth emphasizing. Typically, the Bellman
function is quite complicated and its discovery, as well as the verification of the
required properties, is quite an elaborate issue. Our approach will enable us to
overcome this difficulty: we will obtain an abstract, non-explicit formula for the
Bellman function corresponding to (1.8). This argument was motivated by a sim-
ilar phenomenon which occurs in the classical, well-understood context of Haar
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multipliers on the interval [0,1]. We strongly believe that this novel argument is
applicable in a number of related results in the area.

The next section is devoted to the explanation of the above idea of obtaining
abstract Bellman functions for weak-type estimates from the corresponding objects
coming from LP estimates. Section 3 contains the detailed exposition of the Bellman
function method in the context of maximal operators M7 . In the final part
we provide the proof of Theorem 1.3. In particular, the optimality of the linear
dependence on [w]4, in (1.8) will be handled at the very end of the paper, by
providing appropriate examples.

2. A MOTIVATING EXAMPLE

Let (hy)n>0 be the standard Haar system on [0, 1), i.e., the collection of functions

given by ho = X[0,1), h1 = X[o,1/2) — X[1/2,1), P2 = X[o,1/4) — X[1/4,1/2); h3 =
X[0,1/2) — X[1/2,1), and so on. Suppose further that V' : R? = R is a fixed function
and assume that we want to establish the inequality

(2.1) / 1% (Z akhk,Zekakhk> dz<0 n=0,1,2,...,
[0,1) o

k=0
for any sequence (ay)r>o of integers and any sequence (e)r>o of signs. For ex-
ample, the choice V(z,y) = [y|? — CPlz[’ (where 1 < p < o00) is related to the
unconditionality of the Haar system; the choice V(z,y) = Ax|yj>1 — C|z| leads to
weak-type estimates for Haar multipliers.
The key to handle (2.1) is to consider the class of all functions B : R? — R which
enjoy the following conditions:

1° (Initial condition) B(x,+x) < 0 for all z € R;
2° (Majorization) B >V on R?;
3° (Concavity-type property) B is concave along any line of slope +1.

The existence of a function B with the above properties implies the validity of (2.1).
Indeed, by Jensen’s inequality, the concavity 3° gives that for any n > 0 we have

1 n+1 n+1 1 n n
/ B (Z akhk,Zekakhk> dx S / B (Z akhk,Zekakhk> dx.
0 k=0 0 k=0

k=0 k=0

Combining this with 2° and finally 1°, we get
1 n n 1 n n
/ Vv (Z arh, Zekakhk> dx < / B ( arh, Zekakhk> dx
0 k=0 k=0 0 k=0 k=0

1
S/ B(ag, eag)dx < 0.
0

The important feature of the approach is that the implication can be reversed: if we
know a priori that the estimate (2.1) holds, then the corresponding special function
B exists (one can actually write an abstract formula for it).

For example, consider the L? bound

n n
E exarhy E arhy
k=0 k=0

2
<
L2

, n=0,1,2 ....

2
L2




A WEIGHTED MAXIMAL WEAK-TYPE INEQUALITY 5

This follows at once from the orthogonality of the Haar system, but let us apply
the above approach. The corresponding function V, i.e., the one which transforms
the L? bound into (2.1), is given by V(x,y) = y*> — 22, and it turns out that B =V
is the corresponding special function. Let us see what happens for the weak-type

(1,1) estimate
{JJ € [0, 1) : Zekakhk(x) > 1} Zakhk
k=0 k=0

for n =0, 1, 2, .... This inequality is of the form (2.1), with V(z,y) = X{jy|>1} —
C|z|, and using the above approach, Burkholder showed the estimate with the
optimal constant C' = 2. The special function B is slightly more complicated:

<C

)

Lt

y? - if |z 4yl <1,

B(z,y) =
(@y) {12|x| if |z] + [y| > 1.

For some more or less formal arguments which lead to the discovery of this function,
see e.g. [9, 10]. For our further considerations concerning the estimate (1.8), let us
make here some important observations. We see that B is built of two components:
if (x,y) is close to (0,0), then it coincides with the special function corresponding
to the L? estimate; for remaining (z,y), it is an affine expression (in |z|), which
is almost equal to V. One easily checks 1° and 2°; to verify 3°, one rewrites the
above formula as

min {y2 -1 - 2|m|} if |z <1,

(2.2) B(z,y) = _
1— 2] if |x| > 1,

from which it is clear that the concavity holds: both (z,y) — y? — 22 and (z,y) —
1—2|z| are concave along the lines of slope +1, and hence so is B, being essentially
the minimum of the two.

As we will see in Section 4, the inequality (1.8) can be efficiently studied in a
similar manner: it will be handled with a certain Bellman function given as the
minimum of special functions associated with LP estimates and the appropriate
affine expressions. More precisely, we will proceed as follows: first we will recall a
certain weighted LP estimate for maximal operators; this will give us the existence of
the associated Bellman function 8. Then we will take an appropriate modification
of the formula (2.2), with the term y? — 22 replaced with 9B, to obtain the function
for the weak-type estimate.

3. BELLMAN FUNCTION METHOD FOR MAXIMAL OPERATORS

We return to the context of arbitrary probability space (X, pu) equipped with
a tree-like structure 7. Let ¢ € [1,00), p € (1,00) be given parameters and let
V :]0,00)> — R be a fixed function. Suppose further that we are interested in
showing the estimate

(3.1) /X V(f, MXTy, w)du <0

for any integrable function f : X — [0,00) and any A, weight w on X satisfying
[w]a, < c. Here the probability space (X, 1) and a tree structure 7 are also allowed
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to vary. To handle this problem, consider the four-dimensional domain
D=D,.= {(a@y,u,v) €[0,00)* 2 <y, 1 <urP ' < c}

and consider the class of special functions B : D — R which enjoy the following
structural properties.

1° (Initial condition) We have

(3.2) B(z,xz,u,v) <0 if (x,x,u,v) € D.
2° (Majorization) If 0 < z < y, then

(3.3) B(x,y,u,u/ P > V(x,y,u).

3° (Concavity-type property) Let A1, Ag, ..., Ap > 0 be nonnegative numbers
summing up to 1 and let (z,y,u,v), (x1,y1,%1,01), -« (Tm,Ym,Um,Vm) be el-
ements of D enjoying the following conditions: we have y; = max{z;,y} for all
j=1,2,...,mand

m m m
Tr = E )\kxk, u = E )\kuk, v = E /\k'Uk~
k=1 k=1 k=1

Then we have

(34) B(xayauvv) > Z)‘kB(mkaykaukvvk)'
k=1
In what follows, we say that a function f on X is 7-simple, if it is measurable
with respect to the o-algebra generated by 7 for some integer N.

Theorem 3.1. Let 1 < p < oo be fized. If there is a function B satisfying 1°, 2°
and 8°, then (3.1) holds true for any probability space (X, pu) with a tree T, any
T-simple function f : X — [0,00) and any T -simple weight w € A, satisfying
[w]a, < c.

Proof. Fix (X,p), T and any f, w as in the statement. We split the reasoning into
three intermediate parts.

Step 1. Auziliary notation. For any n > 0, define the functions f,, g,, w, and
zn on X as follows: if w € X and Q = @Q,(w) denotes the unique element of 7"
which contains w, then

Folw)=(Haou  gn(w) =maxfi(w), wn(w)=(w)ou, 2(W) = (W) .

It is easy to see that (f,,, gn, Wy, 2, ) takes values in the set D: this is the consequence
of the inequality [w]a, < c.
Step 2. Monotonicity. Now we will prove that

(3.5) the sequence (/ B(fn, gns Wn, zn)du) is nonincreasing.

X n>0
This is a simple combination of the inequality (3.4) and the evolution rules of
(f,9,w,z). Namely, fix n > 0, an element ) € 7" and denote the children of
Q in 7" by Q1, @2, ..., Q. The functions f,, gn, w, and z, are constant
on @: denote the corresponding values by z, y, v and v. Similarly, fn+1, gn+1,
Wp4+1 and zp41 are constant on each ();: denote the values by z;, y;, u; and vj,
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respectively. Let us check that the conditions listed below (3.4) are satisfied, with
Aj = w(Q;)/p(Q). The numbers \; sum up to 1 and

_ 1 (@)1 SN
v= i 1 2 Q) W@ o, T 2 A

The identities u = 221:1 Apur and v = kazl Axvk are verified analogously. More-
over, for each j we obviously have

Y = krélgfl fk|Qj = max {fn+1|Qj7I]?SaT)L{kaj} = max{xj’y}

Consequently, we may apply (3.4), and this estimate is equivalent to

/Q B(fu. g wns 2 )dp > /Q B(fos s Gt Wns 1 s Jdpt

Summing over all @ € 7", we get the desired monotonicity.

Step 3. Completion of the proof. Fix a large integer N such that f, w are
o(T™)-measurable. By the previous step, we get

/B(vagNwaaZN)dﬂS/ B(fo, 90, wo, zo)d .
X X

But fo = go, so by (3.2), the right-hand side is nonpositive. Furthermore, we have
fn=1f gy =MSTf wy =wand zy = w/0-P) = wjl\,/(lfp), so applying (3.3)
to the left-hand side, we get the claim. O

Now we will handle the implication in the reverse direction.
Theorem 3.2. The reverse to Theorem 3.1 holds true.

Proof. Introduce the abstract function B : D — R by the formula

(3.6) Bz, y, 1, v) = sup { /X V< fomax { M7 f,y},w> du} .

Here the supremum is taken over all probability spaces X with a tree 7, all T-
simple functions f : X — [0,00) satisfying fX fdup = =, all T-simple A, weights w
on X satisfying [w]a, < ¢, [ wdp =u and [, w?/=P)dp = v.

We will now verify that B enjoys the properties 1°, 2° and 3°. The initial
condition follows directly from (3.1): indeed, for any X, 7, f and w as in the
definition of B(z,z,u,v) we have

/ V<f7maX{MX’Tf,x},w>du / V<f7MX’Tf,w>du§0,
X X

and the inequality remains valid if we take the supremum. The majorization is also
very simple: pick arbitrary X, 7 and consider the constant function f = x and the
constant weight w = u. Then [w]s, =1 < c and [, w'/3=Pdp = u¥/17P) 50 by
the very definition of B, we may write

B(xﬂ Yy, u, ul/(l—p)) Z /

V(f, max {MX’Tﬁx},w)du =V(z,y,u).
X

It remains to prove the concavity-type condition 3°. Fix an auxiliary number ¢ >
0 and pick parameters \; and points (z,y, u,v), (x;,y;,u;j,v;) as in the statement
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of 3°. By the definition of 5, there are probability spaces (X, 1;) with a tree 7j,
as well as appropriate functions f; and w; on X; such that

(3.7) B(zj,y;,uj,v;) < / V(fj,max{MXJ’ijj,yj},wj)d,uj +e.
j
With no loss of generality, we may assume that X; are pairwise disjoint. We
splice them into one space X = UT:l X; with the probability measure p given by
w(A) = 23":1 A (AN X;) and the tree structure 7 such that 7° = {X} and
T = U;nzl 7}"71 for n > 1. Next, we “splice” the functions and weights as follows:
=300 fixx, and w =37 wixx;. Let us check that f and w satisfy all the
requirements in the definition of B(z,y, u, v). First, note that
m m m
[oran=3" [ san=3"x [ =Y ra;=a

X j=1 X; j=1 X; j=1
and similarly, [, wdp = u, [, w!/(=P)dy = v, so the averaging conditions are
satisfied. Now we will verify that [w]4, < c. By the calculations we have just
carried out, we see that (w)x , (w'/(*=P))x , = uvP~! < ¢, where the latter bound
follows from the inclusion (x,y,u,v) € D. Next, if Q € T is different than X, then
@ belongs to 7; for some j; since [w;]4, < c,

1/(1—
(W) gy (w Qi = (W) guwy/ g < e

This establishes the desired Muckenhoupt condition and hence, by the very defini-
tion of B,

1/(1*P)>

B(‘r7yauav)2/ V(f,max{MX’Tf,y},w>d/L.
X

Now, since z < y, we have max {MX’Tf,y} = max {MXJ"TJ'fj,y} on X; and hence

3

B(z,y,u,v) > /\j/ V(fjamax{MXj773fjvy}7wj)dﬂj
° X

j=1 J

/\jB(.L“j,yj,’U,j,’Uj) — &,

<.
Il
—

where in the last passage we have exploited (3.7). Since € was arbitrary, the con-
cavity condition follows. O

4. PROOF OF THEOREM 1.3

Our starting point is the sharp dimension-free weighted LP estimate for maximal
operators established in [11]. Namely, for any 1 < p < co and any probability space
(X, p) with the tree structure 7 and any A, weight w on X, we have

p
p—1—d(p [w]a,)

1M Lo ) s Lo () <

Here, for a given 1 < p < oo and ¢ > 1, the constant d(p,c) is the unique number
in [0,p — 1) satisfying the equation

c(I+d)p-1-ad)~' =(p-1)P"
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We will need the more explicit bound

MX,T < p
| | L7 (w)—Lr(w) < P10 [wla)
P 1/(p—1
(4.1) = L (1 d(p, ], )wla,) Y
p _ - pe _
< p1/(p 1)[w]114/(p D [w}l/(p 1

“p-1 P “p-—1 P
Let ¢ = p/(p—1) be the harmonic conjugate to p and consider the weight w! =7 dual
to w. It follows directly from the definition of the A, condition that [wl_q]z/q(qfl) =

[w]4,, and hence the above theorem implies that

qge

||MX’T||L<1(wlffz)aLQ(wFQ) <
Equivalently, for any A, weight w with [w]a, < c and any f € L%(w'™9) we have

/t«ﬁMXfﬁwMusu
X

for V(z,y,u) = ylul~? — (pecx)qul~?. In particular, the above estimate holds for
all T-simple functions f. Therefore, by Theorem 3.2 there exists an associated
function B possessing the properties 1°, 2° and 3°. We will need the following
enhanced version of the majorization.

Lemma 4.1. For all (z,y,u,v) € D we have
(4.2) B(z,y,u,v) >y — (pecx)lu' 2.

Proof. Let us go back to the definition (3.6) of B(z,y,u,v) (with V(z,y,u) =
yiu'=% — (pecr)?u'~9). Take there an arbitrary weight w with the appropriate
conditions on characteristic and averages, and put f = zw/u. Since fX fdu =z,
we have

B(J?, Y, u, 'U> > / [maX{MX’Tf, y}} qwl_qdu — <p€c)q / qul—qu
X X

> / ylwr~9dp — (peca;)qu_q/ wdy
X X
=yl — (pecx)lu' 7. O

Now we will modify B to obtain the Bellman corresponding to the weak-type
estimate (1.8). Define B: D — R by

(4.3) By, u,v) = {min {B(m,y,u, v),u — 2pecw} if pecx < u,

u — 2pecx if pecx > u
and V : [0;00)® = R by V(z,y,u) = uX {y>u} — 2pecx. Obviously, we have
(4.4) B(z,y,u,v) < u— 2pecx on D.

Furthermore, by (4.2), if pecx = u, then

(4.5) B(z,y,u,v) > y% — pecx - (pecxu™)?™1 > —pecr = u — 2pecz,
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so we also have

— min {B(x, Y, Uy V), U — 2pecx} if pecx < u,
B(x,y,u,v) =
u — 2pece if pecx > u

(in comparison to the formula (4.3), the inequalities pecx < u and pecx > u have
become non-strict and strict, respectively). We will need the following additional
property of B.

Lemma 4.2. For any point (z,y,u,v) € D and any x’ > x we have
B(z', max{z’, y},u,v) > B(z,y,u,v) — 2pec(z’ — ).
Proof. We split the reasoning into a few parts.

Step 1. An easy case. If B(z',max{z’,y},u,v) = u — 2peca’, then the claim
follows immediately from (4.4):

B(z',max{z’, y}, u,v) = u — 2pecr — 2pec(z’ — x) > B(z,y,u,v) — 2pec(z’ — ).

Hence, from now on, we assume that B(z', max{2’, y},u,v) < u — 2peca’; this in

particular implies thatﬁ(m’, max{z’,y}, u,v) = B(z', max{z’, y},u,v) and pecr’ <
u, by the definition of B.

Step 2. Monotonicity of B with respect to y. Fix (z,y,u,v) € D. Observe that
if y' > y, then

(4.6) B(z,y,u,v) < B(z,y,u,v),

which follows from the definition of B. Indeed, if (X, ), 7 is an arbitrary probabil-
ity space with a tree, and f, w are functions on X as in the definition of B(z, y,u,v),
then

/X [max {MX’Tf,y}}qwlfqu* (pec)q/quwlfqdﬂ

S/ [maX{MX’Tf,y’}}qwl’qdu*(pec)q/ flw' ™%y < Bz, y' u,v).
X X

Taking the supremum over all f and w yields (4.6).

Step 3. An additional concavity. We have pecx’ < u (see the end of Step 1
above), so 2’ belongs to the interval (z,u/(pec)) and hence there is A € (0,1) such
that 2’ = Az 4+ (1 — A)u/(pec). Therefore, an application of the concavity property
of B yields

B(z', max{z,y},u,v)
(4.7) = B(2', max{x’, y},u,v)

> M\B(z, max{z’,y},u,v) + (1 — N\)B(u/(pec), max{u/(pec), y}, u,v).
However, by (4.6) and the inequality pecx < pecx’ < u we have
(4.8) Bz, max{z, y},u,v) > B(z,y,u,v) > B(x,y,u,v).
Furthermore, by (4.5) and the definition of B, we see that

B(u/(pec), masc{u/ (pec), y}, u,v) > Blu/(pec), max{u/(pec), y}, u,v),

so by Step 1 above,

B(u/(pec), max{u/(pec),y},u,v) > B(x', max{z’, y},u,v) — 2pec (pZC - z’) )
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Plugging this and (4.8) into (4.7) yields the claim. d
We are ready for the main ingredient of Theorem 1.3.

Theorem 4.3. The function B satisfies the conditions 1°, 2° and 8° (with respect
toV).

Proof. The property 1° is easy to check: by the initial property of B, if pecx <
u, then B(z,x,u,v) < B(x,z,u,v) < 0; on the other hand, if pecx > u, then
B(z,x,u,v) = u — 2pecr < —pecx < 0.

We proceed to the majorization condition 2°. If pecx > u, then there is nothing
to prove, so from now on we may assume that the reverse estimate holds. Suppose
first that y > w. Then, by the definition of B, the majorization is equivalent
to B(z,y,u,v) > u — 2pecx. However, applying (4.2) (and using the estimate
ui~ly > 1), we get

B(x,y,u,v) > yTv — pecx - (pecmfl)q_1 > u — pecx > u — 2pecx.

So, it remains to verify 2° for y < u; then the desired bound becomes

B(x,y,u,v) > —2pec.
This is obvious if B(z,y,u,v) = u — 2pecz; otherwise, again by (4.2),

B(z7 y7 u’ IU) = B(I7 y’ u? /l])
>yl — (peca)iu'~? > —pec - (pecacu_l)q_l > —2pecz. O

It remains to establish 3°. If B(z,y, u,v) = u — 2pecx, then the condition follows
directly from (4.4). So, suppose that B(z,y,u,v) = B(z,y,u,v) < u — 2pecz.
In particular this implies pect < u and hence we have pecx; < u; for at least
one j; relabelling the points if necessary, we may and do assume that there is an
integer k such that pecr1 < wig, pecres < ug, ..., pecxy < ug and pecrpyi > Upy1,
PECT42 > Ukt2, -« PECTy > Upy. Now we will run a backward induction with
respect to k. First, if & = m, then the claim follows from the concavity property
3° of B:

E(%yﬂhv) = B(:E,y,u,v) Z ZAJB(‘TJ’yJ’uJ’v]) Z

j=1 J

NE

NiB(2j, 95, w5, v5).

Il
N

We proceed to the induction step. Assume that pecr; < wuy, pecrs < ua, ...,

pecxi—1 < up—1 and pecxy > Uk, PECTly1 > Uky1, - - -, PECTy > Upy. The idea is to

modify x;, but keeping their average Z;nzl Ajx; fixed. More specifically, we may

increase z1, x2, . .., Tx—1 a little bit (so that the estimates pecz; < u; remain valid)

and decrease xj to make pecxy > uj into equality; the points x11, Tpyo, -+ ., Tm

remain unchanged. For notational convenience, denote these new values by ), x5,
.., .. Then, by the induction assumption, we have

(4.9) B(z,y,u,v) >

M

I
-

)\jg(x;, max{xz’, y}, uj, vj).
J

Now, by the previous lemma and (4.6), for any j < k — 1 we have

d
B(x;, max{z’;, y}, uj,v;) > B(wj, max{z, y}, u;, v;) — 2pec(z — x;)
> B(z;, max{z;,y}, u;,v;) — 2pec(x] — ;).
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Furthermore, by (4.5),
B(x},, max{x}, y}, ug, vx) > up — 2pecx), = up — 2pecay, — 2pec(xy — x},).

Plugging the last two estimates into (4.9), we complete the proof of the induction
step: we obtain

m
B(z,y,u,v) E a:j,yj,uj,vj).

Thus, B has the desired concavity property.
The properties of B immediately yield our main weighted estimate.

Proof of (1.8). Fix 1 < p < oo. Let (X, u) be a probability space with a tree
structure 7 and assume that f : X — [0,00) is an arbitrary integrable function,
w is an A, weight on X. Set c := [w]a,. Let us approximate f and w by simple
functions: given a large positive integer N, we let fn, wy be the conditional
expectations of f and w with respect to 7% (see the proof of Theorem 3.1, Step
1). Then fx and wy are T-simple and [wy]a, < [w]a,. To see the latter estimate,
simply note that

1/(1—
<wN>Q,u<wN/ R

for Qe TN UTN+HLUTN+2 ..., while for remaining Q € T we have

1/(1— —
<wN>Qu<wN/< %; < (w)qufw!/ P2

by Jensen’s inequality. Therefore, by Theorem 3.1 applied to B and V, we get
/ wy (M7 fy > wy)dp < 2pefw / Sndp = 2pefw / fdu.
X

However, [ wy(M*7 fx > wy)dp = [y w(M*7 fx > wy)dp and M7 fy 1
MXTf wy — w p-almost surely as N — co. Therefore, the previous estimate
yields

[ w5 T > wyd < 2petul, [ g
X X

To obtain the non-strict inequality on the left, consider an auxiliary parameter
6 € (0,1) and apply the above bound to the A, weight 6w:

/ w(MX7T f > w)du §/ w(MX7T f > fw)du < 2p69_1[9w],4p/ fdp.
X X X
([l

Since [fw]a, = [w]a,, letting & — 1 completes the proof.

It remains to show that the linear dependence on the A, characteristic in (1.8)
is optimal. Fix 1 < p < co and pick an arbitrary probability space (X, u) with a
tree 7. Let Qo = X. By a simple induction and the property (ii) in the definition
of a tree, for each n > 1 there exists Q,, € 7" such that u(Q,) < u(Qn-1)/2. Fix
a huge positive integer N and take f = xq, /p(@n). Then obviously [, fdu =1,
and the maximal function of f is given by

N
MXT XQ~ XQrn—1\Qn
(4.10) = om 2 o)

Indeed, we verify the latter identity by the very definition of the maximal operator.
Given z € X, we have two possibilities: either © € Qun, or z € Q,,—1 \ @), for some

n=1
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n=1,2,..., N. In the first case, the maximal average of f is that over Qn (and
it equals 1/u(@Qn)). If z € Q,—1 \ Qn, then the maximal average corresponds to
the choice @,,—1 and is equal to 1/u(Qn-1)-

Let w = M f. Then the above considerations yield

w(Mf >w) = —1+Z“Q”Ql\1@”)21+]2v,

where the latter estimate follows from the estimate u(Qy,) < u(Qn—1)/2 we assumed
at the beginning. It remains to analyze the A, characteristic of w. Let @ € T.
IfQ CQnorQC Qu1\Q, for some n, then w is constant on @ and hence

(w)Q,M(wl/(l_PUZ_I = 1. If @ does not satisfy any of the two above conditions,
then Q = Qy, for some k =0,1,2,..., N —1. Then by (4.10) we have

1% Qn 1 \Qn N —k N
(Wl = a3 % W@ (@) Q)
and
1 N
1/(1-p) — 1/(p—1)
<w >Q7# ,U(Qlc) n;ﬂﬂ(Qn—l) N(Qn—l \ Qn)
N
< ’u(é)k) Z [M(Qn_l)p/(pl) u(Qn)p/(pl)] < u(Qk)l/(pfl).

n=k+1

Therefore (w)Qw<wl/(1*”)>2,71 < N and hence [w]4, < N. Putting all the above
facts together, we see that the inequality

w(Mf = w) < Cfuls, [ fan

cannot hold with any exponent x < 1.
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