SHARP INEQUALITIES FOR MONOTONE BASES IN L!

ADAM OSEKOWSKI

ABSTRACT. We introduce a novel method which can be used to establish gen-
eral sharp maximal inequalities for monotone bases and contractive projections
in L'. The technique enables to deduce such estimates from the existence of
the upper solutions to the corresponding nonlinear problems. As an applica-
tion, we identify the best unconditional-type constants in certain maximal and
weak-type inequalities for monotone bases in L1.

1. INTRODUCTION

The motivation for the results obtained in this paper comes from a very natural
question about monotone bases and contractive projections in L'. We start with
introducing the necessary background and notation. Recall that a sequence e =
(en)n>0 with values in a given real Banach space X is a basis, if for every f € X
there is a unique sequence a = (a,),>0 C R satisfying || f—>"p_, arex||x — 0. The
basis (ex)r>0 is unconditional, if for any f € X the corresponding series converges
unconditionally. This is equivalent to the condition sup{||Pg|| : E C N finite} < oo,
where, for a given E, the symbol Pg stands for the associated projection defined
by Pef = ) ,cpaie;. A basis is called monotone if for each n the projection
Py, == Pyo1,....n) is contractive. This is equivalent to saying that for any nonnegative

integer n and any real numbers ag, a1, ..., Gn, Qpt1,
n n+1
Z aker|| <= Z akCk
k=0 X k=0 X

We will be particularly interested in monotone bases of LP(Q), F, u), where the
underlying measure p is assumed to be positive and nonatomic. Suppose first that
1 < p < co. Then, as observed by Ando [1], every non-vanishing contractive
projection of LP is isometrically equivalent to a conditional expectation. This ar-
gument can be pushed further to yield that every nondecreasing sequence (P,)n>0
of contractive projections (i.e., satisfying P,,P, = Pyuan for all m, n) gives rise
to a sequence of conditional expectations with respect to a nondecreasing family
of sub-g-algebras, which in turn links this subject with the theory of martingales.
Then, as shown by Dor and Odell [7], the use of the inequalities for martingale
transforms (see Burkholder [2]) yields the following statement.

Theorem 1.1. Assume that (Q, F, u) is a positive measure space. Let P_1 =0, Py,
Py, Py, ...be a nondecreasing sequence of contractive projections in LP(Q, F, ),
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l<p<oo. If f € LP(Q, F, 1), then for any sequence €g, €1, €2, ... of signs,

(1.1) < Cpllflp,

> ew(Ph— Pooa)f
k=0

p

for some universal constant C,, which depends only on p.

It turns out that the optimal choice for the constant C, in (1.1) equals p* — 1,
where p* = max{p,p/(p — 1)}. This follows from a related sharp inequality for
martingales shown by Burkholder in [3] (see also [4]). In particular, the above
theorem implies that every monotone basis in LP is unconditional provided 1 <
p < oo. Further combination with the results of Olevskii [10], [11] gives that the
unconditional constant of any monotone basis e of L? (1 < p < c0) equals p* — 1.

That is, for any n, any sequence ag, a1, asg, ..., a, of real numbers and any sequence
€0, €1, €2, - .., Ep Of signs we have
n n
(1.2) E exarex|| < (p*—1) g ager|| 1<p<oo,
k=0 » k=0 »

and the constant p* — 1 cannot be improved. Consult also the paper of Choi [6], in
which the unconditional constant is defined in a slightly different manner.

There is a very interesting question about the validity of the inequality (1.2)
in the limit case p = 1. A well-known result, due to Paley [12] (consult also
Marcinkiewicz [9]), states that the Haar basis, a fundamental monotone basis of
L1([0,1],B([0,1]),]-]), is not unconditional. Thus there is a further question about
an appropriate version for the inequality (1.2) for p = 1, which will serve as a
substitute for the unconditionality. A typical approach to such a problem is to
study the corresponding weak-type inequality

n n
g ELaLEE E ap€l
k=0 k=0

where ||f]|1,00 = supyso Au({w € @ : |[f(w)] > A}) denotes the weak norm of f.
However, one encounters a difficulty here. Namely, Ando’s theorem fails to hold
for p = 1 and the structure of a contractive projection in L! is more complicated.
Indeed, as shown by Douglas [8], such a projection is isometrically equivalent to the
sum of a conditional expectation and an appropriate nilpotent operator. This in
turn implies that the monotone sequence (P, ),>0 of projections in L' cannot be rep-
resented as a martingale any more. In addition, while the version of (1.3) for mar-
tingale transforms holds true (see [2] and [3]), the inequality (1.3) is not valid in gen-
eral with any finite constant ¢. This can be easily seen by considering the following
example: fix a large positive integer N and let e be a basis of L1([0, 1], B([0, 1]),|-]),
given as follows. Put ey = Xxjo,1/n5) and ex = —X[(k—1)/N,k/N) T X[k/N,(k+1)/N) for
k=1,2,..., N—1. Finally, complete this sequence to a basis, by using a copy of
the Haar system on each of the intervals [(k — 1)/N,k/N), k=1,2,...,N. Then
it is not difficult to verify that e is monotone,

(1.3) <c

)

1

1,00

N—1
Z €k = X[(N—-1)/N,1)
k=0
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and

i
=z

1
F%

" Xtth=1)/n5/3) + (DN X (v =1)/8,1)-
k= 0 k=1
This implies ¢ > N and shows that no finite constant suffices in (1.3).

Thus, we see that the theory of martingale transforms and that of contractive
projections in L' are no longer parallel. One of the objectives of this paper is, in
a sense, to fill this gap. We introduce an approach which enables the successful
treatment of the inequalities for monotone bases in L'. Namely, we will see how a
certain class of estimates can be reduced to finding the upper solutions to some novel
nonlinear boundary value problems. This will allow us to establish the following
sharp maximal version of (1.2).

Theorem 1.2. Suppose that e in a monotone basis of L*(Q, F, ). Then for any
sequences ag, ai, Gz, - .. of real numbers and g, €1, €2, ... of signs we have the
sharp inequalities

(1.4) < ﬁ‘ sup Zakek
n>0
1 1
and
(o]
(1.5) Zekakek < B||sup Zakek
k=0 100 n>0 k=0 1

Here 8 =2.536... is the unique positive solution to the equation

(1.6) 5:3—exp¥.

We would like to mention here that the method we plan to develop has its ana-
logue in martingale theory (see Burkholder [5]), but the interplay between the two
is non-trivial. Namely, if we compare the above statement to its version for mar-
tingale transforms, we have that the constant 3 is also optimal in the probabilistic
counterpart of (1.4) (cf. [5]); on contrary, quite surprisingly, the best constant in
the martingale version of (1.5) is strictly smaller than § (in fact it does not exceed
2, see e.g. [3]).

A few words about the organization of the paper are in order. The next section
contains the description of the structure of a monotone basis in L!. Section 3 is
devoted to the detailed presentation of the method which allows to study general
maximal inequalities for a certain class of monotone bases. In Section 4 we construct
the special function which yields the validity of the inequalities (1.4) and (1.5). In
the final part of the paper we address the question about the optimality of the
constant 3.

2. ON THE STRUCTURE OF MONOTONE BASES IN L!

The material presented in this section is, essentially, taken from the paper [7] of
Dor and Odell. We will show how to construct an isometry of L'(Q,F,u) onto a
certain L(§), F,v), which sends a given monotone basis e onto a simple basis (for
the necessary definition, see below). The new thing which will be proved here is that
this isometry preserves the L' norm of the maximal function sup,,~q | > p_q arex|-

Let us start with definitions.
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Definition 2.1. A system of sets {A4,,;:1=1,2,...,2", n=0, 1,2, ...} is called
a dyadic tree if for all n and 1 <14 < 2™ we have
Apt12ic1NApi12i =10
and
Anti2i-1UApi1,2i = Anie
Definition 2.2. Given a dyadic tree of sets satisfying p(A, ;) > 0 for all n and
i, we define the associated generalized Haar sequence h = (hy)k>0 by ho = ho1 =
XA0,1/||XA0.1||1 and
hon-1yi1 = hni = Hyif||Hnill1,
where
Hn,i = XAn,2'i—1//"L(A7L,2i—1) - XAn,zi/,u(An,Qi)v 1< 2n’ n=12,....
If h forms a basis, it will be referred to as a generalized Haar basis.

The generalized Haar sequence (hy,)n>0 is uniquely determined by a dyadic tree
{A,;} and the following condition: for each n > 1 and 1 < ¢ < 2", the function
hyi is a linear combination of x 4 and x4 such that

n,2i—1 n,2¢9

(2'1) ||hn,1

[f =1 and /hm-:o for n > 1.
Q

Observe that if {A,,;} is the family of the dyadic subintervals of [0, 1] and w is the
Lebesgue’s measure, then the above definition yields the usual Haar system in L'.
The final notion we need is the following.

Definition 2.3. A basis d = (dy)r>0 in L'(Q,F,v) is called simple, if there is a
sequence (possibly finite) of disjoint sets E, € F covering £, so that (dy)x>0 is the

union of disjoint subsequences (d});>1, n = 1, 2,..., satisfying the following two
conditions.

(i) For each n the sequence xg, /||xE, |1, d3, d5, ... is a generalized Haar basis
for LY(E,).

(ii) For each n we have d} = ¢, xg, + ¥n, where ||d}||1 = 1, [|¥n]l1 < ||lenXE,
and v, is a combination of the elements of (dy)r>o which precede df.

1

Next, we recall Theorem 3.1 from [7], which shows that monotone bases of L*
are equivalent to simple bases.

Theorem 2.4. Let (ex)k>0 be a normalized monotone basis for L*(Q, F, ). Then
there is an isometry T of L* (2, F, u) onto some L*(Q, F,v), which sends (ex)r>0
to some simple basis (di)k>0-

The proof of this statement, presented in [7], shows that one can take dv = |¢|du
and Tf = f/p for an appropriately chosen measurable function ¢ : @ — R\ {0}.
Thus, we see that for each nonnegative integer n and any numbers ag, as, ..., ap,

m m
T | max E arer| | = max E ardy
0<m<n 0<m<n
k=0 k=0
and hence
m m
max g are = || max E ard
0<m<n kCk 0<m<n Kk
k=0 k=0

L (w) Lt (v)
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In consequence, to show (1.4), it suffices to establish it for simple bases only. In
the next section we introduce a tool to handle this problem.

3. AN UPPER CLASS OF FUNCTIONS

In this section, (ex)r>o0 will always be a simple basis of L'(Q, F, u). For any f =
> e aker, we will write f,, = P, f = >_}'_ akey, for the projection on the subspace
generated by e, e1, ..., e, and we say that g € L(Q, F, u) is a £1-transform of f,
if there is a sequence ¢, €1, €2, ...of signs such that g = 220:0 erarer. Moreover,
we will use the notation f}(w) = maxo<p<n |fr(w)], we Q,n=0,1, 2, ..., for the
“maximal function” of f.

We are ready to describe the method. Let
D = {(z,y,2z,w) € Rx Rx[0,00)x[0,00) : |2| Vz >0, |yl Vw>0}U{(0,0,0,0)}
and suppose that V' : D — R is a given function, satisfying V(0,0,0,0) = 0 and
(3.1) V(z,y,z,w) =V(z,y, x|V z, |y Vw), (x,y,z,w) € D.

This function need not be Borel or even measurable. Assume we are interested in
proving that

(3.2) /Q V (@), gn(@), £ (), 65()) dp(w) <0, n=0,1,2, ...,

for all f, g € L'(Q) such that g is a +1 transform of f. To handle this problem, we
consider the class U(V') which consists of all functions U which satisfy the following
four conditions.

1° For all (x,y, z,w) € D we have

(3.3) Uz,y, z,w) =Ul(x,y,|z|V z,|y| Vw).
2° For all (z,y, z,w) € D we have

(3.4) U(z,y,z,w) > V(z,y, z,w).

3 If x| < 2z, |yl < w, e € {-1,1}, and a1, as € (0,1), t1, ta € R satisty
ay + ag =1, aty + asts = 0, then

(3.5) U(z,y,z,w) > anU(z + t1,y + et1, z,w) + axU(x + to,y + €ta, 2, w).
4° It |z| < 2, ly] < w, e € {—1,1} and t1, t2 € R, then
(36) |t2‘U(fE,y,2,'lU) Z ‘tQ‘U(‘T + tlvy +5t172aw) + |t1|U(t27€t2a |t2|ﬂ |t2|)

A few comments about these conditions are in order. The property 1° is a
technical assumption which will make an appropriate induction argument work:
see below. Concerning 2°, we will see that the properties 1°, 3° and 4° imply the
validity of (3.2), but with V replaced by U; then the application of the majorization
will yield the claim. The condition 3° is a concavity-type property. In particular,
it implies that for each z, w > 0, the function U(:,-, z,w) is diagonally concave
on [—z,z] X [—w,w], i.e., concave along any line segment of slope +£1 contained
in this rectangle. More generally, 3° means that for each e € {—1,1} and any
(z,y,z,w) € D with |z| < z, Jy| < w, the function ®(t) = U(x + t,y + €t, z,w),
t € R, is majorized by a linear function ¥ satisfying ¥(0) = ®(0). Finally, 4° can
be regarded as a bound for the slopes of all such functions ¥’s.

In particular, these conditions imply that

(3.7) U(0,0,0,0) =0
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and
(3.8) Ul(t,£t, |t],]t]) <0, t eR.

Indeed, plugging to = 0 into (3.6) gives U(0,0,0,0) < 0, while 1° together with
V(0,0,0,0) = 0 implies the reverse bound. Thus (3.7) follows. To see (3.8), fix
ee{-1,1},t#0and apply4° tox =t, y =¢et, z =w = |t|, t; = —t and t5 = ¢.
As the result, we get an estimate which is equivalent to U(0,0, |¢],]¢]) < 0. Now
apply 4° again, this time with x = y = 0, z = w = |¢| and ¢; = ¢ = ¢ to obtain
(3.8).

To explain the interplay between the inequality (3.2) and the class U (V'), we will
prove the following fact.

Theorem 3.1. If the class U(V') is nonempty, then (3.2) is valid.

Proof. By simplicity, each e is either a generalized Haar function, or it can be
written in the form cx g, + ¥, where ¢y is a combination of e, ey, ..., ex—1, the
set Ej, is disjoint from the union of the supports of these functions and ||¢k||1 <
llexe, |1 Pick f, g € LY, F,p) such that g is a £1-transform of f, and let
ap, a1, ag, ..., €0, €1, €2, ... denote the corresponding coefficients and the signs
appearing in their expansions. The key part of the proof is to show that for any
n >0,

(39) /SZU(fnagnafyt,g:,)dﬂz/QU(fn+1;gn+1af;+1vg:,+1)d:u'

To do this, fix n > 0 and assume first that e,,41 is a generalized Haar function, with
the support E contained in the union of the supports of e, €1, ..., e,. Then the
quadruples (fn, gn, 12 95)s (fat1s 9ns1s frii1> 9ny1) coincide outside £ and hence it
suffices to show that

(310) AU(fn7gnaf;7g:)dM2/;U(fn-‘rlvgn-i-l)f;-',-lvg:,-‘rl)du'

But fn, gn, f and g} are constant on E, because of the structure of the simple
basis e. Denoting the corresponding values by z, y, z and w, we see that |z| < z
and |y| < w. By 1°, we have

U (fn+1vgn+17f;+1ag;;+l) =U (fnt1,9n+1, frrs 97) on F,

which allows us to transform the previous estimate into

1
7/ U(f + anti€nt1,y + 5n+1an+1en+1vzaw)d/‘ < U('Tvyasz)'
WE) Jg

This inequality follows immediately from 3°, since e, 1 is a generalized Haar func-
tion (see the second equation in (2.1)). Next, assume that e, 11 is of the second type,
ie. eny1 = CXE, .1 +¥nt1, for appropriate ¢ # 0, E;, 1 and ¢, 41. Let E denote the
Support of e,y1. Again, the quadruples (£, gus £ 92)s (Fat1s Gt 1s Fog1s Goga) 00
incide outside E; furthermore, U(fp, gn, [, 95) =0 on E, 11, see (3.7). Therefore,
(3.9) reduces to

(311) / U(fnvgnvf;:ag;)d.uZ/ U(fn+1,gn+1’f;,+17g:+1)d/'L'
E\E,+1 E
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The right-hand side of this inequality equals

/ Ul(e,ent16,c,c)dp + / U (fn + Vnt1:9n + Ent1¥ns1s fri1s QZH) du
B4 E\Ey 41

= W(Ent1) U(c,enyrc,c0) + / U (fn+ Vi1, 9n + ens1¥nst, £, 9n) dp,
E\En 11
by virtue of 1°. Applying 4°, we get the pointwise estimate
U (.fn + ¢n+1, gn + 5n+lwn+17 .f:; g:;) S U (fna 9ns f'rt’g:;)

- Wnic—‘r”U (Cv En+16, G, C) .

By (3.8), we have the inequality Ul(c,ept1¢,¢,¢) < 0. Moreover, ||t)ni1|l1 <
cit(En+1), which follows from the form of e, ;. This gives

/ MU(Q En+16, Gy C)d,U/ > M(En+l)U(ca En+16, G, C)'
E\En1, €

Combining the above facts yields (3.11) and thus the sequence

(/ U(fn,gn,f;,gmdu)
Q n>0

is nonincreasing. In consequence, by 2°, we obtain that for any n > 0,

/QV(fn,gn,ngZ)duS/QU(fmgmegZ)duSAU(fo7go,f5798)du-

It remains to note that f§ = g5 = |fol = [go| and use (3.8) to get the desired
estimate (3.2). O

A very interesting fact is that the implication of the above theorem can be
reversed. For a given measurable space (£, F, u) with p(Q) > 1, we let £(2, F, p)
denote the family of all simple bases (ex)g>0 of L'(, F,u) such that eg is the
characteristic function of a set of measure 1. Of course, this family is nonempty.
Next, for a given e € £(Q, F, ) and z, y € R, let M(z,y, e) be the class of all pairs
(f,g) of functions which admit the expansions

n n
f=meo+Y anen,  g=yeo+ Y enanen
k=1

k=1
for some n and some sequences ay, ag, ..., an € R, £1, €2, ..., g, € {—1,1}.
Define U : D — R U {oo} by the formula
(3.12) U%z,y, z,w) = sup {/ V(f,g, "V zep,g" Vv weo)du} ,
Q

where the supremum is taken over all measurable spaces (2, F, ) with p(Q) > 1,
all ¢ € E(2, F,pr) and all (f,9) € M(z,y,e).

Theorem 3.2. If the inequality (3.2) is valid, then the function U° belongs to the
class U(V).

Proof. The condition 1° follows from the pointwise bounds f* > |fo| = |z|eo,
g* > |90| = |yleo, which imply that

frvzeo=frV((z]V2)eo),  g"Vweo=g"V((lylVw)eo).
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To prove 2°, let us compute the integral in (3.12) for n = 0 and some e € £(Q, F, u).
Since eg is the indicator function of a set of measure one, the integral equals
V(z,y,|z|V 2, |yl Vw) =V(z,y, z,w), by (3.1). This implies the desired majoriza-
tion. To show 3°, pick x, y, 2z, w, €, a1, as, t; and ts as in the statement. Take
two bases el € £(QL, FL ul), e € £(Q2, F2, 4?) and two pairs (f1, ), (f?, %) of
functions which have the following finite expansions in e! and e?:

n n
(3.13) fl=(e+t)eh+> ahel,, g =(y+et)eh+ > chaiel,
k=1 k=1
(we may assume that the length of the expansion is the same for both pairs, enlarg-
ing one of them if necessary). Suppose that Q! and Q? are disjoint and let us splice
the measure spaces (!, F, u?) into one space (£, F,u), with Q = Q1 U Q2 F =
o(F' F?) and p(A' U A?) = agpt (AY) + aop?(A?) for all A" € F', i =1, 2. Next,
we splice e! and e? into one base e € £(€2, F, i), by putting eqg = el xq1 + €2xqz,

_ 1 -1 1. -1.2
e1 = 505 egxal — 305 egxaz and, for k > 1,

—1.1 -1.2
€2k = Qi €pXQl, €2k4+1 = Qg €pX02-

Clearly, this new sequence forms a simple basis of L(€, F, ). Furthermore, eq is
the indicator function of a certain set of measure 1, so e € £(Q, F, ). Using (3.13),
it is easy to check that the functions

(3.14) =0 + Pxo2, 9=9g"Xar + 9°xaz

admit the following expansions in the basis e:

n

1 2
f=xeqg+ 2aqt1e1 + E (alakegk + agak€2k+1),
k=1

n

§ : 1 1 2 2
g = Yyep + 2a1€t161 + (€k0élak62k + Ekagak€2k+1).
k=1

Consequently, by the definition of U and the formula (3.14) for f and g, we have
U°(,y, z,w) > /QV(f,g,f* V zeo, g V weo)dp
—ar [ VgL GV e (6 v e
an [ VPGV 2 )V we )i

It remains to take the supremum over all triples (Q¢, F* 1), all n and all pairs
(f%, g% to get (3.5). Finally, to establish (3.6), we may assume that t1, to # 0. Pick
two bases e! € £(Q, Fi ut) with (QF, Fi, u?) as previously and two pairs f¢, g° of
functions of the form
n n
ot teh+Yakeh o' = (p+et)el+ Y chalel,
k=1 k=1

n n
2 2 2.2 2 2 2.2 2
fe=taeg+ E a, e, g~ = ctoeg + E €0, €.
k=1 k=1
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This time we use the splicing
t
Q=R F = o(FLFY, AU A =AY+ ),
2
for all A* € F1, A% € F2. Furthermore, we put eg = e} xq1, €1 = %6(1))(91 —|—2’57216(2)x92
and, for k > 1, we let

1 d _ t2 2
€2k = €L XqQ1 all €2k+1 = tfeszzk
1

Then it is straightforward to check that e is a simple basis, which follows immedi-
ately from the simplicity of e! and e2. The only thing which needs to be verified
is whether e; satisfies the condition (ii) of Definition 2.3. But this amounts to

checking that
ta o
2t1 60X92 ) )

which is evident: in fact, both sides are equal. Now, we easily see that the functions
f, g given by f = flxar + f?xq2 and g = g'xo1 + g%xq> have the expansions

<
1

1 1
—€
9 oXQt

n 2
tia
f=xeog+ 2t1e1 + E (a;lfezk + Tk k€2k+1> )
k=1 ta

= 1.1 eptia}
g=yeo+e-2tie; + Z €rapeak + €ak+1 | -
k=1 ta

Therefore, by the definition of U, we obtain
Uz, y, z,w) > / V(f,g, "V zeo,g" Vweg)dpu
Q

- / V(L gh () V zed, (g1)* v wed)du?
Ql

t " *
L v v v o

However,
V(12362 (2 v 0,(¢2)" Vo) = V(I g% () VIS (6*)* V)
=V (f%6% (f*)* Vtale, (9°)" V [t2]ed),

so it suffices to take supremum over all (f¢, ¢g*) € LY(Q¢, F*, u') to obtain (3.6).
O

We conclude this section by two important observations.

Remark 3.3. (i) If one of the maximal functions does not appear in the estimate
under investigation, then we may consider U, V defined on the appropriate three-
dimensional domain. Simply remove the variable corresponding to the non-existing
maximal function.

(ii) In certain cases, the function U inherits some crucial properties from the
function V', which in turn simplifies the search for its explicit formula. For example,
if V is homogeneous of order p, then so is U°. To see this, pick arbitrary (Q, F, i)
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with u(Q) > 1, e € EQ,F, ), (f,9) € M(z,y,e) and A > 0. Then (Af,\g) €
M(Ax, Ay, e) and hence

Uz, Ay, Az, \w) > / V()\f, Ag, A(f*V zeg), Mg™ Vv weo))du
Q

= )\p/ V(faQ»f* \ Ze()ag>!< \ weO)d,u"
Q

Taking the supremum over all the parameters gives the inequality
Uz, Ay, Az, \w) > NU(z,y, 2, w) for (x,y,z,w) € D,

and switching from A\ to A~! yields the reverse. Using a similar reasoning one can
show that if V satisfies the symmetry condition

V(:’U7y7 Z7w) = V(_xV y? Z7w) = V(x7 _y’ Z7 w) for all ("I/.7y7 Z’ w) 6 D?

then the same is true for U°.

4. PROOF OF (1.4) AND (1.5)

As an application of the method described in the previous section, let us present
the proofs of the maximal estimates formulated in the Introduction. Obviously,
it suffices to focus on the L'-inequality (1.4); then the weak-type bound follows
immediately by the use of Chebyshev’s inequality. In view of Lebesgue’s monotone
convergence theorem and Fatou’s lemma, it suffices to prove that for any monotone
basis e of L'(Q,F,u), any n and all ag, a1, as, ...a, € R, g, €1, €2, ...€p €
{—1,1}, we have

Z eparer(w)

This can be rewritten in the more compact form

(4.1) / V(fos g £2)dp1 < 0,

where V(z,y,2) = |ly| — 8(|z| V 2) and f,, g» and f are as previously. Thus the
problem is of the form (3.2) and hence it can be treated by means of Theorems 3.1
and 3.2.

To introduce the corresponding special function U, first we define an auxiliary
object. Let uw: [—1,1] x R — R be given by

g el = = 5@ = 202] = (@ = 2]+ [yDV2] i fy| < |,
I [l -3+ 2 el exp (5l iyl o
B—1 Y P 2 Yy = |x|.

It is not difficult to check that the function w is of class C'!: the partial derivatives

match appropriately at the diagonals {(z,y) € [-1,1] xR : |z| = |y|}. Furthermore,
the function u enjoys the following properties.

du(w) < B [ sup dja(w).

0 0<m<n

Z agex(w)

k=0

Lemma 4.1. (i) The function u(1,-) : y — u(1l,y) is convex on R.

(i) The function u is concave along any line segment of slope +1 contained in
[-1,1] x R.

(iii) For any (x,y) € [-1,1] x R we have

(4.2) u(z,y) > [y — B
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Proof. (i) The convexity is evident on (—oo,—1], [-1,1] and [1,00). Furthermore,
the function u(1,-) is of class C*! on R.
(ii) Since u is of class C! and satisfies

(43) U(I’,y) = U(I, 7y) = u(i‘ra y) for all (I7y) € [717 1] X Rv
it suffices to show that
for (z,y) € (0,1) x (0,00) such that = # y. It is clear from the definition that

Ugg +2Ugzy +Uyy = 0 0n (0,1) x (0,00). Furthermore, a little calculation shows that

—%(1—1‘—1—3;)_3/2 ifo<y<ua,

Uga (T, Y) — 2Ugy (X, Y) + Uyy (T, y) = - ;
(z,y) y(@,y) + uyy(2,y) {_ﬂz_mlexp(wa) fo<z<y

and both expressions are obviously nonpositive.

(iii) The function (z,y) — |y|—p is convex, so by (ii) and the symmetry condition
(4.3), it suffices to prove the majorization (4.2) only for z = 1 and y > 0. However,
by (i), the function F(y) = u(1,y) —y+ B is convex on (0, 00); it suffices to observe
that F(8) = F'(8) = 0 to complete the proof. O

Now, for any (z,y) € R? and any z > 0 such that |z|V z > 0, we define

(4.4) U(x,y7z)=(lx\/z)u< < g >

lz| V2" |z| V 2

and set U(0,0,0) = 0. This is the special function corresponding to the inequality
(1.4), which, in view of (4.1) and Theorem 3.1, can be deduced from the following
statement.

Theorem 4.2. The function U belongs to U(V).

Proof. We need to verify the conditions 1°-4°. The first of them is clear in view of
the definition of U. The majorization 2° follows immediately from (4.2) and (4.4).
The main technical difficulty lies in proving the conditions 3° and 4°. To handle
these, fix ¢ € {—1,1} and a point (x,y,2) € R x R x (0,00) such that z > |z|.
Introduce the function ® = ®,, .. : R = R, given by ®(t) = U(z + t,y + ¢t, 2).
Let us prove that there is A = A(xz,y,z,¢) € [-2/(8 —1),2/(8 — 1)] such that

(4.5) O(t) < 0(0) + At for all t € R.

This will clearly yield (3.5); furthermore, it will imply that for all x, y, z, t1, to, €
as in the formulation of 4°,

U(:U+t1,y+€t1,z) S (I)(O) +At1

2
<U(z,y,2) + 5 el
U |t1]
- (xa:%Z)_ @U(téagt%‘tﬂv‘tﬂ)v

which is (3.6). Thus, all we need is to prove (4.5). By homogeneity, we may and
do assume that z = 1. Furthermore, we have ®, , .. = ®, _, . _., which allows us
to consider the case ¢ = 1 only. Finally, by the identity ®, , . 1(t) = ®_; _y - 1(t),
it suffices to establish (4.5) for t < 0. After all these reductions, we see that (4.5)
will follow if we show that

(4.6) ® is concave on [—1 — z,1 — z],
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(4.7 ® is convex on (—oo, —1 — z),

4.8 lim (14) > —

(48) Jm #2577

and

(4.9) B(-1—a4) < 2\ B —am) > -
. x <57 r—) > EESE

However, (4.6) is a consequence of the part (ii) of Lemma 4.1. The prove the second
condition, fix ay, ay > 0 satisfying ay + s = 1, choose t1,t3 € (—o00, —1 — z] and
let t = a1t1 + asts. We have

a1®(t1) + ae®(tz) = aU(x +t1,y +t1,1) + aU(x + t2,y + 12,1)
:alU($+t1,y+t17|$+t1|)+042U(5U+t273/+t2,|$+t2|)
Y+t Y+t
=oy|lr+ti|u| -1, + as|x +ta|u | —1, .
et () ke (-1 )
Using the convexity of u(1,-), this can be bounded from below by

t
u+ﬂu(Ly+ )@@,

|z + t]
which gives (4.7). Using this convexity, we compute that
y+i
(1) o+ (1, ) 2
. 12 _ . N\ . - _ -
t—lgl—noo ® (t+) o t—I:I—HOO t t—lgr—noc t U(L 1) —1

and hence (4.8) holds true. Finally, we see that

2 ify—ax>1,
V(-1-a)=4 7250 (2—y+1)'/?) ify—z€[0,1),
%(—1+exp(%)) ify—x<0.
does not exceed 2/(8 — 1), which is the first estimate in (4.9). This also yields the
second bound, since

iy
—

2
CD/(]' - LC) = (I)/z,y,l,l(l - (E) = _cblfx,—y,lJ(_]- + LC) > _ﬁ.
The proof is complete. O
Finally, let us state here the following interesting observation.

Remark 4.3. The function U studied above does not coincide with the function
U° corresponding to the problem, but we have U = U° on the large part of the set
D. Namely, it can be shown that U is given by U°(0,0,0) = 0 and, for |z|V z > 0,

0(e2) = (el v 2 (5 )

lz| V2" 2|V 2

where u%(z,y) (for (z,y) € [-1,1] x R) equals
a7 el = 5 = 52 =202l = [yDA — || + [y)/?] if Jy| <,
727 [lvl =3+ (2 = |l exp (25141 if 2l < Jy| < Jol +6 -1,
lyl = B+ 51 (1 — lz]) exp(lz| =yl + 8- 1) if [yl = |z[+ 5 - 1.
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5. SHARPNESS

Of course, it suffices to prove that the constant 3 is the best in the weak-type
inequality (1.5). This can be obtained by the construction of appropriate exam-
ples (see Burkholder [5]), but this approach involves quite elaborate analysis and
computations. We take the opportunity to present a completely different method,
based on Theorem 3.2, which has the advantage of being much simpler.

So, suppose that g is the best constant in the estimate (1.5). Then for any n,
any coefficients ag, a1, ... € R and any signs €g, €1, €2, ... we have

n m
Bul > erarer| > | < 50/ sup | Y akex
k=0 QO0=ms=n |7

This is equivalent to the estimate

/QV(fn,gmfZ)du <0,

du.

where V' : D — R is given by V(z,y, 2) = Bx{jy|>5} — Bo(|z| V 2). By Theorem 3.2,
the function

Uo(xvyﬂz) = sup {/ V(fnagnvf';: V ZEO)d/.L} )
Q

with the supremum taken over appropriate parameters, belongs to the class U(V').
Since V(x,y,2) = V(—2,y,2) = V(x, —y, 2) for all z, y, 2, the function U inherits
this property. Introduce the notation B(y) = U%(1,y,1) and A(y) = U°(0,y,1).
For the sake of convenience, let us divide the reasoning into few parts.

Step 1. First we show that
(5.1) A(0) > B(1).

This follows immediately from 3°, applied to z =y =0, 2 =1, e =1, t; =1
and to = —1 (note that then we must take ay = s = 1/2, so that the conditions
a1+ ag =1, arty + asty = 0 are satisfied).

Step 2. The next step is to prove that

(5.2) Aly—1)> B(y) + B(1) (1 —exp (1;?/»

for all y > 1. To do this, fix § > 0 and apply 4° withx =2=1,y,e = —1,t; = =
and to = 1. As the result, we obtain

U(1,y,1) > U%(1 =8,y +6,1) + 6U°(1,=1,1) = U(1 = 6,y + 6,1) + 6U°(1, 1, 1).

Next, use the property 3° with x =1—-6, y+6, z2=1,e=1,t1 = — 1,1t =9
(then we are forced to take a3 = § and ag = 1 — §). We arrive at

U1 =68,y +6,1) > 6U%0,y +25 —1,1) + (1 — U (1,y + 26, 1)
and combining this with the preceding estimate yields
(5.3) B(y) > (1-0)B(y+20) +6A(y +26 — 1)+ 0B(1).
Using a similar reasoning, we show that

(54)  AWy+26-1)> —°

o
- m (y+26)+—A(y— 1).

1_
By + 158 140
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Indeed, it suffices to combine the following inequalities: first,
1 )
Aly+256—1)> —U°6,y+6—1,1)+ ——B(y + 26
(v + )2 75U Gy +0-1,1) + 5 Bly +20),

coming from 3° with x =0, y+ 2, 2 =1, e = —1, t; =9, to = —1; second,
a consequence of 3° with x =9, y+d—1,2=1,e=1,t1 =—-dand ty =1—6.

Now multiply both sides of (5.3) by 1/(1 4+ ¢) and add it to (5.4). After some
manipulations, we get

Aly+20—1) = B(y+25) — B(1) > (1 - 6)(A(y — 1) — B(y) — B(1)).

Therefore, by induction, we see that for any nonnegative integer N,

Aly + 2N — 1) = Bly +2N6) — B(1) = (1 — )N (A(y — 1) — B(y) — B(1)).
Now fix s > 1 and set y =1, § = (s — 1)/(2N). Letting N — oo yields

A(s—1) = B(s) — B(1) > (A(0) — 2B(1)) exp = =Ly

and using (5.1) we arrive at (5.2).
Step 3. Now we come back to (5.3) and insert the bound (5.2) there, obtaining
1—y—29
B(y) > B(y + 26) + 26B(1) — 6B(1) exp +

By induction, we get, for any nonnegative integer IV,

N
B(y) > Bly +2N0) + 2N6B(1) = 0B(1) ) _exp (sz_m)
k=1

1—e9 2
As previously, fix s > 1 and set y =1, 6 = (s — 1)/(2N). Letting N — oo gives

B(1) (356Xp<128>) > B(s)

and hence B(3) < 0 (see (1.6)). Since U® majorizes V, we obtain that

6 - BO = V(laﬂa 1) < Uo(laﬁa 1) = B(ﬂ) < 0’
that is, B9 > 8. This shows that the constant § is indeed the best possible.

1—e N 1—y—2
= B(y + 2N6) + 2N6B(1) — 6B(1) —< exp( Y 5).
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