ON THE BEST CONSTANTS IN THE WEAK TYPE
INEQUALITIES FOR RE-EXPANSION OPERATOR AND
HILBERT TRANSFORM

ADAM OSEKOWSKI

ABSTRACT. We study the weak type inequalities for the operator I — FsFe,
where F. and Fs are the cosine and sine Fourier transforms on the positive
half line, respectively, and I is the identity operator. We also derive sharp
constants in related weak type estimates for I — HT, T — H® and I — HR+,
where HT, H® and H®+ denote the Hilbert transforms on the circle, on the
real line and the positive halfline, respectively. Our main tool is the weak type
inequality for orthogonal martingales, which is of independent interest.

1. INTRODUCTION

The motivation for the results of this paper comes from the question about
the weak norms of the re-expansion operator on Ry = (0,00). Let us start with
introducing the necessary background and notation. Let F. and Fs be the cosine
and sine Fourier transforms on R, respectively. That is, for > 0,

Fef(x) = \/z A f(t) costr dt, Fsf(x) = \/z A f(t)sinta dt.

Both F, and F, are unitary and self-adjoint operators on L?(R ). The re-expansion
operator is defined by IT = F,F.. It is interesting from the analytical point of view,
as the object of spectral analysis and also appears naturally in scattering theory.
To be more specific, let ‘H, Hy be two self-adjoint operators on a Hilbert space.
Then the wave operators Wy = Wi (H, Hy) are defined by

Wi(H,Ho) = lim Mo
t—+too

(the limit is understood in the sense of strong operator convergence). One expands
a given function with respect to the eigenfunctions of Hy and then takes the inverse
transform using the eigenfunctions of H. If we put Hy, H to be the operator —%
on L?(R,) with the boundary conditions f/(0) = 0 and f(0) = 0, respectively, then
Wi (Hop,H) = =II (see Birman [2]). The re-expansion operator appears also in
the polar decomposition of —i-L on L?(R;) with the domain defined by f(0) = 0
(again, see [2]) and arises in other problems of mathematical physics.

The re-expansion operator can be represented as singular integral operator: for

x> 0,
If(x) = lp.v./}R 22 /(1) dt.

T 2 —t2
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It is closely related to HE, the Hilbert transform on R, , and £, the Laplace trans-
form, which are given by

1 2

HE f(z) = =p.v. /) —=dt, Lf(x) = \/7 f(t)e dt, x> 0.
m R+ —1 s Ry

The connection is given by the identity II = H®+ 4 H;, where

R

dt, x> 0.

In what follows, we will also need the Hilbert transforms H®, HT on the real line
and on the unit circle, respectively. These operators are given by

1 [ T —t

HE f(x) / f(t) dt H f(x) = — f(z) cot dt.

2

Our main interest will be in calculating norms of various operators related to
I1. Clearly, we have ||IT||z2r,)—r2,) = 1. It can be easily shown that I can be
extended to a bounded operator on LP(R) for 1 < p < co. In fact, as proved by
Hollenbeck et al. [8], we have

I Lp (R} )—Lp(R,) = €Ot 5— p* = max{p,p/(p — 1)}

2p*’
We see that the expression on the right is precisely the LP norm of the Hilbert
transforms H®+, H® and H™: see Gohberg and Krupnik [7] forp = 2", n=2,3, ...,
and for remaining values of p, consult Pichorides [11] and Cole (unpublished; see
[6]). It will be clear from the reasoning presented in this paper that if 1 < p < 2,
then the weak p-th norms of IT and the Hilbert transform also coincide. Therefore,
by the results of Davis [3] and Janakiraman [10], we have

—1/p
1 [ |2loglt||
||HHLP(R+)~>LPv°°(]R+) = (71’/ |152+].‘dt s 1<p<2

It is also of interest to investigate the properties of the operator I — II: see
Birman [2]. A straightforward computation gives

=Ml 2 @y )—r2y) = [1Fe = Fell2@y)—r2@s) = V2.

The question about the LP-norms of I —II in the case when p # 2 turns out to be
much more difficult. It was answered by Hollenbeck et al. [8]: for 1 < p < co we
have

1/p

1T =Tl o ry)—ro(e,) = V2 _max

[cos(@ — T)IP +[cos(6 — F + T)IF
0<0<2m

|cos 0[P + | cos(0 + 7)[P

One of our main results will be to derive the weak LP-norms of I —II for 1 < p < 2.
In fact, we will study this problem in a much wider setting. Throughout the paper,
C will denote the class of even, convex functions ® on R satisfying ®(0) = 0 and
such that the restriction ®|g, is of class C?, is strictly increasing and has a concave
derivative (examples: ®(t) = [¢t|P for 1 < p < 2; O(¢) = |t|log(]t] + 1)). For @ € C,

we define )
Ko — / Sls+1D) N
r cosh(%?)
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Theorem 1.1. Let ® be a fized element of C and let f be a locally integrable
function on Ry. Then we have

(L.1) (o> 0: (T - M) f(z)] > 1}] < Ka / B2/ (x)) dr.

Ry
The constant Kg is the best possible.

In the particular case when ®(t) = |t|?, 1 < p < 2, we get the following.
Corollary 1.2. We have

|s + 17 i/
I1-11 —Lpyoo = sy :
| e @) — Loy ( & cosh(z2)

Our second result will be to show that the inequality (1.1) carries over to Hilbert
transforms with no change in the constant. Let us state this as a separate theorem.

Theorem 1.3. Let @ be a fixed function belonging to the class C.
(i) If f is a locally integrable function on [—m, 7], then

(1.2) {o € [~m,7): [(I = HO) f(2)] 2 1}] < K@/ (2 (x))da.

[_7‘—777]

(is) If f is a locally integrable function on R, then

(1.3) o € R+ [( = W) f(@)] = 1} < Ko | B(2f(a))de.

(iii) If f is a locally integrable function on Ry, then

(1.4) o> 0 (1 — 1B f()] > 1}] < Ko / (2f(x)) da.

R+

All the inequalities are sharp.

Both theorems above will be established by means of probabilistic tools. Let
(2, G, P) be a complete probability space, filtered by (G;):>0, & nondecreasing family
of sub-g-algebras of G. Let us assume in addition, that Gy contains all the events
of probability 0. Let X = (Xy)i>0, ¥ = (Yi)i>0 be two adapted real valued
martingales with continuous paths and let [X, Y] denote their quadratic covariance
process (see e.g. Dellacherie and Meyer [4] for details). We say that the processes
X and Y are orthogonal, if [X,Y] is constant almost surely. Following Bafnuelos
and Wang [1] and Wang [12], we say that Y is differentially subordinate to X, if the
process ([X, X]; — [Y,Y];):>0 is nondecreasing and nonnegative as a function of ¢.
For example, let B be a d-dimensional Brownian motion starting from 0 and let H,
K be predictable R%-valued processes satisfying |K;| < |H;| < 1 and (Hy, K;) =0
for all ¢ > 0 almost surely (here | |, (-,-) denote the standard norm and the scalar
product in R?). If we set

t t
X = H.dBs, Y: 2/ KydB;
0+ 0+
for t > 0, then X and Y are orthogonal martingales such that Y is differentially
subordinate to X. This is an immediate consequence of the identities

t
[X,Y]; = / (H,, K,)ds = KoHyB2
0+
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and

t
mxyqu:/|mﬁqmﬁm
0+

The probabilistic counterpart of Theorems 1.1 and 1.3 can be stated as follows.
Let Y denote the maximal function of Y, given by sup;s |Y|.

Theorem 1.4. Let ® be a function from C. Let X, Y be two continuous-path
orthogonal martingales such that 'Y is differentially subordinate to X and P(Xy =
—Yy) =1. Then

(1.5) P(Y* > 1) < Kg sup EO(X; — ;)
t

and the constant Kg is the best possible.

For related results concerning orthogonal martingales and various applications
of these, we refer the interested reader to [1] and [10].

A few words about the organization of the paper. First, in the next section,
we study the probabilistic result, Theorem 1.4. Namely, we construct a family of
certain special subharmonic functions on R? which, together with It6’s formula,
enable us to establish the estimate (1.5). Then, in Section 3, we show how this
martingale inequality leads to (1.2), (1.3) and (1.4). In addition, we show there that
the constant K¢ is optimal in these three estimates and this immediately implies
that the inequality (1.5) is also sharp. The final part of the paper is devoted to the
proof of Theorem 1.1.

2. WEAK TYPE INEQUALITY FOR ORTHOGONAL MARTINGALES

2.1. On the method of proof. Let ® be a given function from C and let S denote
the strip R x (—1,1). We will construct a continuous function Ug : R? — R which
satisfies the following properties (2.1)—(2.5):

(2.1) Us is subharmonic on R? and harmonic on S,
(22)  Us(0,0) = K5,

(2.3) Usze >0 o0n S,

(2.4) Us(xz,—2x) > Us(0,0) for all z € R,

(2.5) O(x —y) < Usp(z,y) < Usp(0,0)1y<1} +P(x —y) forall z, y € R.
The existence of such a function implies the inequality

(2.6) KglsupP(|Y;] > 1) <supE®(X; - Y;), ¢ >0,
t>0 t>0

and this immediately yields (1.5) by a well-known stopping time argument. To see
how Usg leads to (2.6), fix t > 0 and note that we may assume that the right hand
side of (2.6) is finite. Introduce the stopping time 7 = inf{¢ : |¥;| > 1} and consider
a two-dimensional process Z = ((Xy, Y:))t>0. When t € (0,7], Z takes values in S,
where Ug is of class C? (see (2.1)). Thus we may apply Itd’s formula to obtain

I
(2.7) Us(Zep) = Io + 1+ 3,
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where
Iy = Us(Zy),

TNt TNt
I = / Usa(Z2)dX, + / Usy(Z2)dY,,
0+ 0+

TAL TAL

TAL
I, = / Ugrw(Zs)d[X, X]s + 2/ Usay(Zs)d[X,Y]s —|—/ Usyy(Zs)d[Y,Y]s.
0+ 0+ 0+

We have that Iy = Ug(Xo, Yo) > Us(0,0), by (2.4) and the assumption Xo = —Yp.
Moreover, EI; = 0, by the properties of stochastic integrals. To deal with I, we
use the orthogonality of X and Y together with harmonicity of Us on S to obtain

TAL TAt
-[2 = / U@xm(zs)d[Xa X]s + U@yy(Zs)d[K Y}s
0

+ 0+
[ ez, 3 - v,
0+

This is nonnegative, in virtue of (2.3) and the differential subordination. Both sides
of (2.7) are integrable, by (2.5) and the assumption sup; o E®(X; —Y};) < oo; thus,
taking expectation gives the bound EUg(Z,at) > Us(0,0). Now if we apply (2.5),
we see that
Us(0,0) < Us(0,0)P(|Yrae| < 1) + ER(Xrar — Yone)
<Us(0,0)P(|Y;] < 1) + E®(X,; — Y?).

By (2.2), this is precisely the desired bound (2.6). Thus, we have reduced the
problem of proving this weak type inequality to that of finding an appropriate
function Ug.

2.2. The special functions. Suppose that ® is a given function from the class
C. First we introduce a certain auxiliary object, a real-valued function Ug on the
upper plane H = R x (0,00). It is defined by the Poisson integral

1 [ B2 (2log|t| + sgnt)
Us (e, B) = ;/R Y

Clearly, the function Us is harmonic on H and satisfies

2
2.8 lim Ugp(a,B) =D | —loglt|+ sgnt ],
©3) it 5) =@ (Z1og] + sen

if t # 0. Consider a conformal mapping ¢, given by ¢(z) = iexp(nz/2), or, in real
coordinates,

o(a,y) = (—em/sin(my/2), 72 cos(ny/2))
It is easy to check that ¢ maps S onto H. Now, the desired function Uy : R? — R
is defined by
u x, if (z,y) €8,
Us (1) = a (¢ (2, y)) ! (z,y)
O(x—y) if(zy) ¢S

The remainder of this section is devoted to the verification of the conditions (2.1)—
(2.5). The first three of them are rather easy.

Lemma 2.1. The function Ug satisfies (2.1), (2.2) and (2.3).
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Proof. To show the first property, note first that Uy is continuous on R?: this is a
consequence of (2.8). Observe that inside S the function Us is a harmonic lift of a
subharmonic function (z,y) — ®(z — y). This immediately yields (2.1).

We turn to the second condition. By the definition of Ug, we may write

1 [ ®(2loglt| + sgnt)
Us(0,0) = Usp(0,1) = = ™ dt
e e
1 [ ®(2logt+1 © o (Zlogt —1
:f/ 2 (slogt+1) )dt+1/ o(Gloat =),
m™Jo t2+1 ™ Jo t2+1

Substitute ¢ := 1/t in the second integral to get

2 [ d(2logt+1 ) 1
Uq>(0,0):*/ (s ogtr 1) )dt:/(SJr )ds=Kq§1,
T Jo 241 ® cosh (%)

as desired. Finally, to show (2.3), we derive that

1 [ cos(Zy)®(2log|s|+ sgns+a
(2.9) Us(z,y) = */ (,2 )2 5 )
TJr  (sin(Zy) +s)” + cos? (3y)
for (z,y) € S. This immediately gives the strict convexity of Us (-, y). O

The conditions (2.4) and (2.5) turn out to be much more difficult. Fortunately,
by Fubini’s theorem, they have the following property. Namely, if they are valid for
®’s belonging to a certain class, say K, then they also hold for the functions lying
in the convex hull of K. Thus, our plan is to establish these two properties for a
class of ”simple” functions which generates C.

Let K ={®,:R — R:a € [0,00]}, where, for finite and strictly positive a,
3t? if [t| < a,
alt| — 3a* if [t| > a.

(2.10) B, (t) = {

Furthermore, set ®o(t) = [¢| and P (t) = 4% for t € R. For simplicity, we will use
the notation U, := Us,, a € [0,00]. In the particular case when a = co we can give
a simple formula for this function:

3@ —y? =20y +2) iffyl <1,

(2.11) Uso(z,y) = {1

5z — y)? if Jy| > 1.
In the sequence of lemmas below, we study the properties of the functions from
class K.

Lemma 2.2. For any 0 < a < oo we have 0 < Ugpy <1 0n S.

Proof. The lower bound has been established in the previous lemma. To show the
upper bound, note that

D (1) = —al(—oo,—a)(t) + t1(_a,a)(t) + ala,00) (1),
so @ (x1) — @l (z2) < x1 — x5 for all z1, 9 € R. Let us compute Uy, on the strip
S: by Fubini’s theorem, we are allowed to take the derivative under the integral in
(2.9). Hence, by the previous estimate, we have Uy, (21, y) —Une (22,y) < 1 —24 for
all 21,22 € Rand y € (—1,1). By symmetry, this implies |Uyy (21, y) — Uz (22, y)| <
|z1 — x| for such x1, x5 and y; this yields the claim. O

Lemma 2.3. For any a € [0,00] and x, y € R we have Uy (z,y) = Uy(—x, —y).
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Proof. Clearly, it suffices to show the claim for (z,y) € S. It follows from the
substitution s := —s in (2.9) that

pyy = L[ L[ s (59) @ Gloglsl + sensta)
Ua( 7y) 2|: /]R ( (g )_|_3) + cos? (%y)
1 e (g ),
m e (sin(5) — )7 + o (5)

It remains to substitute s := 1/s in the both integrals above and use the fact that
®, is an even function on R. O

Lemma 2.4. For any 0 < a < oo and x € (0,1) we have
(2.12) Uge(z,2) < 0.

Proof. Divide the integral in (2.9) into two: over the negative half line and the
positive half line, and substitute s = —e™/? and s = e™/2. We obtain

1 / e™/?cos (BL) Du(r+ 2 + 1)

Ug(z,y) = = d
(z,9) emr + 2e™/2 sin (%) +1 "

2
+1/ e™/2 cos (ZL) @4 (r + 2 — 1)
R

2 er —26”/25111(”7’)—1—1

(2.13)
dr.

Therefore, we see that for a fixed x € (0, 1),

Fl@)i= Uas(oa) = 5 [ © e/ cos () y(r e 1)

01 3 e e 7 () 11
Ry
2 Jgp em —267”“/2s1n(”)+1
Since

7T7"/2 T 7\'7’/2
(2.15) os (%5°) B arctan [ ———— =+ tan (E> ,
e +2em/2sin (BE) +1  dr |7 cos (Z£) 2

an integration by parts gives

1 fomett emr/? T
- — arctan | ———- — tan (—) dr.
TJ gzt cos (%£) 2

Now we will show that F' satisfies the following properties:

(2.16) F(0) =0,
(2.17) F'(0+) <0,
(2.18) lim F(a) =0,

(2.19) F" has at most one root inside (0, 00).
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These four conditions clearly imply that F' is nonpositive on (0, 00), which is pre-
cisely the claim. The first property is trivial. To check (2.17), note that F’(0+)
equals

) 67r(7:071)/2 T 2 671'(71’+1)/2 T
1— —arctan | ——— + tan (7) — —arctan | ———— — tan (7)
T cos (”7”) 2 m cos (@) 2

and hence we must show that
e‘n’(—x—l)/Q L (TFJ)) e71'(—azc+1)/2 . (7'('1}) o
_— an ( — - —tan (| — .
cos (Z£) 2 cos (Z£) 2
This can be rewritten in the form

o= (5) o0 (-55) o (5) - ()]s (32) <o

and follows from f(0) = f(1) = 0 and the fact that f is strictly convex on [0, 1]:
indeed,
2

0= o (5) o (-5 o (5) e (-5)] i (5} o

We turn to (2.18). Observe that if a — oo, then @/ (t) — ¢ for any fixed ¢. Since
|®7 ()] < |t| for all ¢, we obtain, by Lebesgue’s dominated convergence theorem,

/2 nne (TT Tr/2 L (Tx _
lim F(a):}/(a 005(2).(T+x+1)dr+1/e cos(2)-(r+x l)dr
a—oo 2 Jr €™ +2em/?sin (5£) + 1 2 Jg e +2em/2sin (Z£) + 1
1 e™/2 cos (”2—‘”) (z+1) 1 e™/2 cos (%’”) (x—1)
= 7/ - dr f/ - dr.
2 Jp e™ +2em/?sin (Z£) 4+ 1 2 Jr e™ +2em/2sin (Z£) + 1

Here in the latter passage we have used the fact that the functions
e™/2 cos (%”3)

e £ 267/ gin (=) +1

are even on R. It suffices to apply (2.15) and (2.18) follows. Finally, let us look at
(2.19). The equation F"(a) = 0 is equivalent to

o (4270 s () ‘1_+ oo (102D ()] _
= [eost (T ) i ()] oot (TS i ()]

This, after long, tedious, but rather straightforward computations can be rewritten
in the equivalent form
s sin (Z£
25 — 4sinh (—) (71)

2/ sinh (%2)

s + cosh(mx) — cosh 7 + 2sin? (71'271‘) =0,
2

where s = cosh (%“) > 1. However, for a fixed z € (0, 1), the above equation has at

most one root s larger than 1 (and hence there is at most one positive a for which
F"(a) =0). Indeed, otherwise, by Viéte’s formula, we would have

1

5 (cosh(wa?) — cosh 7 + 2sin? (%T)) > 1,

which is impossible. This completes the proof. (I
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Lemma 2.5. For any 0 < a < oo and = € (0,1) we have Ugy(z, —x) < 0.

Proof. The reasoning is similar to that of the previous lemma. Note that by (2.13)
we have, for any fixed x € (0, 1),

F(a) :=Ugy(z,—x) = — / A (r, —x)@a(r—l—x—i—l)dr—/ A_(r,—z)®,(r+x—1)dr,

R R
where
1 + cosh (ZL) sin (2 —1 4 cosh (&) sin (Z¥
A+(7“,y)= (2) (ﬂ2)2) 7(7“,]/): (2) 752)2.
2(cosh (%T) + sin (77’)) 2 (Cosh (%’") — sin (77’ )
A direct computation shows that
o d 1 sin (%) + /2
As(ry) = dr [ 7 cosh (%T) + sin (%y)
and
_d 1 sin (%) —e /2
A(ry) = dr [ 7 cosh (%) — sin (%y) ’
SO
—a—z—1 00
F"(a) = / Ay (r,—z)dr + / Ay (r,—z)dr
— 0o a—z—1
—a—z+1 o)
+ / A_(ry—z)dr + / A_(r,—z)dr
—00 a—x+1
1 [ —sin (Z2) 4 e~ m(mae—1)/2 L= sin (Z£) + e~ m(em2=1)/2
0 cosh <w> — sin (%) cosh (%) — sin (%)
—sin () — e m(zazetl)/2 —sin (Z£) — e~ mlat)/2 ]
cosh (7“_“;”1)) + sin (%) cosh (7”(‘1_;“)) + sin (”—;)

After some quite involved calculations one obtains that the sign of F” is equal to
that of

Qls) = 5% + 2sinh (g) sinh (Z£) s — cosh m(x + 1) cosh m(—z+1) 4 cos? (Ly) ’

sin (%) 2
where s = cosh (%) . Now take y = —x. It is easy to see that there is sg = so(z) > 1
such that Q(s) < 0 for s € (1,s0) and Q(s) > 0 for s > sg. Thus F' is convex on
(0, ap) and concave on (ag, o), where so = cosh T52. Obviously, we have F'(0+) =0
(since ®, converges pointwise to 0 as a — 0). In addition, by Lebesgue dominated
convergence theorem,

lim F(a) =0,

a— 00

see (2.11). In consequence, F' is negative on (0, 00). This proves the claim. O

Lemma 2.6. For any 0 < a < oo and x > 0 we have

(2.20) Ugy(z,0) > —2x.
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Proof. Consider the function ¥, : R — R given by U,(t) = P (t) — Pu(t) =
$(|t] = a)*1{j¢>ay for t € R. This function is convex, and we have

T e’f‘ﬂ'

T 6T7T
= —— 7\110‘ 1 d - \Ija _]- d
Ug,y(z,0) 4/R(e’"”+1)2 (r+z+41) 7"+4/R(€m+1)2 (r4+x—1)dr

m [ e
=—— — A d
4/0 (e +1)2 wa (@ z)dr,
where
Ag (a,rz) =TV (r+a+ 1)+ T, (r—a—1) =V, (r+2z—-1) -V, (r—z+1).

Here we have used the fact that the function r — e"™(e"™ +1)~2 is even on R. Note
that Ay, (a,r, x) is nonnegative: this follows from convexity of the function ¥,, the
fact that the numbers r +x — 1, r — z 4+ 1 lie between r —z — 1 and r +z + 1, and
the equality

r+z—-1)4+(r—-—z+1) _ (r—z—1)4+@r+z+1)

2 2
This yields Uy, (z,0) < 0; however,

U\I’a (x7y) = Uoo(x7y) - Ua($7y)

for € R and y € (—1,1). It suffices to note that Uy, (z,0) = —z, in virtue of
(2.11). O

Now we are ready to show the properties (2.4) and (2.5) for the functions U,.
Lemma 2.7. For any a € [0,00] the function U, satisfies (2.4).

Proof. Observe that for any (x,y) € R? we have
1
lim U,(x,y) = Us(z,y) and liH(l) gUa(x,y) = Up(z,y),

so it is enough to prove the lemma for finite and strictly positive a. This is straight-
forward. By symmetry (see Lemma 2.3), it suffices to establish the estimate for
x > 0. By (2.12) and Lemma 2.3 again, we have U,;(—x,—x) > 0, which, to-
gether with the convexity of U,(-, —x), implies Uy (2, —2) > 0. Combining this
with Lemma 2.5 yields that the function  — U, (x, —z) is nondecreasing on [0, 1].
Clearly, it is also nondecreasing on [1,00): Ugs(z, —z) = ®(2z) for 2 lying in this
interval. Thus, the lemma follows. (I

Lemma 2.8. For any a € [0,00] the function U, satisfies (2.5).

Proof. Clearly, it suffices to establish the inequality on the strip S. Arguing as in
the previous lemma, we see that we may restrict ourselves to a € (0,00). For the
sake of convenience and clarity of the exposition, we have decided to split the proof
into a few intermediate parts.

Step 1. The lower bound. This is straightforward: the function (z,y) — P, (x—y)
is subharmonic on S and agrees with U, at the boundary 0S.

Step 2. The upper bound: a reduction. For any > 0 and y € (—1, 1), we have

1 / cos (Zy) |®, (2log|s| + sgns+ )]
R

|Uso(z,y)| < — ds < a.
T (sin (59) +5)° + cos (5v)
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In consequence, the function © — U, (z,y) — P, (x — y) is increasing on (—oo,y — aj
and decreasing on [y + a,00). Thus it suffices to prove the majorization for = €
(y — a,y + a), and for these z and y the inequality takes the form

1
(221) Ualay) = 5la =yl < Ua(0,0)

We will show this for all z € R and y € (—1,1). By symmetry (Lemma 2.3), we
may restrict ourselves to nonnegative x. Denote the left hand side of (2.21) by
¥(z,y).

Step 3. The proof of (2.21) for x > 0, y € (—1,0]. Lemma 2.3 implies ¢, (0,0) =
0 and, by Lemma 2.2, the function (-, 0) is concave. Thus, ¢ (z,0) < (0, 0), which
is precisely (2.21) with y = 0. Now fix a positive x and note that ¢ (z, -) is concave:
Yyy(@,y) = Ugyy(z,y) — 1 = —Ugaz(z,y) — 1 < 0 in view of Lemma 2.2. However,
by (2.20), 1,(2,0) > 0, s0 t(x,y) < ¥(x,0) < ¥(0,0) for y € (~1,0).

Step 4. The proof of (2.21) for 0 < & <y < 1. First note that (2.21) is valid if
x =y, since the function x — t(z, ) is nonincreasing on (0,1). To see this, note
that we have Uy, (z, ) < 0 and Ugy(x, ) < 0: the first estimate is precisely (2.12),
while the second follows from Lemma 2.5 and the fact that U,(x,-) is concave on
(=1,1). To deal with y > x, simply observe that for a fixed € (0, 1), the function
¥ (z,-) is decreasing on (z, 1].

Step 5. The proof of (2.21) for x > y. By Lemma 2.2, for a fixed y € (0,1),
the function (-, y) is concave. Furthermore, ¢, (y,y) < 0 in view of (2.12); this
completes the proof. O

The lemma below is the final step in the proof of (1.5).
Lemma 2.9. Let ® € C. Then Ug satisfies (2.4) and (2.5).

Proof. All we need is to represent ¢ as a "mixture” of elements of K. Let u be
the unique nonnegative measure on R satisfying u((a,b]) = @’/ (a) — @’/ (b) for all
0 < a < b. Here ® stands for the right-hand derivative of the concave function
®’. Integration by parts gives that
97 (o0) 72

2

O(z) = /°° 0o (2)p(da) + @' (0)z +
0
@4 ()

_ /O " (@) u(da) + ' (0)o () + oo ()

for any x > 0. Thus the claim follows from Fubini’s theorem. |

Before we proceed to the applications of the above martingale inequality, let us
make here an important observation.

Remark 2.10. As already mentioned, the above approach enables us to derive
sharp weak type (p,p) bounds for orthogonal martingales in the case when 1 <
p < 2. A natural question arises: what are the corresponding optimal constants if
p > 27 In particular, does the inequality

ls+1P  \7!
2.22 PY*>1)< _— X-Y|P
( ) ( - )— (/R Cosh(ﬂ;)ds H ||I)

hold true also for p > 27 Unfortunately, the answer is no. The reason is that for
p > 2 the function ®(¢) = |¢|” does not satisfy the property (2.5). To see this, recall
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an elementary bound

la + bP + |a — bP > 2|alP + 2|b|, a,beR,
with strict inequality if ab # 0. It yields
_ Us(x,0) + Up(—,0)

U<1>((E,0) 9
1 / ’%log|s|+sgns+x|p+‘%log|s|+sgns—x‘pd
- = s
2 R S2+1
1 [ |2logls|+ sgns|p+|x|p
_ ™ ds = [0} .
> W/R Tl s =Ug(0,0) + ®(z)

It is not difficult to show that this implies that the best constant in the martingale
weak type inequality is strictly larger than

P —1/p
/ Chl N N
g cosh(75)

if p > 2. Let us briefly explain this. For a fixed p > 2, there is € > 0 for which the
set

C={(z,y) € S:Us(z,y) > Us(0,0) + ®(x — y) + ¢}
is nonempty. Let B = (B(l), B(Q)) be a two-dimensional Brownian motion starting

from (0,0) and introduce the stopping time 7 = inf{¢ : B; € CUJS}. Let X; = Bil,\)t
and Y; = Bg)t for t > 0. Then X and Y are orthogonal, since B(Y) and B are
independent. Moreover, [X, X|; = [B,Bl.ns =7 At = [Y,Y];, so Y is differentially
subordinate to X. On the other hand, using It6’s formula, EUs(X;,Y:) = Us(0,0)
for any t > 0. Since 7 is exponentially integrable, we may let ¢ — oo and obtain

the equality
EUs (X oo, Yoo) = EUs(BWY, B?) = U(0,0).

Since Us(B;) = (Us(0,0) +¢)1
the form

(B <1 + <I>(B$1) - Bg)), this can be rewritten in

Us(0,0) = (Us(0,0) + )P(B? < 1) + E®&(BY — BP),
or

s+ 1 ) . )
—————ds |P(Y*">1)=cP(Y*" < 1) +supE®(X; — Y;).
(/] oiigats) B0 = 1) = 2 < 1)+ sup (X, - ¥0)
But C has an empty intersection with a certain neighborhood of (0, 0); this implies
that 7 > 0 almost surely and the three terms in the above equality are non-zero.
This shows that (2.22) fails to hold.

3. WEAK TYPE INEQUALITY FOR HILBERT TRANSFORM

3.1. The periodic case. Let D denote the unit disc of R2. Suppose that u is
a harmonic function on D and let v = HTu be its conjugate. Here, as usual, we
identify a harmonic function on D with its radial limit on the unit circle T = {e® :
0 € (—m, 7|} ~ (—m,7w]. We havew that u, v satisfy Cauchy-Riemann equations and
v(0,0) = 0. Let B be a two-dimensional Brownian motion starting from (0, 0) and
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let 7 = inf{t : |B:| > 1} be the first exit time of B from D. Then the processes
X = (Xt)t207 Y = (Yt)tzo given by

¢
X = u(Brat) + v(Bra) = u(0,0) + / Vu(Brps) + Vu(Bras)dBs,

0+
t

)/t = *’LL(BT/\t) + U(BT/\t) = *U(0,0) +/ V’LL(BT/\S) + VU(BT/\S)dBS,
0+

are martingales. Furthermore, we have

t
[X,Y]; = —u(0,0)? +/ —|Vu(Brps)? + |Vu(Bras)|?ds
0+

= _u(07 0)27

where the latter comes from Cauchy-Riemann equations. Thus, X and Y are
orthogonal. Similarly, we compute that for any ¢ > 0,

t
(X, X]¢ = u(0,0) +/ [Vu(Brps)? +[Vo(Bras)*ds = [Y, Y],
0+

so Y is differentially subordinate to X. Moreover, we have v(0,0) = 0, which
implies that Xo = —Yj. Since B; is distributed uniformly on T, we may write, by
(1.5),

S0 € (=] £ (T = HOu(e)] 2 1} < 50 € (~mm] < (u = 0)(e)| 2 1)
= B(|Yal 2 1)
< Ko supE®(X; — V3)

=Ko [ a5

. 2w

This completes the proof of (1.2).

3.2. The nonperiodic case. To deduce the estimates for the Hilbert transform
on the line, we use a standard argument known as ”blowing up the circle”, which
is due to Zygmund ([13], Chapter XVI, Theorem 3.8). Let f be a locally integrable
function on R, satisfying

(3.1) /]R@(?f(x))dx < 0.

Note that in particular this implies [, [f(x)|dz < oo. For a given positive integer n
and z € R, put

1 ™

gn(x) = — () cot

2m J_ .,

X

-1
dt.
n

As shown in [13], we have g, — H® f almost everywhere as n — co. On the other
hand, the function
s

x — gnp(nx) = % f(nt) cot

—T

r—t

dt
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is precisely the periodic Hilbert transform of the function = — f(nz), |z| < .
Therefore,

{a € (=an,mn] : |f(z) = gn(2)| 2 1} = n|{lz] € (=m ] : |(I = H") f(nz)| = 1}

<nKg /7r O (2f(nx)) dx

Now let n — oo to obtain
o €R:((T = W) f@)] > 1} < Ka [ 9C(@)do

To obtain the stronger version of this estimate with a non-strict inequality on the
left-hand side, recall that ®’ is concave on (0,00): this is one of the assumptions
imposed in the definition of C. In consequence, for any ¢t > 0 we have 2&'(¢t) >
d’(2t) + ®'(0+), so integrating this from 0 to 2 > 0 gives

(3.2) O(2r) < 49(z) + 29’ (0+)z.
Now apply the inequality above to f/(1 —¢), where 0 < & < 1/2: we get

{z € R: (= HY)f(a)| > 1 — e} SK¢A¢<?£?> az.

By (3.1) and (3.2), the right-hand side is finite; thus, if we let ¢ — 0 and use
Lebesgue’s dominated convergence theorem, we get (1.3).

Finally, observe that the weak type estimate for I — H®+ follows immediately
from the inequality we have just established. Indeed, given a locally integrable
function f on R, it suffices to extend it to f : R — R by setting f(x) = 0 for
2 < 0 and note that H®+ f = HEf,

o € Ry : (1 - H*)f(2)] > 1}] < [{z € R (I - H) ()] > 1}].

3.3. Sharpness. We will prove that the constant Kg is the best possible in the
weak type inequality for I — H®+. This will clearly yield the optimality of this
constant also in the periodic and the martingale setting. Let G : DN H — H be
defined by G(z) = (1 + 2)?/(4z). Then G is a conformal mapping, and hence so
is its inverse L. Consider another conformal map F' from the unit disc D onto the

strip .S, given by
2 [iz—1
F(z)=—log {ZZ - ] + .
™ z—1

Let us list some properties of the above functions, which will be needed below.
First, observe that L maps [0,1] onto {e? : 0 < # < 7}. To be more specific, for
x € [0,1] we have

(3.3)  L(z) = ", where 6 € (0,7) is uniquely determined by x = cos?(6/2).
Moreover,

(3.4) L maps R\ [0, 1] onto (—1,1).
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For example, for negative z,

(3.5) L(z) =2z — 1+ 222 — .

Concerning F', we have that

(3.6) F maps the unit circle onto the boundary of S
and
(3.7 F maps (—1,1) onto {ai:a € (—1,1)}.

Now we exhibit a family of examples for which the constant K¢ is asymptotically
attained. For any positive integer n, let V,,(2) = F(L?*"(z —n)), z € H, and

fn(z) = %[—ReVn(x) + ImV,(z)], x> 0.
‘We have
(3'8) (I - HR+)fn(m) = (I - HR)fn(x) + (HR - HR+)fn(m)

Let us analyse the two terms on the right. Since V,, is conformal, we have ImV,, =
HRReV,, and ReV,, = —HRImV,, when restricted to R, so

(I = 1) fa(2) = Julw) = 5[~TVa(2) — ReVi(&)] = TV (z).

However, (3.3) and (3.6) imply that V,, satisfies [ImV,,(z)| = 1 for z € [n,n + 1].
On the other hand, by (3.4) and (3.7), we see that ReV,,(¢) =0if t ¢ [n,n+ 1].
I 1 01
(H® — HR) f(z) = = ) dt = ImV,,(t) dt.

T) X —1 T om oo T — 1

The next observation is that for z € (—1, 1), we have an elementary bound

(39) P = 210 (- 210 <212,

Therefore, by (3.5),
1 (% [ImF(L*"(t —n))|

R _ HRH) < — dt
(0F = ) < 5 [
0 2L2nt_ 0 o
_L/ 2027 ”>|dt§1/ L=y, g
2 J_ o z—1 27 J_o x—1

as n — oo. Thus we have shown that if € [n,n + 1], then the first term on the
right hand side of (3.8) is equal to +1 and the second is arbitrarily small if n is
sufficiently large. Thus for any € > 0,

(3.10) Hz e R:|(I —H*) fulz)| > 1 —€}| > 1 —¢,

for large n. Now, let us study the limit behavior of the right-hand side of (1.4).
As we have already observed, ReV,(z) = 0 for z ¢ [n,n + 1], which implies
fn(x) =ImV,,(z) for these x and hence

n+1

/R el = / S / B(2|f, (z))dz.

n
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By the very definition of V,, and the inequality (3.9), the first term on the right can
be dealt with as follows:
0

n 0
[ omvu@ide = [ e @)his < [ oL @)
0 —-n o
and the latter integral tends to 0 as n — oco. This is a consequence of Lebesgue’s
dominated convergence theorem: indeed, L?>"(x) | 0 asn — oo and z — ®(|2L3(z)])
is integrable on (—o0,0]. Similarly, one shows that

o0

lim O(|ImV,,(z)|)dz = 0.

n—oo [ 19

Furthermore,

n+1 1
/ (2| fn(x)|)dx = /0 ® (—ReF(L*"(z)) 4+ ImF (L*"(z))) da.
Now, by (3.3),

n+1
/ O (2| fn(z)])dz = ® (—ReF (") + ImF(e*"*)) sin 6d0
0\ dé

/02
/0 v P (fReF(eif?) + ImF(ew)) sin <2n) >
/

27 n—1
i ; km 6\ do
® (-Rer(e?) + () S sin (424 ) &0
Pt n 2n ) 2n
2m 0—m
& (—ReF(e?) + ImF (¥ Md&
/0 ( ReF(e") + ImF'(e )) 2nsin(%)
27
n—oe, i ¢(—RGF(6i9)+ImF(ei0)> a9
21 Jo

1 o 2 sin 0
= — o -1 —— 1
2#[/0 <7r Og<1—0059)+ >d0
0 7r 1—cosd

/°° @ (|2 logt + 1\)dt+/°° o (|2 logt — 1\)(4
0 0

1

™

t2+1 t2+1

=Kz
Combining this with (3.10) we see that the constant K is indeed the best possible.
This completes the proof.

4. WEAK TYPE INEQUALITY FOR RE-EXPANSION OPERATOR

Recall the sine and cosine Fourier transforms Fy, F. and the Laplace transform
L on the positive half line. Let us also introduce the complex Fourier transform F
on the closed upper halfplane H, given by

ff(x,y)ff(z)\/z i f(t)etdt.
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Clearly, it suffices to prove the inequality (1.1) for f € C5°(R4). The substitution
g = F.f transforms this estimate into

(4.1) {z € Ry : |Feg(z) — Feg(z)| > 1} < K<p/ D (2F.g(x))dz.
Ry

The Fourier transform satisfies

c

(4.2) |Fg(2)

[(Fg)'(2)] < TP

\SL,
1+ 7]

for all z € H and some absolute constant ¢ depending only on g. Put

u(z,y) = ug(z,y) = ReFyg(z,y) = \/Z/ g(t) costr e Vdt,
(43) Ry

2
v(z,y) = vy(z,y) =ImFyg(x,y) = \/;/R g(t)sintx e Vidt
+

and observe that we have, for all z, y € R,
u(z,0) = Feg(z),  v(z,0) = Fog(z),
u(0,y) = Lg(y), v(0,y) =0
and
uz(0,y) =0, v2(0,9) = =(Lg)'(y)-

Now we are ready to turn to the announced weak type estimate for re-expansion
operator.

4.1. Proof of (1.1). Arguing as in the proof of (1.5), it suffices to establish the
estimate for the elements of the class K. So, fix ¢ € [0,00] and consider the
corresponding function ®,. Our argumentation will be based, as in the probabilistic
setting, on the properties of the special function U,.

The first step is to approximate U, by a sufficiently smooth function: below, we
will need the existence of the partial derivatives of the second order. To do this,
observe that the function x — Ugy(z, —2) + Uay(x, —2) is strictly increasing on
[0,1); indeed, its derivative in the interior of this interval equals 2Uy.. (2, —2) > 0.
Furthermore, by Lemma 2.3, this function vanishes at 0. Thus U,,(1/2,—-1/2) +
Uay(1/2,—1/2) > 0 and, in consequence, if § € (0,1/2) is sufficiently small, then
for any point (r,s) from the unit ball of R? we have

(4.4) Uaz(1/2 — 61, —1/2 — 65) + Uqy(1/2 — 67, —1/2 — és) > 0.
Fix such a 6. Let h : R? — [0,00) be a C°° function, supported on the unit ball
of R? and satisfying [, h = 1 and h(r,s) = h(—r,—s) for all r, s € R. Define
U®) . R2 SR by the convolution
U (z,y) = / Ua(x — 0r,y — ds)h(r, s)drds.
R2
Since U, is continuous, an integration by parts gives

Ul (x,y) = / Uge(z — r,y — ds)h(r, s)drds,
(45) RxR

Ué‘sy)(a:, y) = / Ugy(x — 6r,y — §8)h(r, s)drds.
RxR
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Now, for a fixed g, recall u = ug, v = v, given by (4.3) and introduce G : H — R
by

G(‘T7 y) = Uéé) (U(l‘, y) + ’U(QL‘, y)7 _u($7 y) + U(.’L‘, y)) - U((S) (0’ 0)

Applying Green’s formula for the region D = {(z,y) € R? : 2 > R™1 y >
R™Y 22 +y? < R?}, R > 1, we obtain

//D yAG(x7y)dwdy:£D yGo(z,y) + G(x,y) — yGy(z,y) do(z,y).

Since U, is subharmonic on R2?, so are Uéé) and G. Thus the double integral
above is nonnegative. Now let R — oo and use (4.2): the integral over the arc
{(z,y) : 2 >0, y >0, 2% + y* = R?} tends to 0. Therefore, we get

0< /DO G(z,0)dz — /m yG2(0,y) + G(0,y) — yGy(0,y)dy
(4.6) 0 0

0 0

where in the latter passage we have used integration by parts. To deal with the
second integral on the right, note that

G.(0,y) = UL (u(0,y) +v(0,y), —u(0,y) + v(0,9)) - (ux(0,9) + v,(0,9))
+ U (u(x,y) + v(z,y), —u(z,y) + v(z,y)) - (—ua(0,y) + v2(0,9))
= — [US(Lg(y), —Lg(y)) + US) (Lg(y), —Lg(y))] (L)' (y)-
Therefore, integrating by parts yields

/ G (0,y)dy = / " 1 (Lg(y))dy,
0

0

where
Jo(x) = /O U (t,—t) + UL (t, —t)dt

for € R. We will show that J° > 0. By symmetry of U, and h, it suffices to prove
this on [0, 00). Note that for any b € R, the function r — Ugy(r + b, —7) + Ugy (r +
b, —r) is strictly increasing on [0, 1]. Therefore, if < 1/2, then

Ugo(x — 01, —x — 08) + Uy (z — 07, —x — 85) > Uy (=07, —68) + Uyy(—6r, —ds)
and, by (4.5), J%(x) > J%(0) = 0. On the other hand, if x > 1/2 and = # 1 — s,
then

Ugs(x — 01, —x — 05) + Ugy(z — 07, — — ds) > 0.

Indeed, if —z — ds < —1, then both sides are equal; if —z — ds > —1, then the left
hand side exceeds Uyy(1/2 — 07, —1/2 — 65) + Uqay(1/2 — 67, —1/2 — Js), which is
positive in virtue of (4.4). Thus, by (4.5), (J%)'(x) > 0 and J° is a nonnegative
function. Plugging this into (4.6) yields [;° G(x,0)dz > 0, or

/ N U (Fog(x) + Fag(x), —Feg(a) + Fog(z)) — UL (0,0)dz > 0.
0
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However, by (2.5), we have
UL‘(Lé) (a:,y) § /2 [Ua(070)1{|y—6s\<1} + (Pa(x - Y- §(T - S))]g(ra S)deS
R

< UL0.01yi<rss) + Pale =9 +a [ 8l = slh(r.s)drds,
R2
where in the second passage we have exploited mean value property together with
the fact that |®/| < a. Therefore
Ua(OuO)Hx Z 0: |(fc - fs)g(x)| Z 1+ 6}|

< / By (2| Fog(2)]) +a5/ v — slh(r, s)drds + U (0,0) — U)(0,0)
R, R2
and lettting § — 0 yields

o2 0:1(F = P > 1 < K5 [ @al2lFg@),

Applying this inequality to g/(1 —¢) for 0 < € < 1/2 and letting € — 0 strengthens
this bound to the form

(e >0: |(F - Fug(@)| > 1} < Kj / (2 Fag(2)]).

The proof is complete.

4.2. Optimality of the constant. Fix ¢ > 0 and let f be a function on R, such
that

Hz 2 0: (I -H*)f(x)| 21 —e}| 21 ~¢

and
/ B2 (2))de < K3 + .
R

Such a function exists, by the reasoning presented in the previous section. For any
s> 0, let f*) be given by

fO@) = fl@—9)lsg,  ©>0.
We have that
{a > 0:|(I —10) £ (z)] > 1 — 2¢}
=z >0:|(I —H® —H)fO(x) >1— 2]
>HzeR: (I —H)fO @) > 1—c} = {2 >0: [HLfO(a)| > e}|
=z eR: (I —H*)f(z)| > 1—e}[ = {z > 0: [H1 ¥ (2)| > e}

CHF DL >
g

>1-— 1—2¢,

provided s is sufficiently large: this follows from the equality H; f(*)(2) = Hy f(x+s)
for any > 0. On the other hand,

/ (2 ) (a)])da = / B(2|f(x))dz
Ry Ry

This shows that the constant Kg is indeed the best possible.
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