A WEIGHTED WEAK-TYPE BOUND
FOR HAAR MULTIPLIERS

ADAM OSEKOWSKI

ABSTRACT. We study a weighted maximal weak type inequality for Haar mul-
tipliers which can be regarded as a dual problem of Muckenhoupt and Whee-
den. More precisely, if T¢ is the Haar multiplier associated with the sequence ¢
with values in [—1,1] and M, is the r-maximal operator, then for any weight
w and any function f on [0,1) we have

1
w({z €[0,1) : |Te f(2)] > Mrw(x)}) < Cr /0 |fldz,

for some constant C, depending only on r. We also show that the analogous
result does not hold if we replace M, by the dyadic maximal operator M.
The proof rests on Bellman function method: using this technique we establish
related weighted LP estimates for p close to 1, and then deduce the main result
by extrapolation arguments.

1. INTRODUCTION

In 1971, Fefferman and Stein established the following weighted version of the
weak-type (1,1) estimate for the Hardy-Littlewood maximal operator M on R™:

w({z € R": Mf(z) > 1}) < c/ | fIMwdz,
]Rn

where w is a nonnegative locally integrable function, w(E) = [ 5 wdz and ¢ depends
only on the dimension n. A few years after that Muckenhoupt and Wheeden con-
jectured that an analogous bound holds true if one replaces the maximal operator
on the left-hand side by an arbitrary Calderén-Zygmund singular integral operator
T'; that is, there is a finite constant ¢ depending only on n and T such that

(1.1) w({z e R": Tf(z) >1}) < c/Rn | f|IMwdz.

There is a weaker statement involving A; weights. Recall that w satisfies Mucken-
houpt’s condition A; if there is a finite constant K such that Mw < Kw almost
everywhere; the smallest K enjoying this property is denoted by [w]4, and called
the Ay characteristics of w. For A; weights w, (1.1) would imply

(1.2) w({z € R": Tf(z) > 1}) < clula, /R \f|da,

which is called the weak conjecture of Muckenhoupt and Wheeden. Both problems
remained open for a long time, and there were many attempts which led to some
partial results in this direction. Chanillo and Wheeden showed in [3] that (1.1) is
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true if T is replaced by the Paley-Littlewood square function. Buckley [1] showed
that both conjectures are true for weights of the form ws(z) = |2|~41 =9 0 < § < 1.
As far as we know, the best positive result in this direction is that of Pérez, who
showed that if M? denotes the second iteration of M, then

Aw ({JJ S Rd : Tf(l‘) > )\}) < CHfHLl(M"’w)-

In fact, the paper [10] contains a stronger statement in which the operator M? is
replaced by the smaller object M og )= (We refer the reader to the paper for the
necessary definitions). Consult also the recent works of Lerner, Ombrosi and Pérez
[6, 7] for further results on various forms of (1.2). In 2010, both Muckenhoupt-
Wheeden conjectures were finally shown to be false, as they do not hold true for
n =1 and T being the Hilbert transform. See the counterexamples by Reguera [11]
and Reguera and Thiele [12], consult also an unpublished manuscript of Nazarov,
Reznikov, Vasyunin and Volberg [9]. The latter work contains also related results
for Haar multipliers. Let h = (hy)n>0 stand for the usual, unnormalized Haar
system on [0, 1):

ho =1[0,1), h1=1[0,1/2) —[1/2,1),

=[0,1/4) — [1/4,1/2), hs =[1/2,3/4) — [3/4,1),
h4 = [0 1/8) —[1/8,1/4), hs =[1/4,3/8) —[3/8,1/2),
and so on, where we have identified a set with its indicator function. The collection
of all intervals appearing in the above definition will be called the dyadic lattice
of [0,1). For a given integrable function f =3 ja,hy, on [0,1), let its maximal
function M f be given by sup g [fn], where fx = Zﬁ;o anhy is the projection of
f onto the space generated by the first N + 1 Haar functions. For a given sequence
€ = (en)n>0 of real numbers, we define the associated Haar multiplier T' = T, by
T (30 ganhn) =Y o0 s €nanhy,. The aforementioned result of [9] asserts that for
any ¢ > 0 there is an A; weight w, a function f on [0,1) and a sequence £ with
values in {—1,1} such that the corresponding operator T. satisfies

w({z €[0,1): T.f(z) > 1}) > clw] / |f|Mgwdz.

On the other hand, there is a finite universal ¢ such that

w(fe €[0.1): Tof(@) > 1) < cluly log” (14 [ula,) [ 1f|M .

In this paper we will be mostly interested in estimates dual to (1.1) and (1.2).
Such inequalities appeared in the works of Lerner, Ombrosi and Pérez [5] in the
context of singular integral operators: the strong version is

(1.3) w({z € R : [Tf(z)] > Mu(z)}) < e / 1/ld,

where w is an arbitrary weight, T' is a Calderén-Zygmund operator and ¢ depends
only on T" and the dimension. The weaker inequality concerns A; weights and reads

(14) wi{e € R T4(@)] > w(@)h) < cluls, | |7lds,
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where T and ¢ are as above. To see the duality between these bounds and (1.1),
suppose that (1.1) holds true for some T and apply the extrapolation theorem of
Cruz-Uribe and Pérez [4]. We get that for any 1 < p < oo there is a constant C,, ,,
depending only on the parameters indicated such that

P
/ |T f|Pwdz < C’n’p/ [fIP (]\4[11}) wdx
R R™ w

for all f and w. Then by duality we get

|7 f| v |f| v
< CaS
/n ( Mw wdz O"’p Rr \ W wdz,

where p’ = p/(p —1) € (1,00). Thus (1.3) can be regarded as a limiting weak-type
(1,1) version, as p — oo, of this estimate (applied to the operator 7).

The question about the validity of the inequality (1.3) and (1.4) seems to be open
at the moment. In [5], Lerner, Ombrosi and Pérez proved the following weaker form
of (1.3): there is a constant ¢ depending only on n and T such that

w({z e R : |Tf(z)] > MPw(z)}) < c/ |f|dz
R’VL

(here M3 is the third iteration of the Hardy-Littlewood maximal operator). The
purpose of this paper is to study the dual inequalities in the context of Haar mul-
tipliers. Our first result is the following.

Theorem 1.1. For any c, there is a weight w, a function f on [0,1) and a sequence
e with values in {—1,1} such that the associated Haar multiplier T, satisfies

(1.5) w({z e€0,1):|T.f(x)] > Maw(x)}) > ¢ ; |f|dx.

Our second result is positive and shows that (1.3) holds true if we increase the
operator My a little bit. In what follows, for any » > 1 we define the r-maximal
operator by M,w = (Mgw")'/".

Theorem 1.2. For any r > 1 there is a constant C,. depending only on r such
that for any weight w, any function f on [0,1) and any sequence & with values in
[—1,1], the associated Haar multiplier T, satisfies

(1.6) w({z €[0,1): [Tf()] > Maw(z)}) < C, / |fldz.

The above statements do not answer the question about the validity of (1.4) for
Haar multipliers. Though we believe that the inequality does not hold, we have
been unable to prove this rigorously.

We establish Theorem 1.1 in the next section, by providing a family of appro-
priate examples. Section 3 is devoted to the proof of Theorem 1.2: we will exploit
the so-called Bellman function method and deduce the validity of (1.6) from the
existence of a certain special function, involving appropriate majorization and con-
cavity. This is quite different from the argumentation used in [5]-[7], which exploits
delicate boundedness properties of the Hardy-Littlewood maximal operator and
Rubio de Francia algorithm.

2. A COUNTEREXAMPLE

For the sake of clarity, we have decided to split the construction into two parts.
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2.1. A building block. Fix an arbitrary odd number L = 2¢+1 > 3 and consider
a function F on [0,1) given by

oo
F = Z aphg,.
n=0

Here the coefficients a € {0,1} are defined inductively as follows: ag = 1 and, if
Fp_ 1= Zﬁ;é anhy, € {0, L} on the support of hg, then aj = 0; otherwise, a = 1.
Next, put

o0
G = E exarhr,
k=0

where €5 = 0 and, for k > 1, the term ¢ = 1 when one of the following conditions
is true:

(i) we have Gx_1 < 0 and Fy_1 > 1 on the support of hy;
(ii) we have Gi_1 > 0 and Fj_; = 1 on the support of hy.

If neither of the above holds, we set e = —1. Clearly, by the very definition, we
see that G = T'F for a Haar multiplier T" with coefficients ¢g, €1, €2, .. ..

The pair (F, G) has a very nice interpretation in terms of martingales, which we
will describe now, for the convenience of the reader. If we treat ([0, 1), 8(0,1),|-|)
as a probability space equipped with the dyadic filtration, then ((F,,,Gp))n>0 is a
Markov martingale taking values in the set

{(kym) € ZXZ:k>0,k+|m|€{1,3,5,...,L}},
with the distribution uniquely determined by the following requirements:
(i) We have (Fp,Go) = (1,0).
(ii) Any point of the form (1,k) with k =0, 2,4, ..., L — 3 leads to (0,k — 1)
or to (2,k + 1). Any point of the form (1,k) with k = -2, -4, ...,3— L
leads to (0,k 4 1) or to (2,k — 1).
(iii) The point (1,L — 1) leads to (0, L) or to (2,L — 2). The point (1,1 — L)
leads to (0,—L) or to (2,2 — L).
(iv) Any point of the form (k,m) with k € {2,3,...,L—1} and m € {0,1,...,L—
k} leads to (k—1,m+1) or to (k+1,m—1). Any point of the form (k,m)
withk € {2,3,...,L—1}and m € {-1,-2,...,k—L} leads to (k—1,m—1)
orto (k+1,m+1).
(v) All the remaining states are absorbing: once the process gets to such a
state, it stays there forever.
In (ii), (iii) and (iv), each possibility has probability 1/2. See the Figure 1 for the
graph of transities for L = 7.

In what follows, we will need a small, but crucial modification of the pair (F,G)
(after which it will no longer be a Markov process). Namely, let us take a look at
the dyadic interval

IT={se€0,1): Fo(s) =1,Fi(s) =2,Fs(s) =1,F3(s) =2,...,Fr_1(s) = 1}.
Directly from the above definition it follows that Go = 0, G; =1, G, = 2, ...,
Gr_1=L—1onZ. The modification is that weset F =1land G=L—1onZ. In
the language of the Haar expansion, this amounts to cutting off all the coeflicients

for which the corresponding Haar functions have their support contained in Z. This
modification also has a clear probabilistic interpretation: we stop the martingale
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FIGURE 1. The evolution of the process (F,G) in the case L = 7.
The dots stand for the elements of the state space, while the arrows
indicate possible movements between the states.

pair (F,G) after L — 1 steps if it moved according to the trajectory described in
the above definition of Z.

Let us gather some facts which follow from the above construction. First, observe
that the function F takes values in the set {0,1, L} and hence

L=||Fllpr =1-{F = 1}|+ L-{F = L}| = |Z|+ L{F = ¢}| = 2"~ " + L|{F = L},

so[{F =L} = L~'(1-2'"1). Next, observe that on Z we have G = L—1 = 2/ and
MyF = max{Fy, Fy,...,Fr_1} = 2. Consequently, |[{G > (MyF}| > |I| = 2!~ L.
Finally, we will use the notation Zjy 1) = {F = 0} and Pjo 1) = {F = L}; note that
each of these sets is a countable union of dyadic intervals.

In what follows, we will need a version of the above construction on an arbitrary
dyadic interval I. This version is obtained by taking an increasing affine mapping S
from I onto [0,1) and setting FY = FoS, GI = GoS. The pair (F!,G!) inherits all
the crucial properties. In particular, we see that G = T'F' for some Haar multiplier
T, and

{G! > eMyF}| > 217 F 1)
We will also use the notation Z; = {F! = 0} and P! = {F! = L}; as previously,
each of these sets is a countable union of dyadic intervals.

2.2. Proof of (1.5). Now we provide the final counterexample. The appropri-
ate function f = Y 7 aghi : [0,1) — [0,00) and the associated function g =
> oo akarhi, with ag € {—1,1}, will be obtained as the result of several modifi-
cations with the use of the building block described previously.
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Step 1. Our starting point is to take ap = a1 = 1/2, ag = a3 = ... = 0 and
ag=1, a1 = -1, a3 = ag = ... = 1. Then, clearly, f € {0,1}.

Step 2. On the set where f = 0, we do not change anything. Let us look at the
interval {f = 1} = [0,1/2). Here we let (f, g)|j0,1/2) be equal to (Fl0:1/2) Glo1/2)y,
Since (f1,01) = (1,0) = (Fé[o’l/Q), Gg)’l/Q)), this is well-defined and hence

o o0
F= akhe,  g=) apahy,
k=0 k=0

for some real numbers ag, ay, as, ... and ag, ai, asg, .... Furthermore, since the
coefficients ;1 &9, ... appearing in the definition of G took values in {—1,1}, we
see that the sequence (ay)r>o consists of signs only. Finally, note that
(2.1) Maf <L  on]0,1)
and

lgl > EMyf on the set {f = 1}.

Step 3. We know that the interval [0, 1) splits into the sum of three sets: {f = 0},
{f = 1} and {f = L}. On the first two of these sets the construction is over;
however, on the third we will change f a little bit. Namely, directly from §2.1,
the set {f = L} is a countable union of pairwise disjoint dyadic intervals Jy, Jo,
.... We modify the pair (f,g) on each J,, by putting (f,9)|s,, = (LF'» LG'™),
m = 1,2, .... This makes sense, since before the modification we had (f,g) =
(L,0) = (LEj™, LGJ™) on each J,,. Now, by the structure of the Haar system, we
easily see that f and g still admit the representation

(22) F=Yarhi, 9= ararhy,
k=0 k=0
for some real numbers ag, a1, az, ... € {0,1} and some signs ag, a1, ag, ...
Observe that
(2.3) Myf <L* on|[0,1)
and, by (2.1),

lgl = Maf  on{f=1}U{f =L}

For completeness, let us write formally what happens in the k-th turn.

Step k. The interval [0,1) splits into the sum of the sets {f = 0}, {f = 1},
{f=1L},...,{f =LF3}and {f = L*~2}. We do not change f on the first k& — 1
sets. The last set is a union of dyadic intervals, denoted again by Ji, Jo, .... On
each J,, we set (f,9g)|s, = (LF"2F/m LF=2G7m) m =1, 2, .... It is easy to check
that after this modification, (2.2) are still valid and we have

Muf <LF*  on|[0,1)

and
g > eMaf  on{f =1}U{f=L}u...u{f=L"7?}.

Let us carry over K steps. We get a pair (f, g) which satisfies the formulas (2.2)
and hence there is a Haar multiplier T with coefficients belonging to {—1, 1} such
that g = T'f. Take w = £f. Then the left-hand side of (1.5) equals

1 1 1
/ffX{\g\zeMdf}dSZ/ éfdsf/ Cfx(f=rxyds,
0 0 0
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since
0.1)={f=0yu{f=1}U{f =L}u...U{f = L¥}
={f=0}U{lg| > Muf}U{f = L¥}.

Hence

1 1
/0 wX{IQIZde}dI:/O ffdstLk|f:LK|
1
=/ tfds — (LF|F = L|*
0
1
:5/ fds —£(1 = 271K
0

1
“—ww/ fds.
0

But ¢ was an arbitrary number. Thus, for any positive constant ¢ as in (1.5), we
pick ¢ > ¢ and take sufficiently large K to obtain a function and a Haar multiplier
for which the desired inequality is satisfied.

3. PROOF OF THEOREM 1.2

For fixed 1 < p < 2 and « € (0, 1), consider a function U, , : R? x (0,00)? — R,
given by
1490 D(a(p— 1) +

1) ‘$|pu—a(p—1).
(I-a)(p—1)

Up,a(-’I;, Yy, u, ’U) = (.'1;2 + y2)p/2 (U Vi v)—a(p—l) _

Observe that U, o satisfies

(3.1) Upalz,y,u,u) <0 if [y| < 2.

Indeed, we have (u V v) =P~ < o=*(P=1) (22 4 42)P/2 < 2P/2|g|P < 2|z[P and
20 Diap-1)+1)

(1-a)(p—1) -
Furthermore, we have (22 + y?)?/2 > |y|P, which implies
200 D(afp 1) + 1)
(1-a)p-1)

provided v > u. The main property of U, , is the following concavity-type condi-
tion.

(3.2) Up.alz,y,u,v) > |y|Po=o (=1 — [Py 1)

Theorem 3.1. Suppose that (x,y,u,v) € R? x (0,00)? satisfies u < v. Then for
any h, k € R such that |k| < |h| and any ¢ € (—u,u) we have

(3.3) 2Upa(z,y,u,v) > Upolx —h,y—k,u—40,v) + Uy o+ h,y+k,u+£,0).
Proof. Fix x, y, u, v and consider the function G : [0, 1] — R given by
G(t) = ((x +th)* + (y + th)*)P/ 2o~ =D
2te-D(a(p 1) 1 1)
DI

This is almost Upo(x + th,y + tk,u + tf,v); the only difference is that instead
of ((u+ tf) vV v)~*P~1) we have a somewhat simpler (and larger) term v~ (P~

|z 4 th|P (u + t£) =P~
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appearing in G. Therefore, the claim will follow if we prove that G(1) + G(—1) <
2G(0), and this will be accomplished by showing that G is concave. Since G is
of class C!, it is enough to prove that G”(t) < 0 for all t € (0,1) such that the
second derivative exists. To ease the computations, note that G is a difference of
two terms; let us analyze each term separately. First compute that

%((:p +th)? + (y + th)2)"?

= p((z+th)2 + (y+ th)2)"* " [(z + th)h + (y + th)k]

Therefore, differentiating once again, we get

j; (2 +th)2 + (y + th)2)""*

= p(p— 2)((z +th)* + (y + th)*) "> > [(@ + th)h + (y + th)k]
4 p((z 4+ th)? + (y + th)2) P27 (B2 + K2).
This, after some manipulations, can be expressed as Iy + Is + I3, where

I = p((z + th)? + (y + th))P/272((p — 1)(z + th)? + (y + th)*)h?,

L =2p(p — 2)(z + th)(y + th) ((z + th)? + (y + th)*)P/>*2hk
< p(2—p)((w +th)* + (y + th)*)"/>'h?,

Is = p((z + th)? + (y + th)®)P/*72((x + th)* + (p — 1) (y + tk)?)k?
< p((z +th)? + (y + th))P22((x + th)? + (p — 1) (y + thk)?)h2.

This implies
2

dt?

Furthermore, we have v > u > (u + t£)/2 and hence

2

(3.4) a?

((w+th)? + (y+ th)*)"” < 2p((a + th)? + (y + th)*)"/ >~ 2,

(@ + th)2 + (y + th)2)" *p=o®=1)
< =D&+ th)? + (y + th) 2P/ (w4 t0)~«P=Dp2,
Next, let us handle the second “part” of G. If = + th # 0, we compute that

2
dt?

where the 2 x 2 matrix A = (A;;)? ;_, has the entries

(3.5) (Jz + th|P(u + t6)=*P=D) = (A(h, £), (h,€)),

Arr =p(p— Dz + th|P2(u+ te)~ @1,
Ajp = Agy = —ap(p — 1)|z + th|P~ (u + tg)—a(p—l)—l sgn(z + th),
A22:a(p—1)( ( —1)+1)|x+th|p(u+t£) (p—1)— 2

We have Ay; > 0 and det A > 0, so A is nonnegative-definite. Actually, this will
still be true if replace Ay1 by vA11, with
_ ap
T alp—1)+1’
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since then the determinant of the matrix vanishes. Therefore, we may write

2
(| + th|P(u + té)_o‘(p_l))

dt?
(3.6) > (1—7)Auh?
plp—1)(1 —a) -2 —a(p—1)p2
_ thP to)y—e@=1p2
alp—1)+1 [+ thi"™(u + ¢0)
Combining this inequality with (3.4), we obtain the desired bound G”(¢) < 0. This
proves the claim. O

The function U, o leads to the following L? estimate related to (1.6).

Theorem 3.2. Let 1 < p < 2 and r > 1. For any weight w, any function f on
[0,1) and any sequence € with values in [—1,1], the associated multiplier T satisfies

- <21+(p1)/r(p+r . 1)>1/p i
LP(Myw) (r=1(-1)

w
Proof. By a straightforward approximation, we may and do assume that w > 0.
Let g = Tf and put @ = 1/r. The assertion is equivalent to

21+a(p—1) (a(p _
(I—a)(p-

(3.7)

Lr(w)

' P 1-p(&\ds )+ [ s)[Pw'P(s)ds
[ P M) s)as < 5 [ Irret e

or, if we consider the weight w = w",

2l te(r=1)(q(p —
(1-a)lp—

We will first show this in the case when f and @ (and hence also g) have finite

expansion in the Haar system, i.e.,

1 1
s)|P D)~ (5)ds H+1) PP (5)ds
[ oty = sds < = i) (5)ds.

N N
f=fn=) ache, w=1dy= bl
k=0

k=0

for some integer N and some coefficients ag, a1, ..., an, bo, b1, ..., by. By (3.2),
this will follow once we have proved that

1
U, w max_ W, | ds <0.
/0 P, (vagNa N7O§m§N m) >

Note that the integrand makes sense: we have Wy > 0 and maxo<m<ny Wy > 0 by
the positivity of w which we have assumed at the beginning. We will show first
that for each n =10, 1, ..., N — 1 we have

1
/ Up,a fnvgnawn; max wm ds
0 0<m<n

1
> / Up,a fn+17gn+1au~)n+17 max Wy, | ds.
0 0<m<n+1

(3.8)

Let I be the support of h,y1. The pairs fn, fant1; 9ny Gn+1; Wny, Wrt1; and
MaxXg<m<n Wm, MaXg<m<n+1 Wm coincide outside I, so we must show the appro-
priate inequality for the integrals over I. However, fy, gn, W, and maxo<m<n Wm
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are constant on [; denoting the appropriate values by x, y, u and v, we easily see
that (3.8) is equivalent to

I
|I|Up,oz(x7 Y, u, U) > %(]p,oc(ﬂj —0n+1,Y — Ent10n4+1,U — bn—Hv U)
I
+ %Up,a(ﬂv + Ang1,Y + Eng10n41, U+ byyr,0).

This follows directly from (3.3). Thus, (3.8) holds true and hence

1 1
/ Up,a (fN>gNau~}N7 max 1Dm) ds S / Up,a(fOuQOuﬁ)OﬂDO)ds
0 0<m<N 0
= Up,a(ag, 000, bo, bo).

The latter expression is nonpositive, due to (3.1), and hence (3.7) holds true for
functions with finite expansions. The passage to the general case exploits a simple
limiting argument. Let f =77 arhy, @ = > 4 behy be arbitrary. By what we
have just proved,

1 n
/ | Z €kakhk|p(Mdu~))7o‘(p71)ds
0

k=0

1 n , m a(p-1)
S/O |kz:;)€kakhk\ (057%3”;_0516%) ds
n P/ on —a(p—1)
Zakhk (Zbkhk> ds.
k=0 k=0

However, the function (z,u) +— |2z[Pu=*®~1) is convex on R x (0,00): see (3.5) and
use the fact that the matrix A appearing there is nonnegative-definite. Further-
more, the pair (Y _, axhi, > r—o behi) is the projection of (f,w) on the subspace
generated by the first n + 1 Haar functions. Therefore, by Jensen’s inequality,

1l n P /o —a(p—1) 1
/ > aphy, (Zbkhk> dsg/ | flPo— =D ds.
0 Jk=0 k=0 0

It remains to plug this into the previous estimate, let n — oo and use Fatou’s
lemma on the left-hand side. (I

2+ar=D(a(p—1)+1) [*
< raey

We will also need the following simple lemma concerning the Haar system.
Roughly speaking, it asserts that any Haar function h; can be replaced, in dis-
tribution, by sums of Haar functions with arbitrarily large indices and arbitrar-
ily small coefficients. For any J C N and any nonnegative integer K, we set
J(K)={jeJ:j<K}

Lemma 3.3. Let I be a dyadic subinterval of [0,1)and fiz positive integers M, N.
Then there is a set J C {N,N+1,N+2,...} such that for each j € J, the support
of h; is contained in I, the sums

> My, K=1,2,...,
JEJ(K)
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take values in [—1,1], and

SZM_lh](S):l :77 S:ZM—lhj(S):_l :%

JjeJ jEJ
Proof. This is straightforward. By the structural, dilation properties of the Haar
system we may assume that I = [0,1). Let (c,)n>0 be a sequence defined induc-
tively by
0 if erol ¢;jM~1h; € {—1,1} on the support of h,,
Co = 17 n — ]_.
1 otherwise.
It is easy to see that for each n, the sum > 7, cjM~1h; takes values in [—1, 1] and

converges, as n — 00, to a function taking values 1 only (on the sets of measure
equal to 1/2). This is precisely the claim. O

By a simple inductive argument, the above statement implies the following.

Corollary 3.4. Fiz a positive integer M. Then there is a sequence (dy)7>., with
values in [-M~Y, M~1] and a sequence Ny, N1, N, ..., N, of integer-valued func-
tions on [0,1) such that Ngo =0, Ng < Ny <...< N, on [0,1) and

N1 N2 Nn
Hy= | ho Y dihe, D dih,..., Y dihy,
k=1 k=N;+1 k=Np_1+1

has the same distribution as H,, = (ho, h1, ha, ..., hy). That is, for any Borel subset
B of R*tH1

|{s €[0,1): H,(s) € BY = |{s €[0,1): H,(s) € B}|.
Furthermore, each sum Zi:Nj,IH drhy (where Nj_1 +1 < ¢ < N;) takes values
in the interval [—1,1].

Equipped with the above facts, we are ready to establish Theorem 1.2. Actually,
we will be able to show a whole family of inequalities (1.6) (indexed by p € (1, 2)).

Theorem 3.5. Letr > 1 and 1 < p < 2. Then for any weight w and any function
f:[0,1) = R we have

(3.9)
w(fs € [0.1) : 1.7 (s)] > Myu(s)}) < (1 n

21—/ (p 4 — 1)
(T‘—l)(p—l) >||f|L1

Proof. We may assume that f, w have finite Haar expansions

f:Zakhk7 w:Zbkhk-

k=0 k=0
Furthermore, we may assume that w is bounded away from 0: there is n > 0 such
that w > n almost surely. Let us also fix 6 € (0, 7).

The remainder of the proof splits into two major parts.

Step 1. Reduction to functions having small Haar coefficients. Since f, w have
finite Haar expansions, the function w = w" also has this property: w = ZZ:O crhy:
indeed, w is measurable with respect to the o-algebra generated by hg, h1, ..., hy.
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Fix a large positive integer M and let (dg)52,, 0 = Ng < N1 < ... < N,, be the
sequences guaranteed by Corollary 3.4. Put

n N; n N;
F=aho+Y > ajdihs,  W=boho+> > bidhy

j=1k=N;_1+1 j=1k=N;_1+1

and

n N;
W=W"= coho + Z Z dekhlc~
J=1k=N;_1+1

Since (ag), (b ), (cx) are finite sequences, they are bounded and hence, increasing M
if necessary, we may and do assume that the Haar coefficients of F, W and W (ex-
cept for the first ones!) are smaller in absolute value than é. By the above corollary,
we see that the distribution of the function ((Fy, Wy, Wo), (FNI,WNl,WNl), cen
(Fn,,Wn,,, W,,)) is the same as that of ((fo,wo,@o), (f1, w1, D1);- - (fr, Wn,0p))-
In particular, this implies the existence of a sequence § = (8x)3, with values in
[—1,1] such that T3F has the same distribution as T f (where € is an arbitrary
sequence with values in [—1,1]).

As we shall see, it suffices to study (3.9) for these new functions F', TgF and W.
To this end, we will need to compare the r-maximal functions M,w and M, W.
For any integer k we have w41 < 2wy almost everywhere, since w is a nonnegative
function. Indeed, if I is a dyadic subinterval of [0, 1] of measure 27%~1 and J is the
parent of I, that is, I is the left- or the right half of J, then

5 1 - 1 5 2 - 5 -
wk+1|1—|1|/1wd1:§mj]wdx—m/]wdx—2wk|J—2wk|I.

Therefore, Wy, o < 2Wy, almost everywhere, by the equality of distributions
of the sequences (wo,w1,...,wy,) and (Wo, Wa,,...,Wn,). In consequence (see
the last sentence of the above corollary), for almost all s and any ¢ € [Ng(s) +
1, Ny 1(s)], we have Wy(s) < 2W, (s) and hence

M, W (s) = St;p((WT)z)”"(S) <ol/r Sgp((WT)Nk)”T(S)-

The above considerations imply the following upper bound for the left-hand side of
(3.9):

1 1
/Owlﬂnfemw}dSZ/O W17, Pizsup, (W) ) /718

1
< / Wl{\T[3F|22*1/TM,.W}dS-
0

Hence we need to provide an appropriate bound for the latter expression, which
concerns functions/weights with small Haar coefficients.

Step 2. An extrapolation and stopping-time arguments. Let 7 :[0,1) — NU{oco}
be given by

7(s) = inf{n : |F,(s)| > W,(s)},
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with the usual convention inf ) = co. We have
1
/OW(S)1{|TaF<s>|zz—1/rM,,»W<s>}d3
1

(3.10) =/ W ()L {mp(s) 22 1/7 MW (s), 7(5) <00} A8

0

1
+/O W(S)L{ 15 F(s)|22-1/7 M, W (s),7(s) =00} AS-
Let us handle each term on the right separately. We have
1 1
/0 W(S)L{ 15 F(s)|22-1/7 M, W (s), 7(s) <00} A8 < /0 W (s)1{r(s)<o0}ds

x® 1
= Z/ W(S)I{T(s):n}ds
n=0 0

00 41
Z/ Wi (8)1(r(s)=n}ds,
n=0"0

where in the last line we have used the fact that the set {7(s) = n} is measurable
with respect to the o-algebra generated by hg, h1, ..., h,. But on this set we have
|Fn(8)|/Wh(s) > 1, so

o0 1 00 1
Z/O Wi (8)1ir(s)=nyds < Z/O | Frn ()17 (s)=n)ds
n=0 n=0

<3 [P wemds < [ PGS
n=0

To deal with the second term in (3.10), consider the “stopped” function F'™ given
by F7(s) = Fy(5(s). Then Tg(F7) = (TgF)": both sides define a “truncated”
version of T3 F' in which the summation runs over all indices smaller than 7. One
easily checks that we have the pointwise bound M, W™ < MW so

1
/OW(S)1{|TﬁF<s>\zz—l/erW@),r(s):oo}dS

1

S/O W)L 1, 77 (s)|22-1/7 MW (5),7(s) =00} A8
1

S/0 W(s)L{ 1, r (s)22-1/7 MW (s)) A8
1

:/0 W) L7, pr ()| 22177 M, w7 ()5

1
S/ MW ()11, ()| 22-1/7 MW ()} A8
0

L TFT(s))P
< 2p/r | B d
= / (MW ()1
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for any p € (1,2). Thus, by (3.7),

1
/0W(s)1{|T5F(s)|22*1/TMT'w(s),T(s)=oo}d3

2HC=1/r(p 4 p —1) [T (s IE7(s)] r s
= (r=1)(p-1) /0 ) <WT(S)> o

However, combining the definition of 7 with the inequality W > n and the fact that
the Haar coefficients of F' and W are smaller than d, we get
[E(s)] _ Fr(9-1(8)[+8 _ Ware)-1(s) +0 26

< < <1+ .
WT(S) |W‘r(s)71‘ -0 WT(S)*l(S) -0 n-— 4

Furthermore, we have fol |F7(s)|ds < fol |F'(s)|ds, by Jensen’s inequality. Putting
all the above facts together, we get

1 1
(311) /0 W(S)1{|T5F(s)|22*1/’rMTW(s)}dS S CP’TA |F(8)|d8,
where )
21+(2p71)/r -1 29 p—
Cor =14 (bt r )<1+> .

(r=1p-1) n—29
It remains to let § — 0 to get the claim. O
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